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Abstract

The Randi¢ index R(G) of a graph G is the sum of the weights
(dud,,)_'} over all edges uv of G, where d, denotes the degree of
the vertex u. In this paper, we determine the first ten, eight and six
largest values for the Randié indices among all trees, unicyclic graphs
and bicyclic graphs of order n > 11, respectively. Those extend the
results of Du and Zhou[On Randé¢ indices of trees, unicyclic graphs,
and bicyclic graphs, International Journal of Quantum Chemistry,
111(2011), 2760-2770).
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1 Introduction
For a graph G = (V, E), the Randi¢ index R (G) is defined in [13] as
R(G) = Y (dudy,)"%. It was introduced by Randié in [13] and also
weE

Y
was called the branching index or molecular index in the study of alkanes.
Randié index has been closely correlate with many chemical properties [8,9].
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Mathematical properties of this descriptor have also been studied exten-
sively as summarized in [7,11]. A connected graph of order n is known as a
tree, unicyclic graph, and bicyclic graph if it possesses n — 1, n, and n + 1
edges, respectively. The trees and unicyclic graphs with maximum and the
second maximum Randié indices, and the bicyclic graphs with maximum
Randié index among all trees, unicyclic graphs, and bicyclic graphs, respec-
tively, have been determined by Caporossi et al. in [2]. Du and Zhou (3]
further determined the trees with the third, fourth, fifth and sixth max-
imum Randié index, the unicyclic graphs with the third, fourth and fifth
maximum Randié index, and the bicyclic graphs with the second, third,
fourth and fifth maximum Randié index among all trees, unicyclic graphs,
and bicyclic graphs, respectively. Bollobas and Erdos (1] showed that the
star S,, is the unique graph with minimum Randi¢ index among all con-
nected graphs of order n. Thus, among all trees of order n, the star S,
has the minimum Randi¢ index. Zhao and Li [10] further determined the
trees with the second, third, and fourth minimum Randié indices among
all trees of order n, respectively. The unique unicyclic graph and bicyclic
graph with the minimum Randi¢ index has been determined in (4] and [14],
respectively. Du and Zhou in (3] determined the trees with the fifth mini-
mum Randié index, the unicyclic graph with the second, third and fourth
minimum Randié index, and the bicyclic graph with the second minimum
Randi¢ index among all trees, unicyclic graphs and bicyclic graphs, respec-
tively. More results on the Randié indices of trees, unicyclic graphs, and
bicyclic graphs with some additional constraints may be found in [12,15]. A
connected graph with the maximum degree at most 4 is known as a chem-
ical graph. Chemical trees and chemical unicyclic graphs with extremal
Randié indices have been discussed in [5,6].

In this paper, we determine the trees with the seventh, eighth, ninth
and tenth maximum Randié indices among all trees of order n > 11, the
unicyclic graphs with the sixth, seventh and eighth maximum Randi¢ in-
dices among all unicyclic graphs of order n > 10, and the bicyclic graphs
with the sixth maximum Randié index among all bicyclic graphs of order
n 2 10, respectively.

A pendant vertex is a vertex of degree 1. A pendant edge is an edge
incident with a pendant vertex. A path ujus...u, in graph G is said to be
a pendant path at v, ifd,, >23,d,, =2fori=2,..,r~1and d, =1.
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2 Large Randic¢ indices of trees, unicyclic graphs
and bicyclic graphs

For any graph G of order n, it was shown in (2] that R (G) = 3 -1 (G),
where f (G) = Thus for fixed n, R (G) is decreasing
NN

on f (G). We use this fact to determine trees, unicyclic graphs, and bicyclic
graphs with large Randié indices, respectively.

Caporossi et al. [2] showed that among all trees of order n > 4, the
path P, is the unique tree with maximum Randié index, which is equal to
"—;—3- ++/2. And for n > 7, the trees with a single vertex of maximum degree
3, adjacent to three vertices of degree 2 have the second maximum Randi¢
index, which is equal to 257 +7-+7= Du and Zhou (3] showed that among
all trees of order n > 7, the trees with a single vertex of maximum degree
3, adjacent to one vertex of degree 1 and two vertices of degree 2 have the
third maximum Randié index, which is equal to ""6 + 7& + 7== + /2; for
n > 10, the trees with exactly two adjacent vertlces of maximum degree 3,
each adjacent to two vertices of degree 2 have the fourth maximum Randié
index, which is equal to 2= l°+—‘7=-+7=-+ 3: forn > 11, the trees with exactly
two vertices of maximum degree 3, each adjacent to three vertices of degree
2 have the fifth maximum Randi¢ index, which is equal to 251 + -5;5 +6;
for n > 11, the trees with a single vertex of maximum degree 3, adjacent to
two vertices of degree 1 and one vertex of degree 2 have the sixth maximum
Randié index, which is equal to 232 + 713 + 725 + -\}5 Here we further
determine the trees with the seventh, eighth, ninth and tenth maximum
Randié indices among all trees of order n > 11, respectively.

Theorem 2.1 Among all trees of order n > 11,

(i) the trees with ezactly two adjacent vertices of mazimum degree 3, one
is adjacent to two vertices of degree 2 and the other is adjacent to
one vertex of degree 2 and one vertex of degree 1 have the seventh
mazimum Randié index, which is equal to 232 + 73-5 + % + 71§ -5

(i1) the trees with no vertezx of degree 3 and exactly one vertez of maximum
degree 4, which is adjacent to four vertices of degree 2 have the eighth
mazimum Randié index, which is equal to ""8 + 7

(i) the trees with exactly two nonadjacent vertices of mazimum degree 3,
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one is adjacent to three vertices of degree 2 and the other is adjacent

to two vertices of degree 2 and one vertex of degree 1 have the nineth

mazimum Randié indez, which is equal to 23512 + 735 + 753 + 713,

(iv) the trees with exactly two adjacent vertices of mazimum degree 3, one
is adjacent to two vertices of degree 2 and the other is adjacent to two

vertices of degree 1 have the tenth mazimum Randic¢ indez, which is
2

equal to "—’;§+72-2-+72§+7§—§.

Proof. Let G be a tree of order n > 11, which is different from the trees
mentioned above with the first six maximum Randié indices. Obviously,
there are at least four pendant paths in G. If there are at least five pendant
paths in G, then f(G) > 5(1 — 5)® + 3(J5 — 72)* + 2(J5 - %) >

1 2 2
A ~A -~ %)

Suppose that there are exactly four pendant paths in G. Then there
are two possibilities.
(a) There are exactly two vertices of maximum degree 3 in G and
(b) there is exactly one vertex of maximum degree 4 and other vertices are
of degree 1 or 2.

Suppose that (a) holds. If at least three pendant paths of length 1 in G,

_ 132 _ 132 1 _ 132 u_ 2 _2_ 2

thenf(G)ZS(l 75) +(1 75) +(7§ 75) >2(3 B 3 75)
Suppose that there is exactly two pendant paths of length 1 in G. Denote
by u and v, the two vertices of degree 3. If u and v are adjacent, then
we have f(G) = 2(1 — :}5)2 +2(1 - 71:.;)2 + 2(715 - %)2 =2(& - 725 —

725 - 26) since n 2 11, and if v and v are non adjacent, then we have

() 220-5)+21 - Bl +4FH- R >R -F-%- %)
since n > 11. Suppose that there is exactly one pendant path of length
1 in G. Denote by u and v, the two vertices of degree 3. If u and v
are adjacent, then we have f(G) = 3(1 — 715)2 + 3(715 - 715)2 +(1- 715)2
= 2[%—735—735—%] since n > 11, and if u and v are non adjacent, then we
have f(G) = 3(1~ J5)*+5(5— Z)*+(1- %) =2 [5 - - % — ]
since n > 11.

Now suppose that (b) holds. If there is at least one pendant path
of length 1 in G, then f(G) > 3(1 — 25)® + 3(J5 — 22)* + (1 — J)?
>2(4 - -‘/% - \/lg - %). Otherwise, all the four pendant paths of G are of
length at least 2, we have f(G) = 4(1 — 715)2 + 4(715 - :}2)2 =2[3 - :/%]
since n > 11.
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It is easily checked that 2(22 7» 7— 7-) <2(3- 7-) <2(5-—

7- 7:) < 2(4 ey e 72-3- 7:) From the above arguments, 1f f(G) is
not equal to one of these four values, then f(G) > 2(& 7- 7-)

Now the result follows easily(Figs.1-4).

Figure 1: The graphs in Theorem 2.1(i) with n = 11.

D

Figure 2: The graphs in Theorem 2.1(ii) with n = 11

o

Figure 3: The graphs in Theorem 2.1(iii) with n = 11.

<

Figure 4: The graph in Theorem 2.1(iv) with n = 11.
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Caporossi et al. [2] showed that among all unicyclic graphs of order
n > 3, the cycle C,, is the unique graph with maximum Randié index,
which is equal to %; for n > 5, the graphs with a single vertex of maximum
degree 3, adjacent to three vertices of degree 2 have the second maximum
Randié index, which is equal to 252 + 7= + 7- Moreover, Du and Zhou (3]
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showed that among all unicyclic graphs of order n > 5, the graphs with a
single vertex of maximum degree 3, adjacent to one vertex of degree 1 and
two vertices of degree 2 have the third maximum Randi¢ index, which is
equal to "—2‘—3 + 723 + 715; for n > 7, the graphs with exactly two adjacent
vertices of maximum degree 3, each adjacent to two vertices of degree 2 have
the fourth maximum Randié index, which is equal to "'7 + 7= +v2+14 7
for n > 8, the graphs with exactly two vertices of maximum degree 3, each
adjacent to three vertices of degree 2 have the fifth maximum Randi¢ index,
which is equal to 15—-8- +1/6+/2. Now we further determine the graphs with
the sixth, seventh and eighth maximum Randié indices among all unicyclic
graphs of order n > 10.

Theorem 2.2 Among all unicyclic graphs of order n,

(i) for n > 9, the graphs with exactly three pairwise adjacent vertices of
mazimum degree 3, each adjacent to one vertex of degree 2 have the
sizth mazimum Randié index, which is equal to "T"' + 735 -+ %,

(ii) for n > 9, the graphs with exactly two adjacent vertices of maximum
degree 3, one is adjacent to two vertices of degree 2 and the other is
adjacent to one vertez of degree 2 and one vertez of degree 1 have the

. vs s . N n—4 1 3
s;aventh mazimum Raendié¢ indez, which is equal to 224+ Bt Hm+

Akt

(i) for n > 10, the graphs with exactly three vertices, say x,y, 2 of maz-
tmum degree 3,  and y, y and z are adjacent,  and z having two
vertices of degree 2 as adjacent vertices and y having one vertex of
degree 2 as adjacent vertex have the ez’ghth mazimum Randié index,
which is equal to 258 + 7- 7-

Proof. Let G be a unicyclic graph of order n > 9, which is different from
the unicyclic graphs mentioned above with the first five maximum Randié
indices. Obviously, there are at least two pendant paths in G. Suppose that
there are exactly two pendant paths in G. Then there are two possibilities:
(a) there is exactly one vertex on the cycle of G with maximum degree 4
and all the other vertices of G are of degree 1 or 2 and

(b) there are exactly two vertices with maximum degree 3 in G.

If (a) holds, then we have f(G) >2(1- 7)2 +4(7= 5> 2%
— Jg) since (1— 222 > (1 = J5)2 + (5 — )%
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Suppose that (b) holds. If both of the pendent path have length 1 in
G, then £(G) 2 2(1 - J2)2 +2(J5 — 73)* > 2(3 — %5 — J5)- Otherwise,
exactly one pendant path of length 1 in G, and another pendant path have
length at least 2 in G. Denote by u and v, the two vertices of degree
3. If v and v are adjacent, then we have f(G) =(1- 71;)2 + 3(715 -
7-) +(1—7-)2—2( g- ) since n > 9; and if u and v
are nonadjacent then f(G) > (1 - 7=) + 5(7 -7=) +(1- 7) >
2(8 - 7- 7=) since n > 9. If there are at least four pendant paths in G,

then we have f(G) > 4 [(1 - 72-)2 (7,3 - 75)2] > 2( 7-)

since (1 - 715)2 > (1 - 715)2 + (:}5 - 713-)2 Now, suppose that there are
exactly three pendant paths in G. Then there are three possibilities:
(i) There is exactly one vertex on the cycle of G with maximum degree 5
and all other vertices of G are of degree 1 or 2.
(ii) There are exactly one vertex of maximum degree 4 and one vertex of
degree 3 and all other vertices of G are of degree 1 or 2.
(iii) There are exactly three vertices with maximum degree 3 in G.

If (i) holds, then we have f(G) > 3(1— 1 )2+5( 1 —-——)2 > 2(-——7--

2% since (1 - *)>(1- »)V+ (5 5~ )% If (u) holds, then we have
f(G')>3(1— 2 )2+3(71=-—7=) +2(7= 7)2 >2(4 7—75=) since
(1—- 7-)2 > (1 - 7:) +( ) Now suppose that (iii) holds. If there is
at least one pendant path oflength 1in G, then f(G) = 2(1- 7)2+2(7= -
7)2+(1 7)2 >2(43 ) Otherwise, all the three pendant paths

are of length at least 2 in G Denote u, v and w, the three vertices of degree
3. If at most one pair of vertices u,v,w is adjacent, then there are at least
seven edges connecting degree 2 and 3, together with three pendant edges
in G, we have, f(G) > 3(1 — 55)* +7(5 1 )2 >2(8 -5 - 7-) If
exactly two pairs u, v, w are adjacent, then f(G) =3(1- 7:)2+5(7- 7-)2
= 2( 2 -5 ) when n > 10. If 4, v and w are pairwise adjacent, then
f(G) = 3(1— )2+3(7- 7—)2 2(% 7- %) since n > 9. It is easily
checked that 2( - -F)<28 ;lp -H <P -%-%)

From the above arguments, if f(G) is not equal to one of these three values,
then f(G) > 2(% - 3 7) Now the result follows easily(Fig.5). a
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Figure 5: The graphs in Theorem 2.2 with smallest number of vertices.

Now we consider the bicyclic graphs. Let B} (n) be the set of bicyclic
graphs obtained by joining two vertex-disjoint cycles C, and C, with a+b =
n by an edge, where n > 6. Let B?(n) be the set of bicyclic graphs
obtained from C, by adding an edge, where n > 4. Let B} (n) be the
set of bicyclic graphs obtained by joining two vertex-disjoint cycles C, and
Cp, with a + b < n by a path of length n —a — b+ 1, where n > 7. Let
B2 (n) be the set of bicyclic graphs obtained by joining two nonadjacent
vertices of C, with 4 < a <n —1 by a path length n —a + 1, where n > 5.
Let B3 (n) be the set of bicyclic graphs obtained from C, = vpv)...v4_1v0
with 4 < @ < n — 2 by joining vo and ve by an edge and attaching a path
on n — a vertices to v;. Let B (n) be the set of bicyclic graphs obtained
from a graph in B} (k) for k > 6 or B? (k) for k > 5 by attaching a path on
n—k > 2 vertices to a vertex of degree 2, whose two neighbors are of degree
2 and 3. Let BZ(n) be the set of bicyclic graphs obtained from a graph
in Bj (k) for k > 7 or B2 (k) for k > 5 by attaching a path on n — k > 2
vertices to a vertex of degree 2, whose two neighbors are both of degree 3.
Let Bs (n) be the set of bicyclic graphs obtained by identifying a vertex of
C, and a vertex of Cj, with a + b =n + 1, where n > 5.

Let B} (n) be the set of bicyclic graphs obtained from a graph in B} (k)
for k > 7 or B} (k) for k > 6 by attaching a path on n — k > 2 vertices to
a vertex of degree 2, whose two neighbors are both of degree 2. Let BZ (n)
be the set of bicyclic graphs obtained from a graph in B} (k) for k > 7 or
B2 (k) for k > 6 by attaching a path on n — k > 2 vertices to a vertex of
degree 2, whose two neighbors are of degree 2 and degree 3. Some bicyclic
graphs in B}(10) U BZ(10) are shown in Fig. 6.
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Figure 6: Some graphs in B(10) U B§(10).

Among all bicyclic graphs of order n, it was shown in [2] that the graphs
in B (n) U B (n) have the maximum Randié index. In [3], the authors
showed that among all bicyclic graphs of order n > 7, the graphs in B} (n) U
B2 (n) have the second maximum Randié index, which is equal to 252 ++/6;
the graphs in B;; (n) have the third maximum Randié index, which is equal

o254+ 7- + 7- for n > 9, the graphs in B} (n) U B (n) have the fourth
maximum Randié¢ index, which is equal to 257 + \,- + L ‘/— + 2; and the
graphs in Bs (n) have the fifth maximum Rand1c index, which is equal to
%—3- + V2. Now we further determine the graphs with the sixth maximum
Randi¢ index among all bicyclic graphs of order n > 10.

Theorem 2.3 Among all bicyclic graphs of order n > 10, the graphs in
B} (n) U B2 (n) have the sizth mazimum Randié¢ indez, which is equal to
n—6 7 1

=T tTRTE 3

Proof. Let G a bicyclic graph of order n > 10, which is different from

the bicyclic graphs mentioned above with first five maximum Randié in-
dices. Suppose that there is some pendant path in G. If there is one

2 2
pendant path of length 1 in G, then f(G) > 2 (71= - 71_-) + (1 - -\%)
> 2 (-—- - 7- 7) Suppose that there are at least two pendant paths

of length at least 2 in G, then f(G) 2 2(1- -}-i.) +2(- 71-) >
2 (— - 7= - 7: Suppose that there is exactly one pendant path in G,
and its length is at least 2. Then the maximum degree of G is 5. If the max-
imum degree of G is 5, then there are five edges in G connecting vertices

2
degree 2 and 5, and thus, f(G) > 5(715_71g) > 2(-13—1—% —715)
If the maximum degree of G is 4, then there are at least three edges
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connecting degree 2 and 4 and there are at least two edges connecting
degree 2 and 3, together with the unique pendant edge in G, we have

2 2 2
166123 (ch )" 2 (35~ )"+ (1-3) >2(8-T5- )
If the maximum degree of G is 3, then there are exactly three vertices, say
T, y, z of degree 3 in G. If none of the pairs of vertices z,y, 2 are adjacent,
then there are at least nine edges connecting degree 2 and 3é together wit121
unique pendant edge in G, we have f(G) > 9 (715 - 715) + (1 - 715)

>2 (% - 77%- - %) If exactly one pair of vertices z,y, z is adjacent, then

2 2
1@=7(%-%) +(1-%) =2(%-%- %) since Ge B} (n)
U B (n) and n > 10. From the above arguments, if G ¢ B} (n) U B2 (n),
then f (G) > 2 (13—1 - 7'% - 7‘;) Now the result follows easily. 0
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