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Abstract

Let p be an odd prime, ¢ be a prime power coprime to p, and n be a

n-d

positive integer. For any positive integer d < n, let gi(z) =z -1, ga(z) =

n-—d+1 n—d+1 n—d+41 d

1+ 2P + 2P +oeegg®?T =P and g3(z) = 14+2°" " +22" " +
A T paper, we determine the weight distributions of g-ary
cyclic codes of length p™ generated by the polynomials g1(z), g2(z), g1(x)g2(z)
and g1(z)ga(z), by employing the techniques developed in Sharma & Bakshi [11].
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1 Introduction

Let F, be the finite field with ¢ elements and n be a positive integer co-

prime to g. A cyclic code C of length n over F is a linear subspace of Fg such
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that that if (ap,a1, - ,an-1) € C, then the word (an-1,40,81, "+ ,8n-2)
is also in C. The cyclic code C can also be viewed as an ideal in the principal
ideal ring R, = Fg[z]/ < £™—1 > under the vector space isomorphism from
Fg = Ry, given by (ao,a1, ** 1@n-1) — ao +a1z+az?+- - +an_12" L
As an ideal in R,,, the code C is generated by a unique monic polynomial
g(z), which is a divisor of z" — 1, called the generator polynomial of C. If
the quotient polynomial ’—;(;‘—)l is an irreducible polynomial over F,, then
the code C is called irreducible; otherwise the code C is called reducible.
An important parameter associated with a code is its Hamming weight
distribution, which measures error-correcting properties of the code.

The Hamming weight of a vector v € Fy, denoted by w(v), is the number
of non-zero coordinates in v. For a code C of length n over Fg, if Ag")
denotes the number of codewords of Hamming weight ¢ in C, then the list
A A o AD) is called the Hamming weight distribution (or weight
spectrum) of C. The problem of determination of the weight distribution of
a code is of great practical significance due to the following reasons:

(i) One can calculate the probability of undetected errors when the code is
used purely for error detection, knowing its weight distribution.

(ii) If ¢ is the least positive integer for which AE") is non-zero, then the code
can correct up to '—'.‘,—1- errors or detect up to ¢ — 1 errors.

As the ring R,, is semi-simple, every g-ary reducible cyclic code of length
n is a direct sum of certain irreducible cyclic codes of length n over F,.
However, no relation is known between the weight distributions of reducible
and those of irreducible cyclic codes.

The problem of computing the weight distributions of cyclic codes is
generally very hard and very few results are known, and that too, in some
special cases.

To obtain the weight distributions of certain binary irreducible cyclic

codes, MacWilliams & Seery [8] gave a procedure which involves generation
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of a pseudo-random sequence. They also remarked that this method can
be implemented only on a powerful computer. Vlugt [14] related the prob-
lem of computing weight distributions to the evaluation of certain sums
involving Gauss sums, which are generally hard to determine explicitly. To
evaluate these sums in some special cases, some algorithms were given by
Baumert & McEliece (3], Moisio & Védndnen {9], Fitzgerald & Yucas [6],
etc., using various techniques. Using the theory developed by Baumert &
McEliece (3], Segal & Ward [10] also computed the weight distributions of
some binary irreducible cyclic codes.

The MacWilliams identity relates the weight distribution of a code with
that of its dual code. Wang, Tang, Qi, Yang & Xu [15] obtained the weight
distributions of dual codes of cyclic codes with two zeros and for a few more
cases, using the theory of elliptic curves, from which one can compute the
weight distribution of cyclic codes using the MacWilliams identity. They
also mentioned that the weight distributions of cyclic codes are difficult to
determine in general.

By computing the values and multiplicities of certain special exponential
sums involving Dembowski-Ostrom polynomial, Feng & Luo [5] determined
the weight distributions of a special class of linear codes. Extending this
result, Luo & Feng (7] determined the weight distributions of two special
classes of cyclic codes by determining the values distribution of a certain
exponential sum using the theory of quadratic forms.

Aubry & Langevin [1] studied the weight divisibility of binary irre-
ducible cyclic codes. Zanotti [16) also studied the weight behavior of irre-
ducible cyclic balanced weight codes, (i.e., the codes in which there are the
same number of codewords for each non-zero weight). Augot [2] used the
theory of Grobner basis for a certain system of algebraic equations to give
information about the minimum weight codewords.

The weight distribution of a p-ary cyclic code over F, with non-zeros
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a1, a~(P*+1) and o~ (P**+D are obtained by Zeng, Hu, Jiang, Yue & Cao
(17], where « is a primitive element of Fpn, p being an odd prime, and
n > 3, k > 1 are integers such that EW&TF is odd. Zeng, Shan & Hu [18]
determined the minimum distance of a binary cyclic code with three zeros
a, o® and a'® of length 2™ — 1 and studied the weight divisibility of its
dual code, where m > 5 is odd and « is a primitive element of the finite
field Fom.

Sharma, Bakshi & Raka [13] obtained the weight distribution of all
the g-ary irreducible cyclic codes of length 2™. Recently, Ding [4] deter-
mined the weight distributions of g-ary irreducible cyclic codes of length
n provided 2 < g2r9-1 < 4, where O,(g) denotes the multiplicative or-

n

der of ¢ modulo n. He also remarked that the weight formulas become
quite messy if 9*’"‘ > 5 and therefore finding the weight distribution
of g-ary irreducible cyclic codes is a notoriously aifﬁcult problem. In a re-
cent work, Sharma & Bakshi [11] obtained the weight distributions of some
other classes of g-ary irreducible cyclic codes of odd prime power lengths
directly from their generator polynomials.

This paper is another step towards solving the problem of determination
of weight distributions of cyclic codes. In this paper, we will employ the
techniques developed in [11] to determine the weight distributions of some
g-ary cyclic codes of odd prime power lengths.

Throughout this paper, we let p be an odd prime and n > 1 be an
integer. For 1 < d < n, we consider the following factorization of zP" — 1

over F,:
2" ~ 1 = g1(2)g2(2)gs(z),

n—d+l+$2pn—d+l d—l_l)pn—ll-l-l

where gy (z) = zP" " =1, ga(z) = 142? 4o og(P
and gs(z) =1+ 2P" " + 22" 4. . 4 gl-VP

Sharma & Bala [12] determined the weight distributions of the binary

n—d

(reducible) cyclic codes generated by the polynomials g3(z) and g2(x)gs(z).
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The organization of this paper is as follows: In Section 2, we determine
the weight distribution of the g-ary cyclic code C; of length p™ generated
by g1(z). In Section 3, we determine the weight distribution of the g-ary
cyclic code C; of length p™ generated by g2(z). In Section 4, we determine
the weight distributions of the g-ary cyclic codes C3 of length p™ generated
by g1(x)g2(z). In Section 5, we determine the weight distribution of the
g-ary cyclic code Cy4 of length p™ generated by g1(z)gs(z), (Proofs of the
results, being similar to that of Theorems 2 & 3 of [11], are omitted in this
paper).

Using the results derived in this paper, one can compute the weight dis-
tributions of the dual codes of €1, C2, C3 and C4, by applying the MacWilliams
identity.

2 The weight distribution of C;

To obtain the weight distribution of the code C;, first we need to fix
some notations.
Given integers t > 1 and v > 2, let P4(v;t) denote the set of all tuples

(v1,v2,--+ , 1) of integers v;'s satisfying 2 < v; < p® (1 < i < t) and
t

Z"‘ = v. And for any (v1,vs,---,1n) € Pi(v;t), let La(va, v, ,14)
i=1

denote the set of all tuples (¢;,%2,--+ ,%;) of integers ¢;’s satisfying ¢; >
t

v;j—2(1<j<t)and ZZ,- < p® — 2t. Further for any (61,82, ,4) €
ot

Lo(vy,va,--- ,11), let ag(£y,£2,- -+ ,£;) be given by

PJ‘ELI&“Z" Pd-z:=28i"2("-1) P‘-E§=¢_.fi-4 pl—6,-2
S SRS D
k1=0 ka=ky+£;+2 ke_1=ke_24+8€ 242 kisk,_14+8_1+42

In the following theorem, we determine the weight distribution of the

g-ary cyclic code C; generated by the polynomial g;(z).

Theorem 1 Let p be an odd prime, n > 1 be an integer and q be a prime
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power with ged(q,p) = 1. Let g1(z) = 2P - 1, where 1 < d < n. Then the
weight distribution Ag’"),AY’ "),Ag’”), .+ of the cyclic code C,, generated

by g1(x), over F, is given by
A" =" N(wi)N(wz) - - N(wpn-a).

Here the summation runs over all tuples (wy, w3, -+ , Wpn-a) of non-negative

n—d

P
integers w;’s satisfying Z w; = w, and for any v > 0, N(v) equals
(i) 1ifv=0;

(i) 0ifv=1o0rv>pt+1;

(zu)z Z Z Ag(vi,va, -+ v b, L, )

t21  (vi,wa, - ,ve)EPa(vit) (81,82, e )ELa(v1,02,0 01)

i=1

if2<v < p?, with Ag(vr,va, -+ vt 1,82, , &) given by

A 2 ¢ t v—2t
ad(el,eza"'set)( V1—2 )(V2—2)”.(Vt—2 )(q_l) (q—2) ’
where aq(£1,82,--- , %) is as defined by (1).

Proof. Proof is similar to that of Theorem 2 of [12].

3 The weight distribution of C;

In the following theorem, we determine the weight distribution of the g-ary
cyclic code Cy of length p™ generated by the polynomial gz(z).

Theorem 2 Let p be an odd prime, n be a positive integer and q be a
n—d+1

+ z?P +

n—d+1

prime power with ged(q,p) = 1. Let go(z) = 1 + 2P
. x(?
weight distribution A((,” ", A§""),A§" ") ... of Cy is given by

1" here d is an integer satisfying 1 < d < n. Then the

0 if p?=1 does not divide w;

AP = ( prd+l

J

Proof. Proof is similar to that of Theorem 3 of [12].

) (g—1) if w=p%1j 0<j<prdtL.
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4 The weight distribution of C;

To compute the weight distribution of C3, we make the following observa-

tions:

Lemma 1 Let C and D be cyclic codes of length m and £ generated by the
polynomials g(z) and h(z) respectively. If g(x) = h(z)(1 + zé + 22+ .- +
8E=1) then
(a) m = £k.
(b) C is a repetition code of D, repeated k times.
(c) the weight distribution A{™, AT™, ... ASY of C and the weight distri-
bution Bél), Bfe), e ,Bl(e) of D are related by

A("‘)={ 0 ifktw;

w Bf:,) ifw=kw', 0<w <¢

for0<w<m.
Proof. Proof is trivial.

Theorem 3 Let p be an odd prime and n > 1 be an integer. Let g)(z) =
+ -+ x(p
where d is an integer satisfying 1 < d < n. Then the code C3, gener-

n—d41 n—d+1
z?P

""" ~ 1 and go(z) = 1+ zP + topproatt
ated by g1(z)gz(x), of length p™ is a repetition code of the code € =<
a1(x) > of length p"~+1 repeated p?~! times. Hence the weight distribu~
tion B, B®" ... ,Bi(,ﬁn) of C3 is given by

B(pn) _ 0 ifpd_l {w;
w = (Y e d-1g . < on—d+l
A; ifw=p"1j, 0<j<p

n—d n—d n—d
for 0 < w < p*, where A(()p “’,Aﬁ" “),Ag’ “),--

distribution of the code Cy, which can be computed using Theorem 1.

- s the weight

Proof. Proof follows from Lemma 1.
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5 The weight distribution of C4

In the following theorem, we determine the weight distribution of the g-ary
cyclic code C4 of length p™.

Theorem 4 Let p be an odd prime, n > 1 be an integer and q be a prime
power with ged(g,p) = 1. Let gi(z) = 27" * =1 and gs(z) = 1+ 27" +
+ -0 4 x(”‘l)”"_d, where 1 < d < n. Then the weight distribution

n—d

z?P
AP AP AP .. of the cyclic code Cy, generated by gy (z)gs(x), over

IF, is given by

AP =" N(wi)N(wp) - - N(wpn-as1).

Here the summation runs over all tuples (wy,ws,  + ,Wpn-a+1) of non-
pn—-d+l
negative integers w;’s satisfying Z w; = w, and for any v > 0, N(v)
i=1
equals
(i) 1ifv=0;

(i) 0ifv=1orv>pil+1;

(i) > > Y Aa-a(viyve,cc vl ta, e b)

t21 (11,02, W JEPa—_1 (V;t) (&1 €2, & )ELy—1(v1,12,0- \0e)

if2 < v <p¥l, with Ag1(v1, v, ,vei b1, 82, -, £) given by

¢ 14 1 v
csttntn @ (,0,) (5, ) (L5, ) e

ag-1(61,82,--- ,2;) being equal to the sum

pi=l-t_e—2t p?Tl-F_4i-2(t-1) PP - ti—d pi~1-g,-2

i=2

> D > 1

ky=0 ko=k1+€1+2 ki—1=ks—24lia+2 ke=ki_1+8&—1+2

n—d41

Proof. Since g;(z)gs(z) = zP — 1, working as in Theorem 1 with d

replaced by d — 1, we get the desired result.
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