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Abstract. Let G be a graph and u be a vertex of G. Tg(u) is the sum of distances from
u to all the other vertices in graph G, T(u) = Tg(v) = Y dg(u,v). The Co-PI index [1]

veV

is defined as Co-PI,(G) = Y {T(u) — T(v)|. In this paper, we give some upper
uv€ E(G)

bounds for the Co-PI indices of the join, composition, disjunction, symmetric difference

and corona graph G; o Ga.
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1 Introduction

This paper we only consider simple connected graphs without loops and
multiple edges. Let G be a graph with vertex set V(G) and edge set E(G),
the distance between the vertices u and v of V(G) is denoted by dg(u,v)
and it is defined as the number of edges in a shortest path connecting the
vertices u and v, dg(u) denote the degree of vertex u in graph G.

A topological index is a real number related to a graph which does
not depend on the label or the pictorial representation of the graph. The
Wiener index (2] is one of the most studied topological indices, both from
theoretical point of view and applications, see for details [3-5]. The Zagreb
indices [18] have been introduced more than thirty years ago by Gutman
and Trinajestic. They are defined as M1(G) = Y. degZ(v), Ma(G) =

veV(G)

> degc(u)degc(v). We encourage the reader to consult [7-12] for his-
uwv€E(G)
torical background, computational techniques and mathematical properties
of Zagreb indices. Recently, Hasani et al. [13] introduced a new topological

index similar to the vertex version of PI index. This index is called the
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Co-Pl index of G and defined as: Co-PI,(G) = Y |nu(e)—n,(€)|, here
e€E(G)

the surnination goes over all edges of G. The transmission of a vertex « in

graph G, denoted by T (u), is the sum of distances fromn it to all the other

vertices in graph G, i.e., T(u) = Tg(u) =: Y dg(u,v). According to the
vev

definition of transmission, Guifu Su et al. [1] give the equivalent definition

of the Co-PI index: Co-PI,(G) = Y |T(u)— T(v)|, then determine
uwv€ E(G)

the eigenvalues of Co-PI matrices and their Laplacians of Cartesian product

graphs, including bounds on the second and third Co-PI spectral moment

of a graph. The explicit formulae for the Co-PI index of Cartesian product

graphs are also presented.

Now we recall that some definitions of several compound graphs. The
join G = G1 + G2 of graphs G, and G5 with disjoint vertex sets V1, V3 and
edge sets E;, E; is the graph union G;|J G2 together with all the edges
joining V; and V5. If G = H + ... + H, then we denote G by nH.

N e’

n

The composition G = G;[G] of graphs G and G2 with disjoint vertex
setsV}, V2 and edge sets E), E; is the graph with vertex set Vi x V, and
u = (u1,v,) is adjacent with v = (ug,v;) whenever (u; is adjacent with us)
or (u; = uz and v; is adjacent with vy).

The syminetric difference G; @ G2 of two graphs G; and G; is the
graph with vertex set V(G1)xV(G2) and E(G; @ G2) = {(w1,u2), (v1,v2) |
uv; € E(G)) or ugvp € E(G2) but not both}.

The disjunction G V Gz of graphs G and G; is the graph with vertex
set V(G,) x V(G2) and (u1,v;) is adjacent with (u2,v2), whenever ujus €
E(Gy) or vyvz € E(G2).

Given two graphs G; (with vertices 1,2,...,n and edges e, ey, ...,e,)
and G5. The vertex corona G; o G2 of G; and Gs is defined as the graph
obtained by taking n copies of G2 and for each vertice of G must connected
every vertex of Gs.

In [14], Chen ming have researched Total Coloring of Join Graph
CnV K,_3. Khalifeh et al. [15] computed vertex and edge PI indices of
the join and composition of graphs. Mehdi Eliasi et al. [16] study the
Wiener index of some graph operations. Mehdi Eliasi and Bijan Taeri [17]
present the Wiener indices of four new sums of graphs. The hyper-Wiener
index [18] of graph operations is presented by M. H. Khalifeh. Yaoping
HOU and Waichee SHIU [19] give the spectrum of the edge corona of two
graphs. In [20] Sagan et al. computed some exact formulae for the Wiener
Polynoinal of various graph operations containing Cartesian product, com-
position, join, disjunction and symmetric difference of graphs.

In this paper, we give some upper bounds for the Co-PI indices of
the join, composition, disjunction, symmetric difference and corona graph
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2 Main results

In this section, some exact formulae for the Co-PI indices of the join,
composition, disjunction, symmetric difference and corona graphs are pre-
sented. We first give the Co-PI index of the join graph. The following two
Lemmas related to distance properties of join graphs are required.

Lemma 1 ( [18]) Let G; and G, be graphs, then we have
0, u=v

de,+G,(u,v)=4¢ 1, wv e E(G)) or uv € E(G3) oru € V(G)), v € V(G2);
2, otherwise.

Lemma 2 Let G, and G, be connected graphs, G = G, + G, then
tu € G, Te(u) = |Vo| —dg, (u) +2|V1| -2 ;
i) € Gy, Tg(v) = V1] —dg,(v) +2|V2| - 2.

Proof: It follows the definition of join graph that each of its edges contain
either one vertex in G one vertex in G, or two vertices in G or G,.
i)if u € Gy, then v lies either in G, or in G».

Te(w)= ),  dg(uv)

ueV(G),veV(G)

= Z da(u,v) + Z dg(u,v)
u€V(G,)veV(G)) ueV(G,),veV(Gs)

= |Va| — dg, (u) +2|V1] - 2.

ii)if v € G, then s lies either in G} or in Gs.

Te(v) = Z da(v, s)

veEV(G),s€V(G)
= z de(v,s) + Z dc(v, s)
v€V(G2),s€V(Gh) vEV(G2),5€V(G2)
= |Vi| — dg,(v) +2|V2| - 2.
Theorem 3 Let G, and G be connected graphs, then

Co-PI,(G1+G3) < Mi(G1)+M1(G2)+|Vi[[Va| = |Va 2| Vi | +2|VA | | E(Ga) |-
2|Vl E(Gh)I-

Proof: Set V(G:) = {u1,u2,...,un} and V(G3) = {v1,v2,...,un}. Apply-
ing Lemma 1 and Lemma 2, we have:
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Co-PI, (G, + G2)

= Y ldo,(w)—de, )|+ Y lde,(s) - da,(t)l

uve E(G,) steE(G2)
+ Z ”VII—IV2|_dG1(w)+dG2(l)|
weV(G,)
leV(G2)
<30 lde,(u)l +lde, )+ D lde,(s)] + lde, (8)]
weEE(G,) steE(G2)
+ Y vl = V2l - do, (w) +da, (1)
weV(Gy)
leV(G2)
=My(G1) + My(G2) + Vi [*|Va| —| Va[Vi| + 2[VA || B(G2)|
= 2|V2|| E(Gy)|.

Lemma 4 [18] Let G, and G be graphs, if G is connected with |V(G1)|
> 1 and G = G1[G2), then for any two vertices (u1,v1), (ue,v2) € V(G),

we have
dg, (u1,u2), u1 # up;
0, Uy = ug and v; = vs;
d((u1,v1), (uz,v2))= 1, u; = ug and vyvp € Ey;
2, uy = ug and nyvg & Es.

Theorem 5 Let Gy and G, be two graphs, if Gy is connected with |V (G1)|
> 1 and G = G,[Gy)], then we have: Co-PI,(G) < |V,[*Co-PI,(G,) +

(IV2[? — |Va| + Vi) M1(G2).

Proof: It follows from the definition of G that each of its edges is either

of the form u; ~ uy or u; = ux and v; ~ vy, then

T((us,v5)) = T((uk,w))
= [ Z dG((uia'Uj)’ (:l:, y)) - Z d(;((’dk,vl), (a'v S))]

(z,¥)eV(G) (a,8)eV(G)
=l Y daa+ D> 1+ 3
(z.y)eV(G) (z,)EV(G) (z,9)EV(G)
(ui,x)€ E(G1) u;=2,(v;,¥)EE(G2) ui=z,(v;,¥)EE(G2)
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- [ Z dg, (uk,a) + Z 1+ Z 2]

(a,8)EV(G) (a,8)eV(G) (e,9)€V(G)
(uk,a)EE(Gh) ur=a,(v,3)€E(G2) ur=a,(vi,8)€E(Gz2)

= [[V2|Te, (wi) + dg, (v;) + (|Va| = 1 = dg, (v;)) x 2] — [|Vo|Te, (uk)
+dg, (v) + (|Va| = 1 —dg,(m)) x 2]
= |Va|(Ta, (u:) — Ta, (uk)) + (dg, (v1) = da, (v;))
This implies that: |T((u;, v;)) — T((uk, w))|

= ||Va|(Te, (ui) — Ta, (uk)) + (de, (vr) — de, (v5))]
< ”VZ‘(TGx (ui) - TGI (uk))l + ldcz(vl) - dGz (Uj)l

Therefore, the Co-PI of composition graph G is given by
Co-PI,(G) = > 1T ((ui,v5) — T((u, w1))]
((ui,9;),(ur,0))EE(G)
< Vi|M1(Gy) + [Va|*Co—PL,(G1) + |Va(|Va| — 1)(|Ve|
CO—PL,(Gl) + Ml(Gz))
= |V,]*Co-PI,(Gy) + (|V2|* - [Va| + Vi) M1 (G?).
Lemma 6 ( [18]) Let G; and G, be connected graphs, Then
0, a=c and b=d;

dg, v a,((a,b)(c,d))= ¢ 1, ac€ E(G)) orbd € E(Gs);
2, otherwise.

Theorem 7 Let Gy and G, be connected graphs, G = G, V G3, then Co-
PL(G) < |Vi|?M1(G1)+|Va[2M1(G2)+2|V2|| E(G2) | M1(G1)+2|Vi || E(G1)|
M1(Ga) — My (G1) M, (G2).

Proof: Let us consider an edge e = ({(ui, v;), (ug,v;)). We have
T((us, v5)) — T((uk, 1))

= [ Z dG((uivUj)i (35’ y)) - Z dG((uk’ u), (a, S))]

(z,9)EV(G) (a,8)EV(G)
= Y delwnv)(@u)+ Y. de((uvy), (z))]
(z.¥)EV(G) (z.v)eV(G)
(ui,x)€E(Gy)or (ui,2)ZE(G1)and
(v;,¥)EE(G) (v; WIEE(G?)
- Y delweu)(@s)+ Y. de((uk,m)(a,s))]
(a,9)EV(G) (a,8)EV(G)
(ux.@)EE(G))or (ur,a)gE(G))and
(v1,8)EE(G2) (v1,3)€E(G?)
= Vil(dg, (v1) = dg, (v5)) + Val(de, (wk) — da, (i) + dg, (us)dg, (v;)
- dGl (uk)dcz (’Uz)
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This implies that |T'((u:,v;)) = T((uk, v1))|
= |IVil(de, () — de, (v;)) + [Val(da, (ux) — da, (w:))
+ dg, (ui)da, (v;) — da, (ur)de, (vi)|
< |Wild, (v) — de, (v)] + [Vallde, (uk) — da, (ui)
+ldg, (ui)da, (v;) — de, (uk)de, (v)]
Therefore, the Co-PI of G is given by Co—PI,(G)
= > IT((ui,v5)) — T((uk, vi))

((ui,v5),(uk,v))EE(G)
Wl [Val
< VIPMi(Ga) + [ValPMi(G1) + D ) da(us,v5)dg, (wi)da, (v5)
i=1 j=1
= |Vi[2M1(Ga) + [Va|> M1 (G1) + 2|Va|| E(G2)|M1(G1) + 2|VA|| E(GY)]
My (G2) — My (G1) M\ (Ga).
Lemma 8 ( [18]) Let Gi and G2 be connected graphs, then
0, a=c and b=d;
de, @c.((a,b),(c,d))= ¢ 1, ac€ E(G1) or bd € E(G2), but not both;
2, otherwise.

Theorem 9 Let G and G3 be connected graphs, G = G1 @ G2, then Co-
PI,(G) < |Vi[2M1(G1)+|V2>M1(G2) +4| V2| | E(G2)|M1(G1) +4[V1 || E(G))|
M, (G2) — 2M;(G1) M1(G2).

Proof: According to the definition of G, each of its edges is either (u;, v;) €
E(G)) or (uk,v;) € E(G3), but not both. Without loss of generality, let us
consider an edge e = (u;,v;)(uk,v1), then T((ui,v;)) — T((ur,v1))

=[ Y de(wnvi)(zy)— Y de((ukw),(a:s))

(z,¥)eV(G) (e¢,9)EV(G)
= Y do((unvi)(@y)+ Y, de((wiv;)(2,9))
(z,y)eV(G) (z,y)eV(G)
(ui,z)EE(G)) (ui,x)EE(Gh)
(v; W)€ E(G?) (v;,¥)EE(G2)
+ Y do(lunv) @)+ Y. de((wivs),(2,9))]
(z,¥)€V(G) (z,¥)eV(G)
(u:,T)EE(G1) (ui,x)EE(G1)
(v;, W)EE(G2) (v;,¥)EE(G2)
- [ Z dG((uk, vl)9 (aa S)) + Z dG((Uk, 'Ul)’ (a7 S))
(a,5)€V(G) (a,8)EV(G)
(ur,@)EE(G1) (ux,a)EE(G1)
(v1,9)¢E(G2) (v1,8)€EE(G2)
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+ ) do((wew),(@s)+ > de((uk,m)(a,8)))

(a,3)€V(G) (a,3)eV(G)
(ux,a)€E(G)) (uk,a)gE(G1)
(v1,5)€E(G3) (v1,9)€E(G2)
= |Vil(de, (v) — dg, (v5)) + |Val(de, (ux) — de, (u:)) + 2(dg, (wi)dc, (v;)
- dg, (ur)dg, (w))

This implies that |T'((u:, v;)) — T'((uk, v))|
= |[Vil(dg, (v1) — dg, (v5)) + [Val(dg, (uk) — da, (u:))
+ 2(dg, (ui)dg, (v;) — dg, (ur)dg, (w))|
< Vhllde, () — de, (vi)| + [Valldg, (uk) — de, ()]
+ 2|dg, (ui)de, (v;) — da, (uk)da, (w)
Therefore, the Co-PI of G is given by Co—PI,(G)
= > T (s, v3)) = Tk, 1))
((ui,v5),(uk ,m))EE(G)

Vil Ve
< VIPMi(Ga) + VaPMy(Gh) + ) Y 2de(ws, v;)da, (ui)de, (v;)

i=1 j=1
= [Vi]2M1(Ga) + [V2|2M1(G1) + 4|V2||[E(G2)| M1 (G1) + 4|VA||E(GY))
M (G2) — 2M(G1) M1 (G2).
Lemma 10 Let G, and G, be connected graphs, G = G; o G, then
u € G1, To(u:) = (|Vo| + 1)Tg, (w) + Vi[|Val;
v € G, Ta(vs) = ([Va| + 1)Te, (i) - dg, (v;) + 2{V1l|Va| + [VAl.

Proof: In graph G, there are three kinds of edges: two end vertices in Gy,

two end vertices in Gy, and one end vertex in G;, another end vertex in
G,.

Te(uw;) = Z dG(uiyvj)

v;€G

= > de(u,v)+ Y dolun,vi)+ > do(ui,v))
v;€EG) v;€V(G2) v; EV(G2)

ui~vj uibvj
= (V2] + 1)Tg, (wi) + 1||Val.
i)Te(v;) = Y de(ui,v;)

u, €G

= Z dc(u,-,vj)+ Z da(ui,vj)+ Z dg(u,-,vj)
v;€G2 v;€G)y u:€Gy
v~V vigdy;

= (IV2l + 1)Te, (w) = da, (v;) + 2|V1|Va| + V4.

337



Theorem 11 Let G, and Gy be connected graphs, and G = Gy 0 G, then
Co-PI,(G) < (|Va| +1)Co-PI(G1) + 2|Vi||E(G2)| + |1 [*[Va]® + Vi *|Va| +
M (G2).

Proof: By lemma 10, we have Co—PI,(G)

= Y ITw)-Tw)l+ Y lde,(v)l +lde, ()l

(ui,v;)EE(G) (vi,v;)EE(G2)
< (IVa] + 1)Co-PI,(Gy) + 2V |E(G2)| + Vi *|Val? + VA [P{Val + 2M1(Ga).

3 Concluding Remarks:

Let G = G;0G> be the cartesian product of two graphs G; and G2, many
topological indices of G all have concise expression, such as: the CO-PI
index, Wiener index, the PI index and the Szeged index. In this paper, we
first attempt to obtain sorne explicit expressions for the CO-PI indices of the
join, composition, disjunction, symmetric difference and corona graph. But
it is regret that we only obtain some upper bounds for the CO-PI indices of
the five graph operations with the order or the size of the original graphs.
In fact, it is very difficult to give concise expressions for the CO-PI indices
of the five graph operations, even if giving some tight upper bounds for
them are still very difficult.

Acknowledgements. The authors thank the referees for their helpful
suggestions to improve the exposition.
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