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ABSTRACT

Let G = (V, E) be a graph, an edge labeling f : E — Z; induces a ver-
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1 Introduction

For the undefined concepts and notation used in this paper, we refer the reader to
the books {2, 8]. All graphs considered in this paper are finite, simple, and undi-
rected. The graph with all vertices of even (odd) degree will be called even (odd)
degree graph. The graph with each vertex of finite degree will be called locally
Sinite graph.

Let G = (V, E) be a graph, and T" be an abelian groupand f : V' — T be a vertex
labeling of G with the elements of I'. Let f* : £ — I be defined by

f*(zy) = f(z) o f(y), Vzy € E,

where o’ is the group operation. For each g € T, let vs(g) = |f~!(g)| and
es(9) = |f*Y(g)). We call f a [-friendly labeling if

lvg(g1) —vs(g2)| 1V g1, g2 €T, ("
T-edge friendly labeling if
les(91) —es(g2)| <1V g1, g2 €T )}

and I"-cordial if both (1) and (2) hold (cf.:[12]).

A graph G is said to be cordial if it admits a Zs-cordial labeling, where Zy =
{0,1} is the additive group with respect to modulo 2 addition (cf.:[3]). Cordial
labelings of graphs have been studied extensivelyin [1,4, 5,6, 11, 13, 14, 18, 24].

Lee and Ng [21] have defined the dual concept of cordial labeling as edge cordial
labeling. It was further redefined by Collins and Hovey [9] as:

Let f : E — Z; be an edge labeling of G. Define vertex labeling f* : V — Z,
by f*(v) = 3, ,ep f(uv) (mod 2). Then G is edge cordial if and only if

1. |V| =0, 1, 3 (mod 4) and there exists an edge labeling f such that
les(1) —e(0)] < 1and [vg(1) —vs(0)] < lor

2. |V] =2 (mod 4) and there exists an edge labeling f such that
les(1) — e£(0)] < 1and Jus(1) — v, (0)] =2.

Z,-friendly labelings are simply called friendly labelings (cf.:[7]). Friendly label-
ings of graphs have been studied extensively in [15, 16, 17, 19, 22, 23, 25, 26,
27, 28, 29, 30, 31, 32] and Z,-edge friendly labelings are called edge friendly
labelings. Let f : E(G) — Z be an edge friendly labeling, which induces a
vertex labeling f* : V(G) — Z defined by f*(v) = ), cg f(uv) (mod 2).
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For i € Z,, we define V(i) = |f*~(i)| and Ey(i) = |f~*(i)|. The number
I¢(G) = V¢(1) — V;(0) is called the edge friendly index of f.

If F’ denotes the set of all edge friendly labeling, then we have following defini-
tions:

The maximum edge friendly index is denoted by ©(G) and is defined as: ¢(G) =
maz{I;(G) : f € F'} and the corresponding edge labeling f is called maximum
edge friendly labeling of G.

The minimum edge friendly index is denoted by ¢’ (G) and is defined as: ¢'(G) =
min{I;(G) : f € F'} and the corresponding edge labeling f is called minimum
edge friendly labeling of G.

The maximum modulus edge friendly index is denoted by ¢(G) and is defined as:
#(G) = maz{|I;(G)| : f € F'} and the corresponding edge labeling f is called
maximum modulus edge friendly labeling of G.

The minimum modulus edge friendly index is denoted by ¢'(G) and is defined as:
¢'(G) = min{|I;(G)| : f € F'} and the corresponding edge labeling f is called
minimum modulus edge friendly labeling of G.

The edge friendly index set of the graph G, denoted by EFI(G) and is defined as:
EFI(G) ={l[;(G)|: f € F'}.

We extend the concept to full edge-friendly index set of the graph G denoted by
FEFI(QG) and is defined as:

FEFI(G) = {I;(G): f € F'}.

In this paper, we determine the full edge-friendly index set of star K ,, 2-regular
graph, wheel W,,, m copies of path mP,, m > 1. Further, edge friendly index
set of a graph can be calculated from the known full edge-friendly index set.

2 Some basic properties

Theorem 1. Let G = (V, E) be any (p, q)-graph, then

FEFI(G)C {2i—p: 0<i<p}.

Proof. Let f be an edge friendly labeling of the graph G. If V(1) = i, then
V;(0) = p —i. Hence I(G) = 2i — p. Thus, FEFI(G) C {2i—p: 0<i<
p}. O
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Theorem 2. [21] For any connected graph G = (V, E), if f is an edge friendly
labeling of G then V3(1) is even.

The parity of an object states whether it is even or odd. Recall that if f is a friendly
labeling then its inverse labeling g : V/(G) — Z defined by g(v) =1 — f(v) is
friendly. Moreover, is(G) = ig(G). In general the similar result do not hold good
for edge friendly labeling. However, results for some special cases are discussed.

Theorem 3. Let G = (V, E) be any locally finite graph and f . E — Zs be any
labeling. Let g : E — Z; be the inverse of f defined by g(e) = 1 — f(e) for every

e € E. Then for every vertex v in G, g(v) = { {@)f(v) :; :iieezgg ::: zzs:’

Proof. 1t follows easily by the fact that sum of any two numbers are even if and
only if both the numbers are of the same parity. a

Corollary 4. Let G be an even degree graph. If f is an edge friendly labeling and
g be its inverse, then Io,(G) = I;(G).

Corollary 5. Let G be an odd degree graph. If f is an edge friendly labeling and
g be its inverse, then I4(G) = —I¢(G).

Theorem 6. Let f : E — Zj is an edge friendly labeling and g be its inverse
labeling then I;(G) = I,(G) (—14(QG)) if and only if exactly half of its odd
(even) degree vertices induce label 1 by the edge labeling f.

Proof. Let f be an edge friendly labeling of G such that exactly half of its odd
(even) degree vertices induce label 1. Then by theorem 3, I (G) = I,(G) (—I,(G)).

Conversely, let f be an edge friendly labeling of a graph G = (V, E) and g
be its inverse. We will use the following notation: p,qq and peye,, denote the total
numbers of odd and even degree vertices respectively. Let pogqo and pogq; be the
total numbers of odd degree vertices receiving label 0 and 1 under £, respectively.
Similarly, let peveno and peveny be the total numbers of even degree vertices re-
ceiving label 0 and 1 under f, respectively.

Then V§(1) = podd1 + Peven1 and V¢(0) = Poddo + Peveno. Therefore, I;(G) =
Vf(]-) - Vf (0) = Podd1 + Pevenl — Podd0 — Peveno- By Theorem 3,

the total number of odd degree vertices receiving label 0 under g is poaq;,

the total number of odd degree vertices receiving label 1 under g is pogdo,

the total number of even degree vertices receiving label 1 under g is peyen1,

the total number of even degree vertices receiving label 0 under g is peveno-

S0, I(G) = Poddo + Peven1 — Podd1 — Peveno. Thus, we have

I$(G) — I4(G) = 2(podd1 — Poddo) (3)
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If (G) + Ig(G) = 2(pevenl — Deven0) @

By using (3) and (4) we have, if I;(G) = I(G) (—I4(G)), then exactly half of
its odd(even) degree vertices induce label 1 by the edge labeling f. O

3 Full edge-friendly index set of star

A star is the complete bipartite graph K », a tree on n vertices with one vertex
having vertex degree n — 1 and other n — 1 vertices of vertex degree 1.

Theorem 7. The full edge-friendly index set of star graph K » is

{-1} n=0 (mod 4),

_ ) {-2,2} n=1 (mod4),
FEFI(Kyn) = {1} n=2 (mod 4),
{0} n=3 (mod4).

Proof. The number of edges can be of the form dm, 4m +1, dm + 2, 4m + 3.
no. of number of number of label aumber of numberof | I;(G)
edges | edgeslabeled | edgeslabeled | received | end vertices | end vertices | values

by 0 byl by center | receiving receiving
vertex label 0 label 1
dm 2m 2m 0 2m 2m -1
dm +1 2m +1 2m 0 2m + 1 2m -2
dm+1 2m 2m+1 1 2m 2m +1 2
dm + 2 2m +1 2m+1 1 2m +1 2m+1 1
4m +3 2m+2 2m+1 1 2m + 2 2m+1 0
4m +3 2m+1 2m + 2 0 2m +1 2m + 2 0
Thus,

{-1} n=0 (mod 4),

) {-2,2} n=1 (mod4),

FEFI(K1n) = {1} n=2 (mod 4),

{0} n=3 (mod4).

a

4 Edge-friendly index set of 2-regular graph

First, we will evaluate the full edge-friendly index set of cycle Cy. A cycle Cpn=
eies. .. ey, is a connected graph with n vertices and n edges and every vertex is

of degree 2.
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Observation 1. There exists no edge friendly labeling of cycle C, such that
Ve(1) =0.

Theorem 8. The full edge-friendly index set of the cycle Cy, is
FEFI(C,)={4i-n:1<i< [gJ }.
Proof. By Theorem 1, Theorem 2 and Observation 1, we get
FEFI(C,) C {4i—n: 1<i< [g-J} )
Forafixed 4,1 < i < | 3], define an edge labeling f of C, as:

0 j=1,2,..., l%J—Z-l—l;
0 1B)—it3 (B —i+5 ..., |2)+i-1

fleg) =
1 i=[%]-i+2, |3]—i+4, ..., 5]+
1 B Fi+L, |2 4i42, ..., n
Thus,
{4i—-n:1<i< [gJ}gFEFI(Cn). 6)
From (5) and (6), we get
FEFI(Cp)={4i—-n:1<i< |2} m]

Remark: For a 2-regular graph G, it is known that G is a disjoint union of some
cyclesCy,, Cn,, ..., Cp, forsomek > 1. We shall write G = C(ny, no, ..., ).
Itis clear that G is isomorphic to its line graph [20]. So the full friendly index set

of G and the full edge-friendly index set of G are the same.

Theorem 9. Suppose G = C(ny, ny, ..., ng). Letn = Ef=1 n; and | be the
total number of odd cycles among the k cycles. First we let

[ {~(n—4), =(n-8), ..., n—4|L]} if n is even,
S—{ {_(n_4)1 —(n——8), '~-1n—4l['z'J—2} lfn:iodiin .

Next we modify S as follows:
1. Remove —(n —4) from S ifkisevenandny =ny = - - = ny.
2. Add —nto S ifthere exists a partition of {ny, n, ..., ny} into two subsets

X and Y such that Izmex n; — aney njl <1l
Then FEFI(G) = S.

Proof. Tt follows from the above remark and the result of Kwong, Lee and Ng
(16]. a
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S Full edge-friendly index set of wheel

A wheel W,, is a graph with n vertices formed by connecting a single vertex to all
vertices of an (n — 1)- cycle i.e. W, = K1 + C,,_;. We will refer the edges of
W, by u;, ug, ..., Un—-1, Un, ..., Uz2n—1(as shown in Figure 1).

U u

Figure 1: Wheel W,,

Theorem 10. The full edge-friendly index set of wheel W, is
FEFI(W,) = {di—n: 0<i< [;J}
Proof. By Theorem 1 and Theorem 2, we get
FEFI(W,) C{di-n: 0<i< [gJ} %

Define the edge labeling g as:

(uj) = 0 j=1,2,n+1,n+3,n+4,...,2n-2,
9=V 1 j=3,4,....,n, n+2

Clearly g is an edge friendly labeling of the graph W,, and gives V,(1) = 0.
Alsofor 1 < i < | %], define the edge labeling f as:

_J 1 iLjisn+i-2,
f(uj)_{ 0 otherwise.

Clearly f is an edge friendly labeling of the graph W, and gives V;(1) = 2, 1 <
i<|3]ie

{4i-n:0<i< [g] } C FEFI(W,). ®)
From (7) and (8), we get
FEFIW,)={4i-n: 0<i<|3]} O
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6 Full edge-friendly index set of m copies of path

We refer the graph m P, as disjoint union of m copies of path P,. The following
important corollaries of Theorem 2 come as a ready reference for study of full
edge-friendly index set of mPFP,,.

Corollary 11. Let f be an edge labeling of P, = x1z3 ... Zn. If Ef(1) > 0, then
Vi(1) 2 2.

Proof. Let i be the smallest index such that f(z;z;+1) = 1. Then x; is a 1-vertex.
By Theorem 2, there are at least two 1-vertices. O

Corollary 12. Forn > 2,
Vinaz(1) = maz{Vy(1) : f is an edge friendly labeling of P,}

_Jn nis even,
Tl n—1 nisodd

Proof. Let f be an edge friendly labeling of P, = 122 ... zn. By Theorem 2, we
know that n or n — 1 is an upper bound of V(1) for n is even or odd, respectively.
The bound is attained by the following edge labeling g which is defined by

1 iisodd,
9(ziTipr1) = 0 iiseven,

wherel <i<n-1. 0O

Further, we have following Lemmas regarding full edge-friendly index set of
mPy:

Lemma 13. Let f be an edge friendly labeling of mP,,, where m > 1 and n > 3.

Then
m is even,

Vf(1)>{ m+1 misodd.

Proof. Since f is edge friendly, by pigeon hole principle, there are at least [Z]
paths P, containing 1-edge. By Theorem 2, Vy(1) > 2[Z]. The result follows
0O

Following we will use the notation:
Vinin(1) = min{V(1) : f is an edge friendly labeling of mP,} and
Vinaz(1) = max{Vs(1) : f is an edge friendly labeling of mP, }.

Corollary 14. For m > 1 and n > 3, we have

m m is even,
Vimin(1) = { m+1 misodd.
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Proof. For m = 2k, we label all the edges of the first k& paths P, by 1 and the
other by 0. Then the number of 1-vertices is m.

For m = 2k + 1, we label all the edges of the first £ paths P, by 1 and those of
the next k paths P, by 0. For the last path, we label the first [3] edges of the P,
by 1 and the others by 0. Then the number of 1-vertices is m + 1. Combining with
Lemma 13, we have the corollary. g

Lemma 15, For1 < r < n — 1 where n 2 2, there are edge friendly labelings
f and f' of Pay, with Ef(1) — E¢(0) = 1 and Ef:(0) — Ef:(1) = 1 such that
Vi(1) = V5 (1) = 2r. Moreover, I§(Pan) = I (Pay).

Proof. Let Pop, = x122...22,. For 1 < r < n — 1, first take an alternating
sequence of 1’s and 0’s of length 2r. Add n — r 1’s adjacent to any 1 of the
sequence in all or in parts and n — r — 1 0’s adjacent to any 0 of the sequence in
all or in parts. Call the resultant sequence as a1, @z, . . ., G2n~1. Now, define f as
f(ziziy1) = a;forl < i < 2n—1. Clearly E¢(1) = n, E;(0) = n — 1 and
V(1) = 2r.

Similarly again for 1 < 7 < n — 1, first take an alternating sequence of 1’s and
0’s of length 2r. Add n — 1 — r 1’s adjacent to any 1 of the sequence in all or in
parts and n — r 0’s adjacent to any 0 of the sequence in all or in parts. Call the
resultant sequence as a;,ay, . ..,02,—1. Now, define f/ as f'(z;z;41) = a; for
1<i<2n—1. Clearly Ef(1) =n—1, Ep(0) = nand V(1) = 2r.

Thus, for 1 < 7 < n —1 where n > 2, there exists edge friendly labelings f
and f' of Pp, with Ef(1) — E;(0) = 1 and Ez(0) — Ef+(1) = 1 such that
V¢(1) = V(1) = 2r. Moreover, I¢(Pan) = I (Pen). ]

Lemma 16. For m > 1 and evenn 2 4,

_ [ m(n-1) m is even,
Vinaz(1) = { mn—1)+1 misodd.

Proof. Note that mP,, contains totally m(n — 1) edges. Let f be an edge friendly
labeling of mP,,. Each 1-edge induces at most two 1-vertices. There are at most
[ﬂ%ﬂ] 1-edges. Thus, f induces at most 2[ﬂ';—'12] 1-vertices. That is,

m(n — 1) m is even,
Vi) < { m(n—-1)+1 misodd.

The bound is attained by the following labeling. Let g be the edge labeling defined
in the proof of Corollary 12. By Lemma 15, there exists edge friendly labeling
of P, suchthat E,(0) — Ep(1) = 1and V;,(1) = n — 2. Let z; ; denote the i-th
vertex of the j-th path in mP,. Define the edge labeling f of mP, by

o emimi) 1<i<n-1,1<5i<[R],
f(@ijTiv1,;) = { h(ziziy1) 1<i<n-1,[2]+1<j<m
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Clearly f is friendly and

m(n —1) m is even,
Vi) < { m(n—1)+1 misodd.

Hence the lemma follows. (]
Lemma 17. For m > 1 and odd n > 3, Vipaz (1) = m(n — 1).

Proof. From the proof of Lemma 16, we know that m(n — 1) is an upper bound
for the maximum number of 1-vertices. The bound is attained by labeling all P,’s
by g which is defined in Corollary 12. ]

The sum of two number sets A and B is definedby A+ B = {a+b: a€ 4, be
B}. The difference of two number sets A and B is definedby A\B = {a:a € A
and a ¢ B}. We have the following lemma.

Lemma 18. If P,,, and P,, are two paths, then
{FEFI(Py)\ {z}} + FEFI(P,,) C FEFI(P,, UP,,)
where x =max FEFI(P,)

Proof. Let X = {FEFI(Py,)\ {z}} + FEFI(P,,). If s€ X,thens=a+b
such thata € FEFI(P,,),b € FEFI(P,,) and a # z. Now, there arises four
cases:

Case 1: Let both n and ny be odd. There exist edge friendly labelings f and f’
of P, and P, respectively such that E¢(1) — E4(0) = 0, Vz(1) — V;(0) = a
and Ey/ (1) — Ef(0) =0, V(1) — V3 (0) = b.

Define an edge labeling g of P,, U Py, by g(e) = { ;,(2) Z z gg;::;’
Clearly, Eg(1) = Ef(l) + Ey/(1) and Eg(0) = Ef(0) + Ef:(0) ie. Ey(1) —

E4(0) = 0. Thus, g is an edge friendly labelmg of Py, U P,,. Also, V o(1) =
Vi(1)+V5(1), Vg(0) = V¢(0)+V(0). This implies that V(1) ~V,(0) = a+b.
Thus, in this case, forevery a € FEFI(P,,),be FEFI (Pn,) and a # z, there
exist an edge labeling g suchthat a +b € FEFI(P,, U P,,).

Case 2: Let n; be even and n; be odd. There exist edge friendly labelings f and
f! of Py, and P,, respectively such that E¢(1) — Ef(0) =0, V;(1) — V;(0) = a
and Ef:(l) - Efl(()) =1, Vfl(l) - Vft(O) =

Define an edge labeling g of P,, U P, by g(e) = { ;,(8) Z 2 gg;"';’
na2/-
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Clearly, E4(1) = Ef(1) + Eg (1) and E4(0) = E¢(0) + Ef:(0) ice. Eg(1) —
E,(0) = 1. Thus, g is an edge friendly labeling of P,, U P,,. Also, V(1) —
V4(0) = a + b. Thus, in this case, forevery a € FEFI(P,,),b € FEFI(F,,)
and a # r, there exist an edge labeling g such thata + b € FEFI(P,, U Py,).

Case 3: Let n; be odd and ny be even. The proof is similar to case 2.

Case 4: Let both ny and ny be even. Let f' be an edge friendly labeling of P,,
such that V(1) — V5 (0) = b. For the case Ey(0) — Es/(1) = 1, by Lemma
15 there exist an edge friendly labeling f of P, such that E¢(1) — E;(0) =1
and V(1) — V¢(0) = a. And for the case £y (1) — E¢(0) = 1, by Lemma 15
there exists edge friendly labeling f of Py, such that Ef(0) — Ef(1) = 1 and
Vi(1) — V¢(0) = a.

Define an edge labeling g of P,, U P,, by g(e) = { ;1((2)) Z z Ilzm )
ng-

Clearly, E,(1) = E¢(1) + Ep (1) and Eg(0) = Ef(0) + Ef:(0) i.e. Eg(1) —
E4(0) = Ef(1) — Ef(0) + E4(1) — Ef+(0) = 0. Thus, g is an edge friendly
labeling of P, U P,,. Also, V(1) — V4(0) = a + b. Thus, in this case, for every

a € FEFI(P,,), b € FEFI(P,,) and a # z, there exist an edge labeling g
suchthata +b € FEFI(P,, U P,,). [}

This Lemma can be easily generalized as:
[%] {FEFI(P,)\ maz(FEFI(P,)}+ [%J FEFI(P,) C FEFI(mP,)

First we will evaluate the full edge-friendly index set of P, = z;,2,...,Za for
n>3 Welete; =z forl <j<n-—1

Theorem 19. The full edge-friendly index set of path P,, n > 3 is
FEFI(P,)={4i—-n: 1<i< [gJ}

Proof. By Theorem 1, Theorem 2, Corollary 12, Corollary 14, we get
FEFI(P,)C{4i—-n:1<i< [-gj} )

Forafixedi,1 <i < | %[, define the edge friendly labeling f of Ppn 41 as:

fleny =19 i=12,...,n—-i-ln—i+l,n—i+3, ..., n+i-1,
7 1 j=n—i+2,n—i+4,...,n+i—2,n+i,n+i+1,,,,‘zn,

Also, for a fixed 4, 1 < 4 < [ 2], define the edge friendly labeling g of P, as:
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0 =23 ....n-i+2,n—it+d n—-i+6, ..., nti-2,

9(‘,’)5 i=l,n—-i4+3, n—-i+6, ..., n4i=-3n+i—-1,n+1,...,2n~-1,
Thus,

(4i-n:1<i< [%J} C FEFI(P,). (10)
From (9) and (10), we get

FEFI(P.)={di-n:1<i< [gJ}

Evaluation of full edge-friendly index set of m P,

There arises two cases:

Case 1: Let n be even. By Theorem 1 and Theorem 2, we get
FEFI(mP,) C {4i—-mn: 0<i< Bt}

Subcase 1.1: Let m be even. By Lemma 16 and Corollary 14, we get

mn-—-—m

FEFI(mB,) C {4i —mn : % <i<

We have, FEFI(P,) = {4i—-n: 1<i< }}={4-n,8—n, ..., n}. Using
Lemma 18, we get

{4—n, 8-n, ..., n—4}+..-+{4—n, 8-n, ..., n—4}(F times)+{4—n, 8-
n,...,n—4,n}+---+{4—n, 8—n, ..., n—4, n}(% times) € FEFI(mP,)

which implies that {4m —mn, 4(m+1)-mn, ..., mn—2m} C FEFI(mP,).

Let A = [e]2, . (n—1) e the initial matrix representation of an edge labeling of
mP, where, e is label of the k-th edge of the j-th path of mP,.

€ €y ... €n-1

= 0o o0 ... 0

Py 1 1 1
[ejk]0=...
m-11 0 0 ... O

P, 1 1 1

Clearly, [e;x]° defines an edge friendly labeling f of mP,. Clearly Vy(1) is m.
In the first iteration [e;x]', we interchange €1(n—1) With ey(,_1) and keep the
remaining entries fixed. In the second iteration [e;)?, we interchange the elements
€3(n—1) With e4(,_1) in the matrix obtained [ejx]! and keep the remaining entries
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fixed. In general, in z-th iteration [e;x]* we interchange the elements €(2;—1)(n—1)
with e(31)(n—1) in the matrix obtained [e;x]*~! and keep the remaining entries
fixed. We repeat this procedure 7 times and each time we obtain edge friendly
labeling in [e;x]°, [eji]', ..., [ejx] ¥ which gives the value of V(1) as m, m +
2, ..., 2m respectively. Hence,

m mn

3 <i< T ™) C FEFI(mP,). (12)

2

{4i —mn:

From (11) and (12), we get

n —

FEFI(mP,) = {4 —mn: %1- <i< -m—zﬂ}, m, n is even.

Subcase 1.2 Let m be odd. By Lemma 16 and Corollary 14, we get

+1 . mn-m+1

i< ——}.
7SS 5 } (13)
Now, FEFI(P,) = {4i—n: 1<i< %}={4-mn, 8-mn, ..., n}. Thus,
using Lemma 18, we get

FEFI(mP,) C {4i —mn: =

{4—n, 8—n, ..., n—4}+---+{d—n, 8—n, ..., n—4}(ZFL timcs) +{4—
n,8-n,...,n—4,n}+--+{4—n, 8—n, ..., n—4, n}(BF times) C
FEFI(mP,,).

This implies that {dm—mn, 4(m+1)—mn, ..., mn—2m+2} C FEFI(mP,).

Let A = [ejk]:)nx(n_l be the initial matrix representation of an edge labeling of
mP, where, e; is fixed label of the k-th edge of the j-th path of mP,.

€1 €2 v En-_2 €n—1

P 0 0 ... O 0

P, 1 1 ... 1 1

.. cee e aens cen m...

lesel® = P.o|l o o ... o 0
Poal 1 1 ... 1 1

P 0 0 ... 1 1

Clearly, [e;«]® defines an edge friendly labeling f of mP,. Clearly, Vy(1) ism+1.
In the first iteration [e;x]!, we interchange e;(,_y) With ex(,_1) and keep the
remaining entries fixed. In the second iteration [e;x]2, we interchange the elements
€3(n—1) With e4(n_1) in the matrix obtained [ej]! and keep the remaining entries
fixed. In general, in z-th iteration [e;x]* we interchange the elements e(2;—1)(n—1)
with e(3z)(n—1) in the matrix obtained [ejk]"l and keep the remaining entries
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fixed. We repeat this procedure == m‘l times and each time we obtain edge friendly
labeling in [e;x]°, [ejx]?, -, [e,k]T which gives the value of V¢(1) as m +
1, m+3, ..., 2m respectively. Hence,

m+1 . mn-m+1

From (13) and (14), when m is odd and = is even, we get

m+1 <i< mn—2m+1}.
Case 2: Let n be odd. By Theorem 1 and Theorem 2, we get
FEFI(mP,) C {4 —mn: 0<i< 52}

FEFI(mP,) = {4i —

By Lemma 17 and Corollary 14, we get

FEFImP,)C{4i—-mn: z<i< m(%l_)_} (15)
g m is even,
where,z:{ _+_ mis odd.

Now, FEFI(P,) = {4i—-n: 1<i< 3} ={4—n,8—n,...,n}. Thus, using
Lemma 18, we get

{4-n, 8-n, ..., n}+---+{4—n, 8-n, ..., n}(mtimes) C FEFI(mP,).
This implies that {4m — mn, 4(m + 1) —mn, ..., mn} C FEFI(mP,).

Let A = [ejk]?nx(n_ 1) be the initial matrix representation of an edge labeling of
mP, where, e is fixed label of the k-th edge of the j-th path of mP,.

Subcase 2.1: Let m be even.

Let
€y €2 ce. Epay
P 0 o 0
P, 1 1 1
[ejk]O = v e e
Pho}l 0 0 0
P, 1 1 1

Clearly, [e;«]° defines an edge friendly labeling f of mP,. Clearly, V(1) is
m. In the first iteration [e;x]', we interchange ej(n—1) With ez(,_,) and keep
the remaining entries fixed. In the second iteration [e;x]?, we interchange the
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elements ez, 1) With e4(,_1) in the matrix obtained [e;]! and keep the remain-
ing entries fixed. In general, in z-th iteration [e;x])* we interchange the elements
€(2z—1)(n—1) With e(2z)(n—1y in the matrix obtained [e;x]*~! and keep the remain-
ing entries fixed. We repeat this procedure 7 times and each time we obtain edge
friendly labeling in [e;x]°, [ejk]!, --., [ej&]? which gives the value of V(1) as
m, m+2, ..., 2m respectively. Hence,

Subcase 2.2: Let m be odd.

Let
(5} e eee €p_2 €p—y
P 0 0 ... 0 0
P, 1 1 ... 1 1
o_ ) .« e s 0. ) " .
=5 10 o ... o 0
Poail 1 1 ... 1 1
P 0 0 ... 1 1

Clearly, [e;x]° defines an edge friendly labeling f of mP,. Clearly, V(1) is
m + 1. In the first iteration [e;x)', we interchange e1(n—1) With ez(,_1) and keep
the remaining entries fixed. In the second iteration [e;x)2, we interchange the
elements e3(,,—1) With e4(,_1) in the matrix obtained leji] 1 and keep the remain-
ing entries fixed. In general, in z-th iteration {e;;x]* we interchange the elements
€(2z—1)(n—1) With €(25)(n—1) in the matrix obtained [e,-;c}’”‘1 and keep the remain-
ing entries fixed. We repeat this procedure 1"—2‘—1 times and each time we obtain
edge friendly labeling in [e;x]%, [ejx], ..., [ejx]¥ which gives the value of
Vi(1)asm+1, m+3, ..., 2m respectively. Hence,

{4i-mn: z<i< m(nT—l_)_} C FEFI(mP,), niseven. (16)

where. z — { z m is even,
y 2 = m+1 .
—'|'—2 m is odd.

From (15) and (16), we get

FEFI(mP,) = {4i—mn: 2 <i< 2D} misevenandn is odd.

©f3

FEFI(mP,) = {4i —mn: 2 <i< 202D} m, nis odd.

Thus,

FEFI(mP,)={4i—mn: % <i< Z5} m, niseven
FEFI(mP,) = {4i —mn: Bfl <i< mecmily m s odd, nis even.
FEFI(mP,)={4i—mn: 2 <i< ﬂg%‘—Q}, m is even and n is odd.



FEFI(mP,) = {44i —mn: = << 202U} ;) nis odd.

7 A comparative study of full edge-friendly index
set and edge friendly index set of some graphs

Graph | Configuration | ¢(G) | ¢'(G) | &(G) | ¢'(G)
Kyn | n=0 (mod 4) -1 -1 1 1
Kin | n=1 (mod 4) 2 —2 2 2
Kin | n=2 (mod 4) 1 1 1 1
Kin | n=3 (mod 4) 0 0 0 0
Cn n be even n 4—n n 0
C, n be odd n—2 | 4-n | n-2 1
W, 7 be even 2n—-2 1|1 2-2n|2n-2 2
W, n be odd n—-2[2-2n|2n-2 0
P, 7 be even n 4—-n n 0
P, 7 be odd n—2414—-n | n-2 1

8 Conclusion

In this paper, we have worked out full edge-friendly index sets of the star K ,,, 2-
regular graph, wheel W,,, m copies of path mP,,, m > 1. Further in literature A-
cordial labeling exists which gives insight to find A-friendly and A-edge friendly

labelings of graphs.
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