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Abstract

In this paper we discuss how the addition of a new edge affects the total
edge irregularity strength of a graph.

1 Introduction

In this paper we consider simple undirected and connected graphs. Let
G = (V,E) be a graph. We define a labeling f : VUE — {1,2,..,k} to
be a total edge irregular k-labeling of the graph G if for every two different
edges e; and e; for G, w(e;) # w(e;) where the weight of an edge e = wv
in the labeling f is w(e) = f(u) + f(v) + f(e). The minimum k for which
the graph G has an edge irregular total k-labeling is called the total edge
irregularity strength of G, tes(G).

The irregularity strength of a graph was introduced by Chartrand et
al.[l]. The total vertex-irregularity strength and total edge-irregularity
strength were introduced by Baca et al.[2]. Also they have determined
the total vertex and edge-irregularity strengths of some classes of graphs,
namely cycles, paths, stars and wheels. Kathiresan et al.[6, 7] discussed the
stability of irregularity strength of a graph by adding an edge. Also they
discussed the stability of total vertex irregularity strength in (8].

In this paper we discuss the stability of total edge irregularity strength
by adding an edge.
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Definition 1.1. Let G = (V, F) be any graph which is not complete. Let
e be any edge of G. Then e is called a positive edge of G, if tes(G + e) >
tes(G), and stable edge of G if tes(G + €) = tes(G).

Example 1.2. In P;, path of length 4, the edge joining any two non adja-
cent vertices is a positive edge of P4. In Pj3, the edge joining the two non
adjacent vertices is a stable edge of P;.

Theorem 1.3. Addition of any edge to a graph G from its complement will
not decrease the total edge irregularity.

Proof. Let f be a total irregular s—labeling of G. Let « and v be any two
non adjacent vertices of G. Suppose tes(G + uv) < s. Then there exists an
irregular total labeling f’ of G +wuwv such that its maximum label is less than
or equal to s — 1. Now by deleting the edge uv we get an irregular total
labeling of G and tes(G) < s — 1, which is a contradiction to tes(G) = s.
Hence, addition of any edge will not decrease the total edge irregularity
strength. O

Definition 1.4. If all the edges of G are positive(stable) edges of G, then
G is called a positive(stable) graph.

Example 1.5. P; a path on 7 edges is a positive graph. Cs a cycle on 5
edges is a stable graph.

2 Positive, Stable edges of certain families of
graphs

Theorem 2.1. Star graph K;, with n > 2 pendant vertices is a stable
graph.

Proof. Let z be the vertex of degree n and let vy, vz, vs, ..., v, be the pen-
dant vertices of K} . Let e; = zv; for i = 1,2,...,n be the edges of K.
For any e € K ., K1 n + € is isomorphic to K n 4+ ¥n_1v,. Define the total
labeling f : EUV(K,, +€) = Zt as follows.

fz)=1

fw) =T for i=1,2,..,n

fles) =|2] for i=1,2,...,n
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f(va-1vs) = [2£]

It is easy to see that the labeling f makes K, + vn—1vn irregular.
Therefore tes(Ky,n + vn-1vn) < [22]. tes(Ky ) = [2+1] was proved by
Baca et al.[2]. By Theorem 1.3, tes(K1 n+ Un_1vp) = [-i'—'l = tes(Kin)-
This concludes the proof. a

Theorem 2.2. Path P,,n > 1 with n + 1 vertices is a stable graph if
n # 1(mod 3) and positive graph if n = 1(mod 3).

Proof. Let vie1voesv3...€n—1Un€n¥ns1 be the path P, on n + 1 vertices.
tes(P,) = [2+2] was proved by Baca et al.[2]. We define the labeling for
P, as follows,

fle)=[§1,1<i<n
f)=TH#,1<i<n+1

Then the weight of the edges are w(e;) = 3,w(ez) = 4,w(e3) = 5, ...,w(en)
=n+2.

Case 1: If n # 1(mod 3), then n = 3m or n = 3m 42 for some m. Add
the edge e = v;v;, 1 <i<i+1<j<n+1,and assign label m + 1 to the
edge e.

1 o, 1 31 1= 2] [
. & ............. .
vy, € V2 é U3 Vi ] €n-1 Un €n Unyy

Figure.1

Now the weight of the edge e is w(e) = m + 1 + f(v;) + f(v;) =
m+1+ [+ [ <m+1+ 2]+ [22] = n+2 =w(en). Therefore
there exists an edge e such that w(e) = w(ex). Now increase the label of the
edges e, €x+1,...,€n by 1, to increase their weight by 1. Thus, there exists
an irregular total labeling for P, + e with maximum label [L] Therefore
tes(P, +e) < [—+—"| Further it is not possible to obtain the irregular total
labeling with fewer than m + 1 label. Therefore tes(P, + €) = tes(Pn).
Hence the edge e is stable edge.

Case 2: If n = 1(mod 3), then n = 3m + 1 for some m. Add the edge
e=vv;, 1 <i<i+1<j<n+l1,assign the label m + 1 to the edge e.
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Figure.2

Now the weight of the edge e is w(e) = m+1+ f(vi)+ f(v;)) =m+1+
[41] 4+ [H2] < m+ 1+ [2] + [242] = n+ 2 = w(en). Therefore there
exists an edge e; such that w(e) = w(ex). Now increase the labelings of the
edges e, €xy1, ..., €n by 1, to increase their weight by 1. Thus there exists
an irregular total labeling for P,, + e with maximum label m + 2. Therefore
tes(P, +e) < m+2. Since P, +e has n+1 edges and the optimum weights
are 3,4,5,...,n 4+ 3, it is not possible to obtain an irregular total labeling
with fewer than m + 2 label. Therefore tes(P, + €¢) > m + 2. Therefore
tes(P, +e) =m+2 > tes(P,). Hence the edge e is positive edge. 0O

Theorem 2.3. For n > 3, cycle C,, with n vertices, is a stable graph if
n # 1(mod 3) and a positive graph if n = 1(mod 3).

Proof. Let Cn,n > 3 be the cycle vyejvzezv3...6n_1Unenvy. Baca et al.[2]
determined that tes(C,) = [2#2]. They define the labeling of C, by
induction method as follows. The optimal irregular total labeling of C,
and Cjs are as follows.

2 2 2

1 1 1 Figure.3

Suppose we have an irregular labeling of C, forn =3(k—1)+2, k > 2
with the edge e,—) labeled as f(en—1) =k + 1, f(vn—1) = f(vn) = k.
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k+1

Figure.4

For C, 1, we split the edge e,_; into two edges by adding a new vertex
z; and we label the new vertex and edges as, f(vn—121) = k+ 1, f(z1) =
k+1,f(ziva) = k.

K k
k+1
k+1
ki
Figure.5

For C,,+3, we split the edge e,—; into three edges by adding new vertices
z; and zo and we label the new vertices and edges as, f(z;) = f(z2) =
k+ 1$ f(vn—lzl) = f(:L‘lfBz) =k+ 1, f($2’Un) = k.

K k
k+1
k+1
k+1
k+1
k
Figure.6
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For C), 3, we split the edge e,_; into four edges by adding new vertices
71,72 and =3 and we label the new vertices and edges as, f(z;) = f(z2) =
f(z3) =k+1, f(va_171) = f(z2zs) = k+ 1, f(z122) = k +2, f(zavn) = k.

k
k
k+1
k+1
k+1
k+2
k+1
k+1
k

Figure.7

In C,43 we reorder the vertices and edges so that the edge =,z will
play the role of e,_; of the above construction.

Case 1: If n # 1(mod 3), then n = 3k or n = 3k + 2 for some k. There-
fore we have the labeling for C,, as in Figure.5 and Figure.7. Now let us re-
name the edges as ey, e3, €3, ..., €, such that their weights are 3,4,5,...,n+2
respectively.

Figure.8 (n=3k) Figure.9 (n=3k+2)

Add the edge e = v;w;, 1 < i <i4+1 < j < n, and label the edge
e as f(e) = [2£2]. Now the weight of the edge e is w(e) = [242] +
F(vi) + f(v;) £ n+2 = w(e,). Therefore there exists an edge e,, such that
w(e)=w(em). Now to increase the weight of the edges em, €m+1, €ms2, ...,
én—1,€n by 1, we increase the label of the edges e, em41, ..., €n—3,€n_1 by
1. Further increase the label of the common vertex of e,_; and e, by 1. If
the common vertex of e,_3 and e, is v; or v; then change the edge e as
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Vit1¥j4+1(vip1v if § = n), since C + v;v; is isomorphic to C + v 1v541.
Now we have an irregular labeling for Cp, + e with maximum label [232].
Therefore tes(Cr) = tes(Cp +e) = [2+2] . Hence e is a stable edge.

Case 2: If n = 1(mod 3), then n = 3k + 1 for some k. Therefore we
have the labeling for C, as in Figure.6. Now let us rename the edges as
€1, €2, €3, ..., €, such that their weights arlt: 3,4,5,...,3k+ 3.

Figure.10

Add the edge e = v;vj, 1 <i<i+1<j<n, and label the edge e as
f(e) = k+1. Now the weight of the edge e is w(e) = k+1+ f(vi) + f(v;) <
3k 4+ 3 = w(en). Therefore there exists an edge e, such that w(e)=w(em).
Now we increase the weight of the edges e, em+1,8m+2, ..+y€n—1,€n by 1.
But to increase the weight of e, by 1, we have to increase the label of e, or
one of the vertices incident with e,. Therefore we get an optimal irregular
labeling for Cy + e with maximum label k + 2. Therefore tes(Cn) =k +1
and tes(Cy, + €) = k + 2. Hence e is a positive edge. ]

Theorem 2.4. For n > 4, wheel W,, with n + 1 vertices is a stable graph
if n # 2(mod 3) and a positive graph if n = 2(mod 3).

Proof. Let W,, be the wheel with V(W,,) = {v}U{v; : 1 < i < n} and
EW,)={vv;:1<i<n}U{vwis1:1<i<n -1} U {v,u}.

Baca et al.[2], determined that tes(W,) = [#%2]. Define the total
labeling of W,, as follows.

For W4: f(’U) = 4, f(vl) = f(v2) = laf(vS) = 2,f(’U4) = 3,f('U’01)
g(vlvz) = f(v1v4) = f(vavs) = 1, f(vvz) = 2, f(vva) = f(vva) = f(vvs)

" For We: f(v) = f(va) = 4, f(vr) = f(va) = 1,f(vs) = 2, f(vs)
3, f(vvy) = f(viva) = fvavs) = f(vavs) = 1, f(vwe) = f(vvs) = f(vvs)
2, f(vvg) = f(vavy) = f(vavs) = 4.
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- For We: f(v) = f(vs) = 5,f(v1) = f(va) = flua) = 1, f(vs)
3, f(ve) = 4, f(vv1) = f(v1v2) = f(v1ve) = f(vsva) = 1, f(vv2) = f(vvy)
f(vous) = f(vve) = 2, f(vus) = 3, f(vus) = f(vaus) = f(vsve) = 4.

For n > 6,

flo) = [252]

1 if 1<ig[3i2] —9,
fw) =4[22 -2 if i=[282]-1 and i=n,
[2#2]  if [E<i<n-1
(i if 1<i< [2n42] -3,
1 if i=[22] -2,
_s if i=[25] -1,
f(v.-vi+1)—-<2n+2__[2_n§_2-!_i if [mi2] <i<n-2
4 if i=n-—1,
(2 if i=mn.
i if 1<i<[2882] -2,

if =[] -1,

2
O =Nio ) 4a ip ] <icnon,

3 if i=n.

Case 1: If n # 2(mod 3), then n = 3m or n = 3m + 1 for some
m. Name the edges of W;, such that w(e;) = 3,w(es) = 4, ...,w(ezn-1) =
2n+ 1 w(ean) =2n+2.

Add the edge e = ;95,1 < i <i+1 < j < n and assign the label
2m to the edge e. Since, w(e) = 2m + f(v;) + f(v;) < 2n 4+ 2 = w(ez,),
there exists an edge e, such that w(e) = w(ex). Now increase the label of
€k, €k+1,---,€2n DY 1, to get irregular labeling. Thus we have an optimal
irregular labeling for W, + e with the maximum label [22£2] . Therefore
tes(Wy) = tes(W, + €) = [2%t2] . Hence e is stable edge.

Case 2: If n = 2(mod 3), then n = 3m + 2, for some m. Name the
edges of W, such that w(e;) = 3,w(e2) =4,...,w(ezn-1) = 6m+5,w(ez,) =
6m-+-6. Edge ejn, receives the label 2m+2 and the corresponding end vertices
receive labels 2m + 2.

Add the edge e = v;v;,1 < i <i+1 < j < n and assign the label 2m
to the edge e. Since, w(e) =2m+ f(v)+ f(vj) <2m+2m+2+2m+2 =
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6m + 4 < w(ezn), there exists an edge ex such that w(e) = w(ex). Now
increase the label of e, exy1,...,€2n by 1, to get irregular labeling. Thus
we have an optimal irregular labeling for W,, + e with the maximum label
2m + 3. Hence e is positive. O

Theorem 2.5. The friendship graph F,,n > 2 is a stable graph.

Proof. Let F,, be the friendship graph with V(F,,) = {v}U{v; : 1 < ¢ < 2n}
and E(F,) = {vv; : 1 <i<2n}U {vvi41:i=1,3,5,...,2n — 1}.

Baca et al.[2], determined that tes(F,) = [32#2] = n + 1. Since F,, +
Van—2Von_1 = F, + ¢, for any e € F,,, it enough to prove that vg,_ovan_1
is a stable edge. Let us define the labeling for F, + von—202,—1 as follows.
Let s; = vv; for 1 < i < 2n and 7] = v1U3, Ty = U3V4,T3 = UsUg, -y Tl =
V2n-3U2n-2,"n = V2n-2V2n—1,Tn4+1 = U2n—-1V2n.

For Fp: f(v1) = f(v2) = 1,f(va) = f(va) = 3,f(v) = 2,f(s1) =
laf(SZ) = f(33) = 2y f(34) = 3: f(rl) = 11 .f(rZ) = 2a f(T3) =3.

For Fs: f(v1) = f(v2) = f(vs) = 1, f(va) = f(vs) = f(ve) = 4, f(v)
2,f(s1) = 1,f(s2) = f(sa) = 2,f(s3) = f(ss) = f(s6) = 4,f(r1)
l,f(Tg) =2, f("'3) =3, f(T4) =4.

hon

For n > 4,

Case 1: If n is odd.
f(v) = 243,
fv) =1 for 1<i<n+1,
fw)=n+1for n+2<i<2n,
f(si)=i  for 1<i<n+1,
f(si)=i—n for n+2<i<2n,
f(r:) =1 for 1<i<n+1l.

Case 2: If n is even.
fw)=%+1,
fluw)=1 for 1<i<n,
fw)=n+1 for n+1<i<2n,
f(si) =i for 1<i<n,
f(si)=i—n for n+1<4i< 2n,
flry)) =1 for 1<i<n+1.

By the above labeling we have, tes(F,+€) < n+1. Since tes(F,) = n+1
and by Theorem 1.3, tes(F, + €) = n + 1. Therefore tes(F, +e) =n+ 1.
Therefore e is a stable edge, and hence F, is a stable graph. [}

Theorem 2.6. Let G = P, x Ka,n > 2 be the cartesian product of a path
on n vertices with a complete graph on two vertices. Then tes(G) = n.
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Proof. G consists of two paths P : viejvae2v3...0n—1€4—1v, and P’ : viejv)
€5v5...v),_1€5,_1 v}, which are connected by the edges v;v},i = 1,2,3,...,n.
Now we define the irregular total labeling for G as follows.
Fori=1,2,3,...,n

flui) = f(v)) =i

f(ei) = ?'1f(e:) =1+ 1! f(v‘iva{) =1

By the above labeling, tes(G) < n. Since G has 3n — 2 edges, the maximum
weight of the edge is at least 3n. Since it is not possible to obtain the weight
3n with fewer than n labels, tes(G) > n. Hence tes(G) = n. O

Corollary 2.7. The graph G = P, x Ka,n > 2 is a positive graph. If
we add any edge e to G then the mazrimum weight will be at least 3n 4 1.
Since it is not possible to obtain the weight 3n + 1 with fewer than n labels,
tes(G +e) > n.

In this paper we discussed some families of positive and stable graphs.
In our experience we found no graph having positive as well as stable edge.
Thus we propose the following open problem.

Open problem: There is no graph which contains both positive edge
and stable edge.
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