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Abstract

In this article we give a generalization of the multiparameter non-central Stirling
numbers of the first and second kinds, Lah numbers and harmonic uumbers. Some
new combinatorial identities, new explicit formulas and many relations between
different types of Stirling numbers and generalized harmonic numbers are found.
Moreover, some interesting special cases of the generalized multiparameter non-
central Stitling numbers are deduced. Furthermore, a matrix representation of
the results obtained is given and a computer program is written using Maple and
executed for calculating GMPNSN-1 and their inverse (GMPNSN-2) along with
some of their interesting special cases.

Keywords: Stirling numbers, p,g—Stirling numbers, GMPNSN-1, GMPNSN-2,
Lah numbers, multiparameter, harmonic numbers, Maple.
2000 MSC: 05A10, 05A19, 15A09, 15A23

1. Introduction

Stirling numbers of the first and second kinds were introduced by James Stirling in
1730 (see [18]). Many generalizations and extensions of these numbers have been
studied (see [1], [6],[11] [13], and [19]). Moreover, they have many combinato-
rial, probabilistic and statistical applications (see [4], [7], and [15]). Through this
article we use the following notations. The falling and rising factorials are defined
by () =t(t=1)---(t—n+1),()o=1and (t)s =t(t+1)---(t+n—1),{t)o =1,
respectively. The generalized factorial of ¢ of order n and scale parameter v (see
(71 and [9]) is (Vt), = vt(vt—1)---(Vt —=n+1)(n€ N:={1,2,---}),(vt)o = 1
and generally
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(1:@)n = ITj2g(t — @), (13 @)0 = 1, (04 )r = ITiueg, e (O — @), k < 1, where

0p, 0y, , 01 are real numbers or briefly denoted by & = (ap, 01, , 0r—).
Comtet [6, 7], defined sg(n, k) and Sz (n, k), the generalized Stirling numbers of
the first and the second kinds associated with ap, ¢, , 1, by

(t’a)n = zn:sd(nak)tka (LD
k=0
" =) Sa(n,k)(t; @) (1.2)
k=0

Koutras [13] defined s(n,k;a) and S(n,k;a), the non-central Stirling numbers of
the first and the second kinds by

(= ¥ s(n kia) ¢t —a), 13
k=0
(t—a)'= i S(n,k;a)(t)k. 149
k=0

Charalambides (see [4]) defined the generalized factorial coefficients
(or C-numbers) by

(vt)n =kzn‘6C(n,k; V)(t)k, (n € No :=INU{0}). (1.5)
For v = —1, we have L(n,k) = C(n, k;—1), hence
(=0 = X Lmb)(), (n € ), 16)
where L(n,k) are Lah numbers. Since (—1); = (—1)"(t},, we get
th=(@+n—1)= ’glL(n,k)Kt)k, (n € Ny), (1L.7)

where |L(n, k)| = (—1)"L(n, k) are the signless Lah numbers.
The author (see [9]) derived a generalization of the non-central Stirling numbers
of the first and second kinds by

(t;8) = )f‘_ sa(n,k; @)(t — a)*, (1.8)
k=0
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n
(t—a)" =Y Sa(n,k; &)(t; @), (1.9)
k=0
wherea,rand @; (i=0,1,--- ,n— 1) are real numbers, and & = (00, @1, -+ , On—1)-
Moreover, the author (see [10]) defined the multiparameter non-central Stirling
numbers of the first and second kinds by

(= Y. s(n.k; 8)(6: &), (1.10)
k=0
(t;8)p = Z"; S(n,k; &) (t)x. (1.11)
k=0

Hsu and Shiu [12] defined the generalized Stirling-type pair
(8" (n,k),$2(n,k)} = {S(n, k; @, B, r),S(n,k; @, B,—1)} by

()= 3 8" (k)2 — rIBe (1.12)
k=0

118)n = ¥ 2 )¢ +rlt)es (113)
k=0

where n € INg and the parameters @, and r are real or complex numbers, with
(a, B,r) # (0,0,0). These numbers satisfy the recurrence relation

SH(n+1,k) = 8" (n,k—1) + (kB —na+r)S' (n,k). (1.14)

Our goal in this article, Sections 2 and 3, is to derive a generalization of the mul-
tiparameter non-central Stirling numbers of the first and second kinds, Lah and
harmonic numbers. Recurrence relations, generating functions, explicit formulas
and many relations between different types of Stirling numbers and generalized
harmonic numbers are given. Moreover, some interesting special cases and new
combinatorial identities are deduced. Furthermore, in Section 4, an algorithm is
given and a computer program is written using Maple and executed for calculating
GMPNSN-1 and their inverse, GMPNSN-2, along with some of their interesting
special cases. Finally, a matrix representation of some results obtained is derived.

2. The generalized multiparameter non-central Stirling numbers of the first
kind (GMPNSN-1)

Definition 2.1. We define the generalized multiparameter non-central Stirling
numbers of the first kind (briefly denoted by GMPNSN-1) by
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(vt = i s(n,k;v,a)(t; @), s(0,0;v,&) = 1 and s(n,k;v,&) =0if k <n.
k=0 @D
Theorem 2.1. The GMPNSN-1 satisfy the recurrence relation
s(n+1,k;v,&) = vs(n,k— 1;v,&) + (vog — n)s(n,k; v, &). 2.2)

Proof. Since (Vt)p41 = (Vt)p(vt —n) = (vt)s[(vt — voy) + (voy —n)]
= (vt)uV(t — 04) + (vVt)n(voy — n), using (2.1) we have

n+l
Y s(n+ Lk v, &) (e =v Zs(n kv, &) (¢ — o) (t; @)k
k=0 k=0
n n
+ Z s(n,k; v, &) (vog —n)(t; Q) =V Z s(nk; v, a)(t; @)t
k=0 k=0
+ Zs(n kv, a)(vag—n)(t; &) = VZs(n k—1;v,&)(t &)
k=0
+ Z s(nk; v, @) (vay —n)(t; 8)y.
k=0
Equating the coefficients of (¢; &) on both sides yields (2.2). a

Theorem 2.2. The numbers s(n,k; v, &) have the exponential generating function

(1+1)¥%
. 2.3
o1V, @) = ;) o 23)
Proof. Let
o(t;v, @) = Zs(n k;v, a)— (24)

n=k
Using (2.2), it is easy to show that s(n,0; v, &) = (vap),, hence
t"
w(v,a) = Zs(n,O v,8)— = Z(vao) — .—(1+r)"“°.
n=0 n=0
Differentiating (2.4) with respect to ¢ we have
[ n—1

o(t:v,@) = Y s(nkv, a)ﬁ'

n=k
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Using (2.2), we get
¢,"(I;V,é'!) = i [vs(n— Lk—1L;v,&) +(vog = (n—1))s(n—1,k; v, a)]( "—l)
n=k

=V i s(n,k— lva) +vast(n,kva)— tEs(nkvd)( )',
n=k—1 =k

hence
P (t; v, &) = vr_1 (v, &) + Voru(t; v, &) — 19 (13 v, &),

B3V, 8) = Lo etV 8) = T Bee1 (57,).
Solving this difference-dlfferennal equation we get (2.3). O

Theorem 2.3. The numbers s(n,k; v, &) have the explicit formula

1 & o

no_ya-ryr
s(n,k;v,d)zn!z-(——ﬂ—- ——,m=12,---,r.

r=k r! L+ Hp=n, l,,.>l l' j—O(aJ)"
2.5)
Proof. Using (2.3) we get
_ k 141)"% k eva,log(l+:)
j=0 jlk j=0 7 )k
k (vay)” t! 1 & (Vo) & o thi
J -1\ j -1
1 — 1) —
-1, a})kz ()3( Y'9) Z(a)k): | OIS
L1 e vy
= s (=)
j=0 (“f)krg r! 112-':"1|+---Z+lr=n b
o k n -
1 & (voy)” (=1
=Y¥( - )", (2.6)
,&,jgo(aj)k,gk r! ll+'-2+l,=n -1,
~ Thus, by virtue of (2.4), we obtain (2.5). O
Let
$(n,k; v, &) == v Es(n,k; v, &). 2.7

Then using (2.3), it is easy to prove the following lemma.
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Lemma 2.1. The numbers §(n,k; v, &) satisfy the recurrence relation

§(nk;v, @) =5(n—1L,k—1L;v,&) + (vog —n+1)§(n— 1,k; v, &). (2.8)

Since (vt), = X8_o5(n,k)(ve)k = T8_o s(n,k)vKek, using (1.2) and (2.1), we get

i s(n,v,e)(r; &) = Zn: s(n, k) v* i Sa(k,1)(t; )

k=0 k=0 =0

-y ()":s(n,k)v"Sa(k,t)) (t:3). 29

1=0 \k=t
Equating the coefficients of (¢; &); on both sides gives the identity
n
s(n, v, 8) =Y s(n,k)VXSq(k,1). (2.10)
=

Similarly, from (2.1) by using (1.2), we have

Es(n, vt)! Zs(n kv, a)Zsa(k i) iis (n,k; v, &)sa(k,i)t'.

k=0 i=0 i=0k=i
) (2.11)
Equating the coefficients of ¢ on both sides we have the identity
n
s(m, i)V =Y s(n,k; v, &)sa(k,i). (2.12)
=i
Since (vt), = Xi_o5(n, k; v, &)(t; &), from (1.5) and (1.11), we have
):c n;v)(t) = ):s nk,v,a ZS(k L&) ()
1=0 1=0
n n
Z Y s(n,k;v, @)S(k,l; @) | (t):, hence
=0 \k=!
Cn,lv) = Zs(n,k; v, &)S(k,1; &). (2.13)
k=l

On the other hand (see {4, p. 304 and p. 306]) C(n,1;v) = % Ll o (= 1)"" () (vr)n,
whence we have the following combinatorial identities

):s(n kv, &)S(k, ):( - ( )(w),, , (2.14)

k=l
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k=l r=I{

Moreover we will handle the following interesting special cases of (2.1):

)Ifo;=0(n=0,1,---) we have (Vt), = X1_o5(n,k; v,0)t%,
n n _
Y s(n, k)(veYe =Y s(n,k; v, 0)e.
k=0 k=0
Equating the coefficients of t* on both sides we get
s(n,k;v,0) = s(n,k)v¥,

where s(n, k) are the usual Stirling numbers of the first kind defined by
t"=Y"_os(n,k)t*, where 5(0,0) = s(n,n) = 1 and s(n, k) = 0 for k > n.
iylifog=i(n=0,1,---,n—1), then

(Vt)a = ): s(n,k; v, D) (th = )i C(n, k; v)(t)x-
k=0 k=0

So we have
s(n,k; v, i) = C(n,k; v).

i) Ify=a(n=0,1,..- ,n—1), then we have
n
(v)n =Y s(n,k;v,8)(t —a),
k=0

where 4,7 and 0 are defined by @ = (a,a,--- ,a),i = (0,1,--+,n—1) and
0=(0,0,---,0), respectively.

is(n,k; v,a)S(k,l;a) = is(n,r)sa(r, v = is(n,r;v,(_))sa(r, D).
r=I

(2.15)

(2.16)

.17

(2.18)

We call s(n, k; v,a) the generalized non-central Stirling numbers of the first kind.

Notice that setting v = 1 in (2.18), we find s(n,k; 1,a) = s(n, k,a).

From (1.3) we have (vt), = ¥1_o s(n,k;a) (vt —a)k = Y2_, s(n, k; va)(vt — va)t.

Using (2.18) gives T'0_o s(n, k; v,a)(t —a)t = L2 _o s(n, k; va)vk(t — a)*.
We, therefore, have
s(n,k; v,a) = s(n,k; va) vk,

From (1.3) and (2.18), (1), = Li_os(n,k;a)(vt —a)* and so

(2.19)

Ti_os(n,k; v,a)(t —a)k = T2 _os(n,k;a) X g (¥) (—a)*~i(vr)'. Then we get

i=0 \k=i i=0 \ k=i

339

i (i (l:) (_a)k_is(n’k;v’a)) o= )f'. (i <I:)(—a)k'iS(n,k;a)) (ve)h



Hence we have the identity
n

v )"'_‘, (':) (—a)*is(n,k,a) =Y (’:) (—a)*~s(n, k; v, a). (2.20)

k=i =i
Moreover, (i), = Li_os(n,k; v,a)(t —a)* = 8o s(n,k; v,a) Tk o (4) (—a)*,
whence
Zs(n,i)(w)i = E (Z (k) (—a)*'s(n, k; V,t’z)) £
i=0 i=0 \k=i \}

Equating the coefficients of ¢/ yields

i v [k —i ‘v 7
Vis(n,i) = kg (1) (—a)*~s(n,k; v,a). (2:21)
Therefore, from (2.20) and (2.21) we get
N[k —i
s(n,i) = 1;_1 (z) (—a)*is(n, k; a). (2.22)

Furthermore, we consider the following two special cases
a) If v = 1, the GMPNSN-1 reduces to s(n,k;a) the multiparameter non-central
Stirling numbers of the first kind (see [10]). Hence we have

s(n,k; 1, @) = s(n, k; &). (2.23)

Thus, we have the following new explicit formula for the multiparameter non-
central Stirling numbers of the first kind, see ([2, Theorem 3.2}).

Theorem 2.4. The following identity holds true
LAY i+ (2404 =1\ i+ Gijgip—n+1
smki@) = ) (1—:‘1 )( 1—iy 1—iy ’

Op=k,
i;e{o,1}
(2.24)
where G, := g+ i1 + -+ +ip with ig = 0.

b) If v = —1, then from (2.1) we get

(=)= i s(nk;—1,&)(t; @), = ioLl(n, k; @)(r; @)y (2.25)
k=0 =

We call L; (n,k; &) = s(n,k; —1, &) the generalized Lah numbers of the first kind
associated with the sequence op, @1, ,0p—1.
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Corollary 2.1.
Linka)=(-1)¢ ¥ (i'lzzf') (iz - :"':'21 - ‘) (‘" - “"“;"'_*i": —n+ ').

On=k,
I'JE{O,I) (2 26)

Proof. The proof follows from (2.24), using (2.7) and (2.25), by replacing ¢; by
-0 (i=0,1,---,n—1). O

Since (=t)p = (—=1)*(t +n— 1), = (—1)"{t)n, we get

(t+n=1)= (= ¥ ILi(n k@), @27)
k=0

where |Li(n,k; &)| = (—1)"Lyi(n,k; &) are the signless generalized Lah numbers
of the first kind associated with the sequence &g, 0, -+, Qp—1.

Moreover, this gives us the following special cases of (2.25).
DIfy=0(i=0,1,--- ,n—1), then we get

(=t = Zn:s(n,k;—l,ﬁ)t" = f:Ll (n,k;0) = )is(n,k)(—t)".
k=0 k=0 k=0
Hence we have
s(n,k;—1,0) = Ly (n,k;0) = (—1)*s(n, k). (2.28)
iyIfog=i(i=0,1,---,n—1),
(—t)n = z": s(n,k; —1,7) 1)k 2": Li(n, k)t = f: L(n, k) ().
k=0 k=0 k=0
Hence we have
s(n,k;—1,7) = Ly (n,k;7) = C(n,k; —1) = L(n, k). (2.29)

Setting @; = i (i = 0,1,--- ,n— 1) in (2.25) gives the following new explicit for-
mula for L(n, k) (see [3]):

Link)=(-1)* ¥ (_'l:":l)(—2_lgli:i2))"'(-Hl_(ni‘-t,,izm“"))'

Op =k1
fIE{O,l} (2 30)
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i) Ifoy=a(i=0,1,---,n—1),

(=)= Zs(n k;—1,a)(t —a)t = ZLl(n ka)(r —a)*

k=0 k=0
= Z": s(n,k,a)(—t —a)k = i s(n,k;a) (- 1)k +a)* = i s(n,k;—a)(—1)%(t — a)k.
k=0 k=0 k=0
Hence we have
s(n,k; —1,8) = Ly (n,k;@) = (—=1)Xs(n,k; —a). 23D
Since (—1)n = L _q5(n,k —1,a)(t — a)* = £J_os(n, ki —1,a) Tkog (—a)*~! (§)¢!, we find
is(n,l)(—t)’ = )": ()": (’I‘) (—a)¥!s(n,k;—1,a), 2.32)
i=0 =0 k=l
which yields
(=D)s(n,1) = Ly (n,1;0) = f (1;) (—a)*!s(n,k;—1,a). (2.33)

Also, since

(=)n = i)L(n,k)(:)k = iL(n,k) Zk:s(k,l)t’ = )i ():j L(n,k)s(k,l)) !,
k=0 k=0 1=0

1=0 \k=!
from (2.32), we obtain
Z(zL(n K)s(k, 1) = Z(Z ( ) —a)*s(n,k;—1,a))r’.
1=0 k=! =0 k=i

Hence we have the identity

):L(n,k)s(k = Z (k) (=a)*~!s(n,k; —1,a). 239

=\l
Moreover, from (2.28), (2.33) and (2.34) we have
n
Y Ln,k)s(k, 1) = (=1)'s(n,1) = Ly (n,1;0) = s(n,1;-1,0). (2.35)
k=l

3. The generalized multiparameter non-central Stirling numbers of the
second kind (GMPNSN-2)

Definition 3.1. We define the generalized multiparameter non-central Stirling unmbers of
the second kind (briefly denoted by GMPNSN-2) by

(t:@)n =Y S(n,k;v,&) ()i, $(0,0,v,&) = 1,S(n,k, v, &) = 0ifk > n. @a.1n
k=0
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Theorem 3.1. The GMPNSN-2 satisfies the recurrence relation

S(n, kv, &) = %S(n ~-Lk-1Lv,&)+ (é— - Qp—1)S(n—1,k; v, &).

Proof. Since (t;&)n = (; @)n-1(t — On_1) = (t; &)1 [ (vr—k)+(——a,,..|)].

Using (3.1) we get

é S(n,k;v,a)(vt) = %’E S(n—1,k; v, @) (V)41

k=0

T Sn-1,k:v,8) (% - g ) v

k=0

Comparing the coefficients of (vt), we get (3.2)

Set
S(n,k;v, &) := V'S(n,k; v, &).

It is easy to prove the following lemma.
Lemma 3.1. The numbers S(n,k; v, &) satisfy the recurrence relation:

S(n,kyv, @) =8(n—1,k—1;v,&) + (k= voyu_1)S(n-1,kv,&).

+ ¥ sta- 16,8 - @) (v =%k)_: (= 1,k— L, &) (VD)

3.2)

(3.3)

(34

The following special cases give us many types of Stirling numbers as a consequence of

3.1).
)Ifog=0(i=0,1,--,n—1),

n
" =Y S(n,k;v,0)(ve).
k=0
We thus have (vt)" = v* X2 S(n,k;v,0)(ve), = Xi_o S(n, k) (Vi)
Hence we get
v*S(n,k; v,0) = S(n,k),
where S(n, k) are the usual Stirling numbers of the second kind defined by
=Y7_oS(n, k) (), where 5(0,0) = S(n,n) = 1 and S(n, k) =0 for k > n.
From (3.5) we have

= )f S(n,k; v,0) Zs(k v = Z (Z VIS(n,k; v,0)s(k, 1)):'
k=0

k=l
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Hence we get

i V!S(n,k;v,0)s(k, 1) = iS(n,k; v,0)s(k,1;v,0) = 8,4, EX))
k=t k=1

where &, is the Kronecker delta.

ii)If g =i(i=0,1,---,n—1), then (t)n = £} _oS(n,k v,7)(v1). Replacing ¢ by vt
we have

(v 1)n = T8_oS(n,k;v,0)(£)k. Using (1.5) we get (v='1), = Xf_oCn,k;v=")(t)x =
LroS(n,k;v,i)(t)s. Hence we get

S(n,k,v,I) = C(n,k;v1). (3.8)

Also, using (1.5), we find

() = ): S(n, k; v,T) 2c (k5 v) (), = 2 (iS(n,k;v,?)C(k,l;v)) ).

k=0 =0 \k=!

Hence we obtain

i S(r,k; v, D)C(k,1;v) = 6, 39
k=l

iii)Ifeg=a(i=0,1,---,n—1), then we have
n
(t—a)" =Y S(nk,v,a)(vi). (3.10)
k=0

We call S(n, k; v,a) the generalized non-central Stirling numbers of the second kind.
It is worth noting that if v = 1 in (3.10), then S(n,k; 1,a) = S(n,k;a).
From (1.4) we have v"(t —a)" = Y2_,S(n,k;va)(vt);. Making use of (3.10) we get
Vi L R0 S(m kv, @) (Vi) = X7 S(n, k; va) (ve)g.
Hence we get
VS(n,k; v,a) = S(n,k; va). 3.11)

From (3.10) we have

n n) i
N (=a)" i =Y S(n,k;v,a) Y s(k,i)(ve) = ( S(n,k; v,a)s(k,i) | vir'.
£ ()cort = smena faon =B (£
Hence we get the combinatorial identity

L -In .

ZS(n,k; v,a)s(k,i)=v~* (1) (—a)*. (3.12)

k=i
Using (3.1) we have (£; &), = L}_o S(n,k; v, &) EX_o s(k,1)(vt)!, then from (1.1)
hosal(n )t =0 o (T3, S(n,k; v, &)s(k,1)) v't!. Hence we get an identity

n
sa(nl) =Y S(nk;v,&)s(k, )V . (3.13)
k=l
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This gives a relation between Comtet numbers, Stirling umbers and GMPNSN-2
Moreover, since sg(n,I) = Tk, S(n,k; @)s(k,1), see ([10, Eq. (3.3)]), we have the combi-
natorial identity

iS(n,k; a)s(k,l) = iS(n,k;v,d)s(k,l)v’. (3.14)
k=1 k=1

Since (t; &)n = Lj_oS(n, k; v, &)(vt)y, using (1.5) and (1.11), we have

n n k n n
ZS(n.l; a)(t) = ZS(n,k; v, &) EC(k,l; v)(t); = E ( S(n,k; v, &)C(k, 1, V)) ();-
=0 k=0 1=0 1=0 \k=!
3.15)
Hence we obtain a new identity

n
S(n, ;@) =Y S(n,k; v, &)C(k,1; v). (3.16)
k=1

This gives a connection between the multiparameter non-central Stirling numbers, the gen-
eralized multiparameter non-central Stirling numbers and C-numbers.
From (1.9) we have (t —a)" = L}_q Sa(n, k; &)(t; &)x. Then using (1.1) and (3.10),

n k n k
Y S, kiv,a) Y sk, ) (v1) = Y Sa(n,k;d@) Y salk, L v)e,
k=0 =0 k=l =0

i (i‘, S(n,k;v,a)s(k, 1)) (vt)! = i (i Sa(n,k;a)sz(k,I; v))e'.
1=0 k=l

1=0 k=l
Hence we have the identity

n n
Y. S(n,k;v,@)s(k, )V = Y Sa(n,k:8)sa(k,1). (3.17)
k=t k=1
We derive the following two special cases of (3.1):
a)If v =1, then (t; &), = T}_oS(n,k 1,&)(1)x = L} S(n,k; &)(¢). Hence we get
S(n,k;1,&) = S(n,k; &), (3.18)

and so, GMPNSN-2 reduces to S(n, k; &), the multiparamater non-central Stirling numbers

of the second kind (see [10]).
Thus we have the following theorem (see [2, Theorem 3.1]).

Theorem 3.2. The numbers S(n,k; &) have the explicit formula

Smka)= Y ("“0) (‘“I 1“‘"0) (—a,,_, +n=1- (i0+“'+in—2)).

0,-y=n—k, i h in—1
ije{0,1}
3.19)

where 0y ;= ig+i1+ - +in.
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b) If v = —1, then we have

n n
(@)=Y S(n,ki—1,8) (-0 = ¥ La(n, k@) (~1)x. (3.20)
k=0 k=0
We call L (n,k; &) = S(n, k; —1, &) the generalized Lah numbers of the second kind asso-
ciated with the sequence ag, @y, ..., ®,—1. Since (=), = (=1)"(t +n—1), = (=1)*{t)n,
we get

(8= Y Lo(n ks &) (=1 = Y Lo (n ki @)] (1o @321
k=0 k=0

where | Ly (n, k; &) = (— 1)Ly (n, k; &) are signless generalized Lah numbers of the second
kind.

Corollary 3.1. The generalized Lah numbers of the second kind Ly(n,k; &) have the fol-
lowing explicit formula

Lomka)=(-1)" ¥ ("0)(“lf‘-"o)...(an-n+n—1—<io+---+i,,-z))_

Grmon—k, \ 90 i in—1
i,e(O,l}
(3.22)

Proof. The proof follows from (3.19), using (3.3) and (3.20), by replacing o; by —¢; (i =
0,1,---,n-1). O

This gives us the following special cases of (3.20):
)Ife;=0(i=0,1,---,n—1), then t" = ¥7_ S(n,k; —1,0)(—t)s, replacing ¢ by ~r we
get (=1)"" =X _oS(n,k;=1,0)(0)k = (= 1)" Lo S(m, k) ()i
Hence we have

S(n,k;~1,0) = Lp{(n, k;0) = (—1)"S(n,k). (3.23)
ii)If oy =i(i=0,1,---,n—1), then (¢), = Lf_ S(n,k; —1,7) (—t)x, replacing ¢ by —t we
get
(=0)n = TR0 S(n, k. —1,0)(t)x = Lo L(n, k) (1)1
Hence we have

S(n,k;—1,1) = Ly(n,k; i) = L(n, k). (3.24)

Thus, setting o; =i (i =0,1,--- ,n—1) in (3.22) gives (see [3])

Linky= (-1 ¥ (2"'0) (4‘("?“1)) (2("- 1)-('io+-~+in-z))_

Op—1=n—k, il 2 In-1
ije{0,1}
(3.25)
ii)If oy =a(i=0,1,---,n—1), then (t —a)" = X}_,S(n,k; ~1,a)(—1)x, replacing ¢ by
—1, we get

(=)™t +a)" = LioS(n,ki—1,8) () = (=1)" Li_o S(n, k; —a) (1)x.
Hence we get
S(n,k;—1,a) = Ly{n,k;a) = (—1)"S(n,k; —a). (3.26)
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Since

(W)n = z": s(n,k; v, a)(t; d)k = i s(n,k; v, a) i S(kyl’ v, a)(Vt)[

k=0 k=0 =0

=Y o (X, s(n,k; v, &)S(k, v, &)) (Vi)
we have n
Y s(n kv, @)S(k,5;v,8) = 8, (3.27)
k=l
This gives the orthogonality relation of GMPNSN-1 and GMPNSN-2.
Since

(Vl V2 t)'l = ZS(H,I( Vl!d)(vz 5 a)k = ZS(YI k; Vl’a) E()S(k 5L V2)a)(t)l
k=0 1=

= Z (Z s(n, k; vy, &)S(k,L; vz,&)) )

1=0 \k=!

From (1.5) we have (v v; '), = X7 ()_“,L,C(n,k; )Ck, vy ')) (t);- Hence we get a
new identity

Es(n kv, @) Sk, I vy, &) = ZC(n kv)Ck v =Cln,vivy!).  (3.28)
k=l

It is worth noting that if v = v, = v, we get

n

Z s(n,k; v, &)S(k,1;v, @) =C(n,1;1) = 6,,. (3.29)

k=l
Finally we find some relations between the generalized multiparameter non-central Stirling
numbers and usual Stirling numbers, g-Stirling numbers p, ¢-Stirling numbers and a,d-
progressive p,q -Stirling numbers (see [14]).
Putting @ =¢' - 1(i =0,1,- —1) in (2.10) and (3.13), respectively (see [14, Tables 1
and 9]) we get

- n n
s(n,liv,g —1) = Y (g - 1) s(n, i)V'Sglk, 1] = Y (g — 1)*'Sglk, l)s(n, kv, 0),
k=l k=t
(3.30)
(¢ - 1)"cgln, 1) = ES(n 5v,g — Dstk, )V = ):S(n k;v,q — 1)s(n,k;v,0), (3.31)
k=l
where Sglk, {] and c4[k, !] are the usual g-Striling numbers and signless g-Stirling numbers

of the second and first kind, respectively.
Similarly, putting ¢; = [i]p4 (i =0,1, -+ ,n—1) in (2.10) and (3.13), respectively (see [14,
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Tables 1 and 8]), we get

s(nk;v,[i]pg) = Zn:s(k,l)VIS,,_q[k,I] = is(n,k; v,0)8p.4[%,1), (3.32)
k=l k=l

Cp.q[": l] = ki-—-IS(n’k; v, [i]qu)s(ki l)vl = ki_ls(nik; v, [i]p.q)s(n»k; v, 6): (333)

where Sp 4[k, 1) and cp 4(n, ] are p,q-Stirling numbers of the second and first kind, respec-
tively.

Moreover, putting o; = [a+id]pq (i = 0,1,--- ,n— 1) in (2.10) and (3.13), respectively
(see [14, Tables 1 and 13]), we obtain

n n
S(n,k;v,[a+id)pq) = E s(k, 1) VIS";"Z[I(, )= E s(nk; v, G)Sgﬁ[k, 1], 3.34)

n n
chiln,d) =Y S(nk; v, [a+id]pg)s(k, )V = Y S(n,k; v, [a+id]p,g)s(n,k v,0), (3.35)
k=l k=1

where Sg:g[k, 1] and ¢} 3[n, 1] are the a,d-progressive p,q-Stirling numbers of the second
and first kind, respectively.

Remark 1. From (1.10), (£)n = Xi_o $(n,k; V&) (1 V&), = £7_o s(n,k; vE)VX(L; &)y, set-
ting & = x gives (Vx)n = X}_q s(n,k; v&)(x; &)x. Then by virtue of (2.1) we get

s(n,k; v, &) = s(n, k;, va) vk, (3.36)

where V& := (vap, vay,--- ,VQy—_1).

Corollary 3.2. The numbers s(n,k; v, &) have the explicit formula
s(n kv, &) = v Z <i| + va,.) (i2+va,-,+,~2 - |) (i,, + V& 4opi, — N+ l>‘

o=\ 1) 1-ip 1—ip
i,e(o,l}
(3.37)

Proof. The proof follows using (3.36) and replacing @; by va; ( j=0,1,---,n~1)in
(2.24). a

From (3.37) and (2.5) we obtain a new interesting identity

n yr—k 1 ko i1 +vo;
ny (=1)rr i Y = ( ‘ '->
rgi r! 1,+--.+z),:=:n,l,,.zl IR = CAHR a,,=k,.'),%{o,x) 1-q

(iz + V0 +i, — l) . (in +VO +oti, —n+ l). (3.38)

1—ip =iy
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Remark 2. Using (1.11) and (3.1) we get
S(n,k; v, &) = v "S(n,k; vix). (3.39)

Similarly using (3.39) and (3.19) we can prove the following corollary.
Corollary 3.3. The numbers S(n,k; v, &) have an explicit formula

S(n kv, &) = v" ) (—va.-,,) (“"“"l +1 ”'0)
Gra=n—kief01} N 0 h

(—va,._l +n—1-(ip+-- +i,,_2))' (3.40)

In—-1

where j=0,1,--- ,n—1, and Op—1 :=ig+iy + - +ip-1.

Remark 3. For the special case oy = —;':7’;2, from (2.2), by using (1.14), see [12],we can

prove that
s(n,k; v, &) = &S (n,k) V¥, (3.41)

Definition 3.2. The generalized harmonic numbers of order k, associated with the se-
quence

]
a = (ag, 0, - ,0n—1), denoted by Hy(k; &), are defined by Hn(k; &t) = n): é,;.
j—_-o /]

Theorem 3.3.
n+l (- 1)n+r(v)€+l r gtk
Y s(n+ 1k v,@)salk, ¢4+1) =n! z——-— 12—, G4
r h ki
k=E+1 ky+hy k=t i=1 %

n
where H,(,') =Y 7"7 are the generalized harmonic numbers of order r, see [5] and [17],
k=1
n

andH,=HV = ¥ } the usual harmonic numbers, where Ho = Hé’) =0and Héo) =1,
k=1

Proof. From (1.1) and (2.1), we have

n+ln+l

(V)ns1 = vi(vi—=1)--- (vt — E Y s(n+1,kv,&)sa(k, Ot
=0k=¢
Hence we get
n vt n+1 n+l
1av[[(1-=)=Y ¥ str+1,kv,&)salk, e+ 1) (3.43)
j=1 J e=0k=0+1
Since
H(l-—)—exp(Zlog(l——))“‘exp( k):lz —exp(—z (")Vt
= ]_.
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Therefore, using Cauchy rule of product of series, then (3.43) takes the form

n+l n+l o £ 1 1yatryf+l r gyk)
E Z s(n-!-l,k;v,t’x)sa(k,e+l)t(=n!ZZ(—l)—-v— H"—l‘.
{=0k=Z+1 i=or=0 ™ & =izl ki
=0k= =0r= 1kt ke =e i=1
Equating coefficients of t¢ on both sides yields (3.42). (]

For a particular case, setting n = 2 and £ = 2 in (3.42). We get
(2) (1)y2
-H H.
5(3,3;v,&)s5(3,3) = 2v3(—2L + (—22)—) =v3.

Hence we have the identity
(HY? —HP =1.
Moreover, setting n = 3 and £ = 2 in (3.42)
5(4,3;v,®)sg(3,3) +5(4,4; v, @)sg(4,3) = v (v - 6+ v+ BV + a3V)
+VvH(-mp-a - —a3) = —3v3(—H§2) + (H§'))2) =—6v3.
Thus, we have the identity (H:E'))2 -H§2) =2.
Furthermore, if putting n = 4,¢ = 3 and 4, respectively in (3.42), we get the following
identities
HDY = 3HHP 120 =572,
HOY - 16(HV2HP +8HVHY +3(HP)? —6H" = 1.

From (3.42) and (2.12), we have a new interesting identity

€ (_q1\n+r r (k)
s(n+l,l+1)=n!zul'—- Hn (3.44)
=T k=it i
Also, using 5, Eq.(2.9)] and (3.44), we obtain an identity
4 £ (_q1yntr—1 rpyk)
zs(n+1,e-r+1)ﬁ,$"=en!):£—9-|-—— Hn ™ (3.45)
r=l r=1 r: itk retk=ti=] Ki

Remark 4. Setting £ = 1,2,3 and 4 in (3.44), we get [5, Eq.(2.10)] as a special case, and
so on for other values of £. Setting £ = nandn — 1, respectively, in (3.42), we obtain the
following identities

no(—qymtr H'gkl )H'('kz) . -H,Sk')
my =2 o Tn U o). (3.46)
r=0 r: ky+ky+--+hke=n kiky ke
n=1(_ 1\n+r (k1) gglkz) . gylke)
s(n+1,n)=—<";'l) =n! % H"—Efi,’:-k—" (3.47)
=0 T Ktkgttk=n—1 182 Kr
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Theorem 3.4.

n+l G+t k . =

—1)ate k Hy(i: &

Xs(n+leva)na, (eze'me' ( a4 ))"
€=0 J=0 4426 44kl=k 1720770k i)

k-1 r r (E,)

_( l)n ,Z ( 1) Vk .

(3.48)

&+ 4 Hl=k—1i=1

Proof. The left hand side of (2.1) can be written as
n f vt n 1 vt
(V01 = (=1)"nt(v)) [T (1 - 7) = (—1)"n!(vr)exp(}_ log(1 - —.))
j=1 j=1
(=1)"n!(vt)exp(— EH(")’

Using Cauchy rule of product of series, then we have

1yt rp®

7 (3.49)

(Vnet = (= 1>"n'): z(

& +8y 4 +lp=k—1i=1

Also, the right hand side of (2.1) can be written as

n+l e~-1 &=l

Y. s(n+1,6v,8)(5:8), = Zs(n+l Gv,&)(- 1)‘1']a,1‘[(1 - i)

=0 =0 =0 j=0
n+l

= )_js(n+1 &v,&)(~ 1)‘1’[a,exp(- Zl-lg(k a)t )

o n+4l ( l)£,+lz+ +4 k Ht(' a)

= z Zs(n-*—l &, a)HaJ 2,16, i=1 i )e'

k=0£=0 =0 G+20++k&=k
(3.50)

Equating coefficients of % in (3.49) and (3.50) yields (3.48). O
Theorem 3.5.

k —1)ntr k o R
Y. VAS(n, &9, @)s(6,k) = H“‘Z'(_r)'_ Y ]’[ﬂ%"l 351)
=k r=0 Y bttt =ki=] i

where s(n,k) are the usual Stirling numbers of first kind.

Proof. Since (;@)y = L. T, S(n,&v,@)s(£,k)(v)*, we have
k=0¢=k

(—l)"ﬁ o r_[ (1-— i 3 S(n, &, v, @)s(k, &) (ve)*. (3.52)
o=k

i=0  j=0 k=0
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Since

=l 1ok = t*
H(l—— = exp Zlog(l—— = éx, ZE—,‘? —ZH,,(k,d)-k—),
Jj=0 J k=1 j=0 j k=1
then, using Cauchy rule of products of series (3.52) takes the form
=nr 1) Hn(6:0) 4o _ ¥~ ¥ : k

):( 1)"1'[a.}: 5 Y ) 1’1 A e' )_: f_;v"S(n,e,v,a)s(e,k)x.

i=0 r=0 &+ b+l =ki=1 k=02=k
Equating coefficients of t* on both sides yields (3.51). o

4. Matrix representation and some computational applications

Lets, S s(v, &), S(v, &) ; s(&), S(&) ; sa» Sg and C(v) be n x n lower triangular matrices,
where s and § are the matrices whose entries are the Stirling numbers of the first and second
kinds (i.e. s = [s;;] and S = [S;;]); s(v, &) and S(v, &) are the matrices whose entries are
the GMPNSN-1 and GMPNSN-2 (i.e. s(v,&) = [s;j(v,&)] and S(v, &) = [Si;(v,@)] )
s(&) and S(&) are the matrices whose entries are the multiparameter non-central Stirling
numbers of the first and second kinds (i.e. s(&) = [s;;(&)] and S(&) = [S;j(&))] ); sa and
Sa are the matrices whose entries are Comtet numbers of the first and second kinds (i.e. sg
= [(s&)i;] and Sz = [(S&)i;]) and C(v) is the matrix whose entries are the C-numbers, (i.e.
C(v) = [Giji(v)]) rcspectlvely Let A(v) bea dlagonal matrix whose entries of the main
diagonal are v/, i = 1,2,---,n, i.e. A(V) = diag(v,V2,---,v"). An algorithm is given and
a computer program is written using Maple and executed for calculating GMPNSN-1 and
their inverse, GMPNSN-2, along with some of their interesting special cases. Therefore,
we can derive the matrix representation of our results.

Algorithm: For » € IN, the elements of the n x r lower triangular matrix s(v, &) may be
calculated as follows:

Setsu(v,d) =]
Fori=2tondo
Set s,",'(V, a)=1

Calculate
sig (v, &) = vII 3 (-0) + (vay — i+ 1)si_1.1 (v, &)
Next i
Fori=3tondo
Forj=2toi—1do
Calculate
S,'J(V, @) = Vs,'_lyj_l(V, @) +(va,- —i+ l)s,~_|,,~(v,d)

Next j
Next i
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Equation (2.13) can be written in the matrix form

C(v) = s(v, @)S(&). @1
For example, if n = 3, then
v 0 0
v(iv—1) v? 0 |=

viv—1)(v=2) 3v¥(v-1) 3

v 0 0

v(vap+vay — 1) v? 0

V(@ +ajop+af) —3v3(ag+an)+2v Vi(ap+ay +ap)-3v: V3

1 0 0
-0 -0y +1 1 01l.
o — g+ — oy +ajop+1—-a —op-—op+3-0 |

Equation (2.16) is equivalent to
s(v,0) = sA(v). 4.2)

For example, if n = 3, then

v 0 0 1 0 O v 0 0
-v v o0 |=]-1 1 0 0o v 0 |.
2y —3vZ 3 2 -3 1 0 0 v

Let s, and S, be n x n lower triangle matrices whose entries are the non-central Stirling
numbers of the first and second kinds, respectively (i.e., sg = [(sq);] and
Sa = [(Sa)i;D)-
Equation (2.19) is equivalent to

5(v,8) = svaA(V). 4.3)
For example, if n = 3, then

v 0 0
[ v(2va-1) v? 0 ] =

v(3v2a® —6va+2) 3vi(va-1) V3
1 0 0 v 0 O
2va-—1 1 0 0 v2 o0 |.
3vla®?—6va+2 3va-3 |1 0 0 V3
From (2.17) and (3.8) we get C~!(v) = C(v~!) where C~!(v) is the inverse matrix of

C(v) and 1 is the identity matrix, hence

clvicv Yy=cv e lw) =1 4.4)
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For example, if n = 3, then

3 0 0 v 0 0
- L 0 v(v—-1) v2 0 | =
2v2-;3;v+l _3(‘;;1) & viv—-1)(v=2) 3vi(v-1) +3
1 0 0
01 0].
0 0 1
Equation (3.11) can be represented in the matrix form
A(V)S(v,a) = Sy,. (4.5)
For example, if n = 3, then
v 0 0 i 0 0
0 v2 0 _3.‘%‘17_1. ;11. 0 =
0o 0 v 3v2a2;‘3va+1 - 3(V:;l) rfs
1 0 0
—2va+1 1 0.
3v2a?—3va+1 -3va+3 |
Equation (3.16) is equivalent to
S(v,&)C(v) = S(&). 4.6)
For example, if n = 3, then
1 0 0
_ vgg+va|—l _]1 0
v g,+vzgoaz—v¢_;z'l+v2al otl-va®? vg9+v‘¢'z| —3+vep 1
v v v
v 0 0
v(v-1) v? 0 |=
viv—1)(v=2) 3v3(v-1) v

1 0 0
-0y - I 0.
Qo — 0+ -+ +l-ap —aq-oa+3-a |
Equation (3.26) is equivalent to
S(—1,a) = DS(~a), @7

where D is a diagonal matrix defined by D = diag(—1,1,-1,---,(-=1)").
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For example, if n = 3, then

-1 0 0 -1 0 0 1 0 o0
2a+1 1 0 |=| 0 1 o0 2a+1 1 0{.
322-3a-1 -3a-3 -1 0 0 -1 3a2+3a+1 3a+3 |

Equation (3.27) is equivalent to

s(v,&)S(v, &) =1. 4.8)
For example, if n = 3, then
v 0 0
v(vag+vay —1) % 0
v(v2ag - 3vag + Vi ap+via} —3vay +2) Vi(vag+vay +vap—3) V3
.:7 0 0
_Yyamtvo -1 1 0 =]

) v ) v
Via o -veg+vigm-—ve+viaa+l-vey  _ vogt+va —3+ve 1
v v v

Equation (3.28) is equivalent to
s(vi, &)S(va, &) = C(V)C(v2) = C(vv5 ). 4.9)

For example, if n = 3, then

Vi 0 0
i +viay —1) v? 0
v(viag -3via+ viajoo+ via} -3viey +2) vivia+viai+viop—3) V)
1
L 0 0
+vay -1 1
_MV_‘_, o 0 |_
Vi (@it +ot)-Va(G-m—0)+l  _ va(@+ai+@)-3 1
v; vi v
Vi 0 0 vy 0 0
vivi=1) vi 0 (v —1) v 0 |=
vim=D(n-2) 3V(vi-1) v} ][ wm-1)(n-2) 3vmn-1) v}
;! 0 0
Vi V{l(Vl Vz_l - l) (V]V{')2 0
vyl =1 (mv; ' -2) 3(mvy ) vyt -1) (mvy ')
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