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Abstract. Let (dy,dz,...,d,) be a sequence of positive integers with
n—1>dy >dp > - > dn. We give a characterization of (d1,dz,...,dxr)
that is the degree sequence of the graph with cyclomatic number k. This
simplifies the characterization of Erd6s-Gallai.
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1. Introduction

In this paper, the graphs considered are finite, undirected and simple.
Let G = (V, FE) be a graph and V = {v1,vs,...,v,}, the degree sequence
(dg(v1),dg(v2),...,da(v,)) of G is denoted by d(G). The sequence d =
(di,da,...,d,) of positive integers is said to be graphic if there exists a
simple graph G such that d(G) = d, and G is called a realization of d. It
is obvious that if (d,ds,...,dn) is graphic, then d; < n — 1 for each ¢ and

3" d; is even. However, these two conditions together do not ensure that a
i=1
sequence will be graphic. A well-known characterization of (d;,ds,...,dn)
that is graphic is the following
Theorem 1.1 (Erdés and Gallai [3]) Let (d;,ds,...,dy) be a sequence
of positive integers withn —1>d; > dy > --- > d,. Then (d1,ds,...,d,)
n 3 n
is graphic if and only if Y d;isevenand ) d; < s(s—1)+ Y min{s,d;}
i=1 =1 t=s+1
for each s with 1 < s <n.
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Let G = (V,E) be a connected graph. We say that |E| —| V]| +1
is the cyclomatic number of G, denoted by ¢(G). If ¢(G) =1, 2 and 3,
then G is said to be a unicyclic graph, bicyclic graph and tricyclic graph,
respectively. Zhou and Cai [1] gave a characterization of (dy,ds,...,ds)
that is the degree sequence of unicyclic graph, bicyclic graph and tricyclic
graph, respectively.

Theorem 1.2 (Zhou and Cai {1]) Letd = (dy,dy,...,dn) be a sequence
of positive integers withn —1>d; >ds > ... > d,.

(1) There exists a unicyclic graph G such that d(G) = d if and only if

n>3 Yodi=2nendds 22

2) tflllere exists a bicyclic graph G such that d(G) = d if and only if
n >4, idi=2n+2 and d4 > 2.

(3) l';‘;19.1'63 exists a tricyclic graph G such that d(G) = d if and only
if n > 4 and d satisfies one of the following conditions: (i) » = 4 and
f:ldi =2n+4; (i) n 25, ild,- =2n+4, ds =1 and dq > 3; (iii) n > 5,
i= i=

S.di=2n+4andds > 2.

i=1

In this paper, we give a characterization of (dy,ds,...,d,) that is the
degree sequence of the graph with cyclomatic number k as follows. This
simplifies the characterization of Erdés-Gallai.

Theorem 1.3 Letd = (d;,ds,...,dn) be a sequence of positive integers
withn —1 > d; 2 dy 2 .- 2 dp. Then there exists a graph G with
cyclomatic number & such that d(G) = d if and only if n > [&21@],

n t n

di=2n+2k-2,d >2and ) d; <t(t—-1 in{t, d;
i§1 ' 20V . iZ:l ( )+i=§lmm{ %
fort=2,...,|'§—'t>215"—sz'|-—1.

2. Proof of Theorem 1.3

We also need a lemma as follows.
Lemma 2.1 (Edmonds [2]) Ifd = (d;,ds,...,d,) is a graphic sequence
withdy >d2 > --->d, 2 1and ) d; > 2n — 2, then d has a connected
i=1
realization.
Proof of Theorem 1.3. For the necessity, let G = (V, E) be a graph
with cyclomatic number k£ and d(G) = d. Then |[E| = n — 1+ k and

Y. di=2|E|=2n+2—-2 Byn—-1+k=1E| < ﬂ"?'ﬂ, we have that
i=1
n2 —3n+2— 2k > 0. We can get that n > &;%E’ thus n > [&@]
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By Theorem 1.1, it is obvious that Z d; <t(t—1)+ Z min{t,d;} for
i=1
t=2,..., /18] _

Ifdf“—*@] =1, welett=|

(n— [EQE@] +1) = n+2k+ [3321@] —3. On the other hand, t(t—1)+
5> min{t,di} = ([EAEEE] - 1)([SAEE) _9) 4 (n— [TEEE) 41) =

i=t+1

n+ ([E/IEEE))2 _ 4[34vI38EY 4 3, 5

Since 2 — 5z is a monotone increasing function when z > 3 and

M_H > [:@] > §, we have that((ﬂ]) 5{@1 <
(—"ﬂ +1)2 ~ 5(—"3@ + 1) = 2k — 6. This implies that 2 d; =
n+ 2k + [3£VIFBE) _ 3=n-+2k- 6+[—4ﬂ]+3>n+([—i@])2

4f +11+SE-| +3=tt-1)+ Z min{t,d;}, a contradiction.
i=t+1

t
g"leﬂ'l—l, theniz:ldi =9%+2%—-2—

For the sufficiency, we assume that n > [ 5’11211—8-5], Z d; = 2n +
i=1

t n
2k -2, d > 2 and d; <t(t-1)+ in{t,d;} for t =

.,fg-ﬂglzﬁ—] — 1. By Lemma 2.1, we only need to prove that d is a
t
graphic sequence. By Theorem 1.1, it is enough to check that ) d; <

i=1
n
tt—1)+ Y. min{t,d;} fort =1and [3YI¥¥) <y < Ift =1, then
i=t+1
n
di<n—1=t{t—1)+ 3 min{t,d;}. Assume that [3VITE] < ¢ < p,

i=t+1
¢
Then Y di <2n+2k—2—(n—t) =n+2k+¢—2. On the other hand,
i=1
n
tt—1)+ Y min{t,d}>t2-t+(n—t)=n+1t>-2t.
t=t+
Since z2 — 3z is a monotone increasing function when =z > % and

t > I’l‘b@] 23_":@2.% wehavethatt2_3t_>_(§_"L)2]'E)2_

29

t
3(3YIEEE) — 9 —2. This implies that 3 d < n+2k+t—2 < n+t2-2t <
i=1

n
t(t—1)+ Y. min{t,d;}. This completes the proof of Theorem 1.3. O
i=t+41
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