A stronger relation between coloring number
and the modification of Randi¢ index*

Renfang Wu, Hanyuan Deng!
College of Mathematics and Computer Science,
Hunan Normal University, Changsha, Hunan 410081, P. R. China

Abstract

The coloring number col(G) of a graph G is the smallest number
k for which there exists a linear ordering of the vertices of G such
that each vertex is preceded by fewer than k of its neighbors. It is
well known that x(G) < col(G) for any graph G, where x(G) denotes
the chromatic number of G. The Randi¢ index R(G) of a graph G
is defined as the sum of the weights 7’7‘%;(?) of all edges uv of G,

where d(u) denotes the degree of a vertex u in G. We show that
x(G) < col(G) € 2R'(G) < R(G) for any connected graph G with at
least one edge, and col(G) = 2R'(G) if and only if G is a complete
graph with some pendent edges attaching to its same vertex, where
R'(G) is a modification of Randi¢ index, defined as the sum of the
weights md(}a_).d(v_)}' of all edges uv of G. This strengths a relation
between Randi¢ index and chromatic number by Hansen et al. {7],
a relation between Randié¢ index and coloring number by Wu et al.
[17] and extends a theorem of Deng et al. [2].
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1 Introduction

All graphs considered in this paper are finite and simple. Let G = (V, E)
be a finite simple graph with vertex set V and edge set E. As usual, N(v)

denotes the set of neighbours of a vertex v in G, and d(v) = |N(v)| is the
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degree of v. §(G) and A(G) denote the minimum degree and the maximum
degree of G, respectively.

A k-coloring of G is a mapping ¢ : V — C, such that c(u) # c(v) for any
uv € E, where C is a set of k colors. The chromatic number of G, denoted
by x(G), is the smallest integer k for which G has a k-coloring.

The chromatic number of G, denoted by x(G), is the smallest number
of colors needed to color all vertices of G such that no pair of adjacent
vertices gets the same color.

The coloring number of G, denoted by col(G), is the smallest integer &
such that G has a vertex ordering in which each vertex is preceded by fewer
than & of its neighbors.

The degeneracy of G, denoted by deg(G), is defined as deg(G) = max{§(F') :
F is a subgraph of G}. It is known in [8] that

col(G) = deg(G) + 1. (1)

for any graph G.

As an extension of coloring of a graph, Vizing [16] and Erdés et al. [4]
introduced a list coloring of a graph. For each vertex v of a graph G, let
L(v) denote a list of colors assigned to v. A list coloring is a coloring ¢ of
vertices of G such that c¢(v) € L(v) and ¢(z) # c(y) for any zy € E, where
v,z,y € V. A graph G is k-list-colorable if for any list assignment L to
each vertex v € V with |L(v)| > k, there always exists a list coloring ¢ of
G. The list chromatic number of G, denoted by x;(G), is the minimum
k for which G is k-list-colorable. It can be found in Tuza [15] that the

well-known Brooks theorem on chromatic number was extended as follows

x(G) £ xi1(G) £ col(G) < A(G) + 1. (2)

172



The Randié index (or molecular connectivity index) of G is defined as
R(G) = WGZE:(@ 7‘7(%)7?;3' It was proposed by the chemist Milan Randié
[14] for correlating macroscopic properties with graph theoretical invariants
of the structural formula of the organic molecule. Many applications and
mathematical properties of this descriptor have also been studied exten-
sively in [6, 10, 11, 12, 13]. The harmonic index of G, denoted by H(G),
is defined in [5] as H(G) = HWWZ-W' A modification R'(G) of

weE(G)
the Randié index was introduced by Dvofék et al. (3]. It is defined as

R@G) = ¥ am@wmy

uve E(G)
Note that v/d(w)d(v) < 4H4C) < max{d(u),d(v)}, we have

R'(G) < H(G) < R(G). 3)

There are some relations relating the above invariants. First, Hansen et
al. (7] proved that a relation between Randi¢ index R(G) and the chromatic

number x (G) conjectured by the system AutoGraphiX.

Theorem 1. [7] Let G be a simple graph with the chromatic number x(G)
and the Randié index R(G), then x(G) < 2R(G) with equality if and only

if G is a complete graph possibly with some additional isolated vertices.

In [2] and [9], Deng et al. and Jiang et al. obtained the relations
relating the harmonic index H(G), the modified Randi¢ index R'(G) and
the chromatic number x (G), respectively. They strengthen Theorem 1

from the relation (3).

Theorem 2. [2] Let G be a simple graph with the chromatic number x(G)
and the harmonic index H(G), then x(G) < 2H(G) with equality if and
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only if G is a complete graph possibly with some additional isolated vertices.

Theorem 3. [9] Let G be a simple graph with the chromatic number x(G)
and the modified Randié index R'(G), then x(G) < 2R/(G) with equality
if and only if G is a complete graph possibly with some additional isolated

vertices.

Recently, Wu et al. [17] established a relation between the Randié
index and the coloring number of a graph, and extended Theorem 1 from

the relation (2).

Theorem 4. [17] If G is a simple graph with at least one edge, then
col(G) £ 2R(G), with equality if and only if G is a complete graph, possibly

with some additional isolated vertices.

Moreover, Deng et al. [1] obtained a relation between the coloring num-

ber and the harmonic index of a graph and extended Theorem 4.

Theorem 5. (1] If G is a simple graph with at least one edge, then col(G) <
2H(G), with equality if and only if G is a complete graph, possibly with

some additional isolated vertices.
The aim of this paper is to extend further Theorems 1-5 as follows.

Theorem 6. If G is a simple graph with at least one edge, then col(G) <
2R'(G), with equality if and only if G is a complete graph K, with t pen-
dent edges attaching to the same vertex u of K,, possibly some additional

isolated vertices.
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Note that \/d(u)d(v) < ﬂﬁ%ﬂﬂ < max{d(u),d(v)} if d(u) # d(v), we
have R'(G) < H(G) < R(G) for any graph except the graph in which each
component is regular. So, Theorem 6 is stronger than Theorems 1-5. And
also, the following corollary can be easily deduced from Theorem 6 and the

relation (2).
Corollary 7. If G is a simple graph with at least one edge, then
xi(G) < 2R'(G)

with equality if and only if G is a complete graph K, with t pendent edges
attaching to the same vertex u of K, possibly some additional isolated

vertices.

2 The proof of Theorem 6

The proof of Theorem 6 is based on the following result. For completeness,

we rewrite its proof.

Lemma 8. [9] Let G be a simple graph with the modified Randié index
R/(G) and the minimum degree § > 1. If vy is a vertex of G with degree

equal to 9, then
R'(G) - R'(G —w) > 0.

Proof. Let N(v) = {vi,v2, - ,vs} and d; the degree of vertex v;. m;

is the number of vertices in N(v;) — {vo} with degree less than d;, where
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0<m; <d; —1. We have

R(G)-R(C-w)= N4+ 3 (ms ey

Proof of Theorem 6. First, if G is a complete graph K, with ¢ pendent
edges attaching to the same vertex u of K, possibly some additional iso-
lated vertices, then col(G) = deg(G) +1 =r and R'(G) = § for r > 2, and
col(G) = deg(G)+1 =2and R'(G) =1 for r = 1,t > 0, otherwise G = K.
So, we have col(G) = 2R'(G).

Let n be the order of G. Since deg(G) = maz{d(F) : F is a subgraph
of G} > §(G), we consider two cases.

Case 1. deg(G) = §(G).

In this case, deg(G) = §(G) and col(G) = 6(G) + 1 by inequality (1).
Since |E(G)| > &+ (-14G)

o 1 1
RO= 3 ox@wdo) > > 56

uv€E(G) uw€E(G)
AG) +(n-1)5(G) 1
> 5 ) (4)
and thus
2Rr/(G) > 2O F VUG _n-liey 15 6G)+1=col(G)

A(G) T A(G)
with equality if and only if G is A-regular by (4) and A = n —1 by the last
inequality of the above displayed formula. Therefore, G is the complete

graph of order n.

Case 2. deg(G) > 6(G). We prove by induction on = in this case.
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If u is an isolated vertex of G, then R'(G —u) = R'(G) and col(G—u) =
col(G). By the the inductive assumption, col(G — u) < 2R/(G — u) with
equality if and only if G — u is a complete graph with some pendent edges
attaching to the same vertex, possibly some additional isolated vertices. So,
col(@) < 2R'(G) with equality if and only if G is a complete graph with
some pendent edges attaching to the same vertex, possibly some additional
isolated vertices.

Now, we assume that G has no isolated vertices. Let v € V(G) with
d(v) = 8(G) > 1. Since deg(G) > §(G), no subgraph G’ attaining §(G’) =
deg(G) can contain v, and

deg(G) =maz {§(F) : F is a subgraph of G}
=maz {§(F) : F is a subgraph of G — v}
=deg(G — v).
By the equation (1), we have col(G) = deg(G) + 1 = deg(G —v) + 1 =
col(G — v). By Lemma 8, we have R/(G — v) < R(G). By the inductive

assumption, col(G — v) < 2R/(G — v). So,
col(G) = col(G —v) < 2R'(G —v) < 2R'(G). (5)

If col(G — v) < 2R/(G — v), then we have col(G) < 2R/(G).

If col(G — v) = 2R'(G — v), then, by the inductive assumption, G — v is
a complete graph K, with ¢ pendent edges uuy, uug, - - ,uu; attaching to
the same vertex u of K, possibly some additional isolated vertices.

Subcase 1. Ift =0, i.e., G — v is a complete graph K, withn —r —1
isolated vertices, where 1 < r < n — 1, then G is obtained from G — v by
connecting 6(G) edges from v to K,,_ or G = K,_3 U K3, since G has no

isolated vertices and v is a vertex with the minimum degree of G.
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(i) If G is a graph obtained by connecting §(G) edges from v to K,_1,

then
r _(m=1—x)(n—2-1) 1 .
R(G) = 5 xn_2+x(n 1 :t)><n_1
z(r—1) 1
+ ) ><n_1+:zxn_1
(n-l-z)(n—-2-2) 2zn-z’-2
N 2n -4 2n — 2

where z = d(v) = §(G), 1 <z < n — 2 since deg(G) > §(G). And

R/(G) - R(G - v) = R(G) - R'(Kn-1) = RI(G) - 2=
_ z(z-1)
T 2(n-2)(n-1)

If 1 <z <n-2, then R'(G) > R'(G — v) and ¢col(G) < 2R/(G) from
(8)-

If £ = 1, then G is obtained by attaching a pendent edge to the complete
graph K, _1, and it is easy to check that col(G) =n — 1 = 2R/(G).

(ii) If G = Kn_2UK>, then R'(G) = R'(Kp—2)+ R'(K2) > R'(Kn_2) =
R'(G — v). So, col(G) < 2R'(G) by the equation (5).

Subcase 2. If t > 1, i.e., G — v is a complete graph K, with ¢ pendent
edges uu), uug, - - - , uu, attaching to the same vertex v of K., and n —r —t
isolated vertices, then r + ¢ > 3. Note that G has no isolated vertices and v
is a vertex with the minimum degree of G, then d(v) = §(G) = 1 or 2 since
t > 1, and G is one of the seven graphs are described in Figure 1.

If G = Gy, then G is a complete graph K, with ¢t + 1 pendent edges
attaching to the same vertex u, and col(G) = 2R/(G) = r.

If G = G7 and 7 = 2, then G is a complete graph K3 with one pendent
edge attaching to the vertex u, and col(G) = 2R/(G) = 3; If G = G7 and
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r > 3, we have R'(G7) — R'(G7 — v) = 3, and col(G7) < 2R'(G7) by the
equation (5).

For 2 < i < 6, we have R'(G;) — R'(Gi —v) > 0, and col(G;) < 2R/(G;)
by the equation (5).

The proof of the theorem is completed. ()

O @2 O OF
Gy O

Figure 1. Graphs in the proof of Theorem 6.
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