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Abstract In this paper, we characterize the extremal digraph with the
maximal signless Laplacian spectral radius and the minimal distance sign-
less Laplacian spectral radius among all simple connected digraphs with
given dichromatic number, respectively.
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1 Introduction

We begin by recalling some definitions. Let M be an n X n matrix,
A1, A2, ..., An be the eigenvalues of M. It is obvious that the eigenvalues
may be complex numbers since M is not symmetric in general. We usually
assume that |A\;| > [Az] = ... 2 |An|. The spectral radius of M is defined as
p(M) = |A), i.e., it is the largest modulus of the eigenvalues of M. If M is a
nonnegative matrix, it follows from the Perron-Frobenius theorem that the
spectral radius p(M) is a eigenvalue of M. If M is a nonnegative irreducible
matrix, it follows from the Perron-Frobenius theorem that p(M) = A; is
simple.

Let @ = (V(@), E(G)) be a digraph, where V(G) and E(G) are the
vertex set and arc set of G, respectively. A digraph Ef is simple if it has
no loops and multiple arcs. A digraph G is strongly connected if for every
pair of vertices v;,v; € V(G), there are directed paths from v; to v; and
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from v; to v;. In this paper, we consider finite, simple strongly connected
digraphs.

Let E’ be a digraph. If two vertices are connected by an arc, then they
are called adjacent. For e = (v;,v;) € E(G), v; is the tail (the initial
vertex) of e, v; is the head (the terminal vertex) of e.

Let N3(w) = {v; € V(Q)|(vj,%) € E(C)} and Nj(w) = {v; €
V(8)| (vi,v5) € E(a)} denote the in-neighbors and out-neighbors of v;,
respectively. Let d; = IN_;, (v;)| denote the indegree of the vertex v; and
df = |NLG'; (vi)| denote the outdegree of the vertex v; in G.

For a digraph 3, let A(a) = (ai;j) denote the adjacency matrix of 8,
where a;; is equal to the number of arcs (v;,v;). The spectral radius of
A(a), denoted by p(a), is called the spectral radius of G.

Let diag(a) = diag(d},dJ,...,d}) be the diagonal matrix with out-
degree of the vertices of é and Q(a) = dz'ag(a) + A(a) be the signless
Laplacian matrix of G. The spectral radius of Q(a), p(Q(a)), denoted
by q(a), is called the signless Laplacian spectral radius of G.

For u,v € V(G), the distance from u to v, denoted by da(u,v) or dyy,
is the length of the shortest directed path from u to v in @. Foru € V(a),
the transmisgion of vertex u in G is the sum of distances from u to all other
vertices of G, denoted by Tz (u).

Let 8 be a connected digraph with vertex set Véa) = {v1,v2,...,Vn}.
The distance matrix of 5’ is the n x n matrix D(G) = (d;;) where d;; =
d3 (vi,vj). The distance spectral radius of 8, denoted by pD(a), is the
spectral radius of D(a)

In fact, for 1 < i < n, the transmission of vertex v;, Trz(vi) is just the i-
th row sum of D(G). Let Tr(G) = diag(Trg(v1), Tra(va), .., Trz(va))
be the diagonal matrix of vertex transmission of G. The distance signless
Laplacian matrix of G is the n x n matrix defined similar to the undirected
graph by Aouchiche and Hansen ([1]) as Q(a) = Tr(a) + D(a). The
distance signless Laplacian spectral radius of G, p(Q(a)), denoted by
qD(a), is the spectral radius of Q(a).

Since G is a simple strongly connected digraph, then Q(a) and Q(a)
are nonnegative irreducible matrices. It follows from the Perron-Frobenius

Theorem that q(a) and q”(a) are positive real numbers and there is a
positive unit eigenvector (which is called the Perron vector) corresponding

to q(a) and q’D(a), respectively.
Let G bea simple, strongly connected digraph. A vertex set ' C V(a)
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is acyclic if the induced subdigraph -C_J)[F ] is acyclic. A partition of V(a)
into k acyclic sets is called a k-coloring of G. The minimum integer k for
which there exists a k-coloring of G is the dichromatic number x(G) of the

digraph 8 The definition of the dichromatic number of a digraph was first
introduced by Neumann-Lara ([24]). The same notation was independently
introduced later by B. Mohar when considering the circular chromatic num-
ber of weighted (directed or undirected) graphs ({22]), and the dichromatic
number of digraphs was further investigated in ([4]). Clearly, if G is an
undirected graph, and G is the digraph obtained from G by replacing
each edge with the pair of oppositely directed arcs joining the same pair
of vertices, then x(G) is the same as the usual chromatic number of the
undirected graph G since any two adjacent vertices in @ induce a directed
cycle of length 2.

Other definitions, terminology and notations not in the article can be
found in [2, 3, 5, 6, 13, 21].

The spectral radius, the signless Laplacian spectral radius, the distance
spectral radius and the distance signless Laplacian spectral radius of undi-
rected graphs are well treated, but there is not much known about di-
graphs. In 2010, R.A. Brualdi wrote a stimulating survey on the spectra of
digraphs ([7])). Furthermore, some upper or lower bounds on the spectral
radius or the signless Laplacian spectral radius of digraphs were obtained
(see [8, 10, 12, 15, 16] and so on), and some extremal digraphs which attain
the maximum or minimum spectral radius and the distance spectral radius
of digraphs with given parameters, such as given connectivity, given arc
connectivity, given dichromatic number, given clique number, given girth
and so on, were characterized, see e.g. [9, 14, 17, 18, 19, 20].

On the other hand, about the given chromatic number or given dichro-
matic number, Feng ([11]) proved that the Turdn graph has the maximal
spectral radius among all graphs with given chromatic number in 2007, B.
Mohar ([23]) gave a lower bound on the spectral radius for digraphs with
given dichromatic number in 2010, Lin-Shu ([14]) characterized the unique
digraph with the maximal spectral radius with given dichromatic number
in 2011, later, in 2013, Lin-Shu ([19]) determined the extremal digraph with
the minimal distance spectral radius with given dichromatic number.

In the following paper, we will characterize the extremal digraph having
the maximal signless Laplacian spectral radius and the minimal distance
signless Laplacian spectral radius among all simple connected digraphs with
given dichromatic number in Subsection 3, and Subsection 4, respectively.
The technique used in this section is motivated by [14, 19] et al.
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2 Some notations and lemmas
In this section, we give some notations and lemmas.

Definition 2.1. ([3], Chapter 2) Let A = (ai;), B = (bi;j) be nxn matrices.
If a;; < b;; for all i and j, then A< B. If A< B and A # B, then A < B.
If a;; < b;j for all 7 and j, then A < B.

Lemma 2.1. ([3]), Chapter 2) Let A,B be n x n nonnegative matrices
with the spectral radius p(A) and p(B). If A < B, then p(A) < p(B).
Furthermore, if A < B and B is irreducible, then p(A) < p(B).

By Lemma 2.1 and the definitions of Q(G), ¢(G), Q(G) and ¢?(G),
we have the following results in terms of digraphs.

Corollary 2.1. Let 3 be a digraph and ﬁ be a spaning subdigraph of —(—}
Then

() o(H),<q(G).

@) I 8 is strongly connected, and ﬁ is a proper subdigraph of 3,
then q(H) < o(G).

(i) If G and H are strongly connected, then 'D(ﬁ) > qv(g).

iv) If G and Tf are strongly connected, and H is a proper subdigraph
of G, then ¢®(H) > ¢P(3).
Lemma 2.2. ([3], Chapter 2) Let A be a nonnegative matriz, z € R™ and
2>0,a,B8>0. Then

(i) Ifox < Az and = > 0, then a < p(A).

(i) If Az < Bz and > 0, then p(A) < B.

(iif) If A is irreducible, ax < Az < Bz and z > 0, then a < p(A) < B
and z > 0.

Let G = (V(a), E(a)) be a connected digraph, for any two vertex sets
Uy, Uy € V(@) with Uy Uy = 0, let [Uy, Us] = {(u,v), (v, w)|u € Uy,v €
Uz} denote the arcs between U; and U,, and 6~ (G) denote the minimum
in-degree of G.

Lemma 2.3. ([5], Exercise 10.1.3) Let G bea digraph with no dicy-
cle. Then §=(G) = 0 and there ezists an ordering vy,vs,...,v, of V(G)
such that for 1 < i < n, every arc of Ie] with head v; has its tail in
{’Ul,‘vg, e ,1),'_1}.

Definition 2.2. ([6]) A digraph which an orientation of a complete graph

is called a tournament; A digraph is acyclic if it has no dicycle; An acyclic
tournament is a transitive tournament.
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Remark. If a digraph @ on n vertices is a transitive tournament, then
there exists an ordering vy, va, . . ., vn of V(@) such that E(G) = {(vs, v;)|1 <
i<j<n}

Let n, k be positive integers with k > 2, ?}n be the set of all digraphs
on n vertices,
Gk ={B|C e Gn and x(G) = k}.

From the definition of dichromatic number x(a), we know that if [] €

nk, then 8 has k-color classes and each is an acyclic set. Suppose that
the k-color classes of G are V1,v2,...,V* having ny,ns,...,n vertices,
respectively. Without loss of generality, we suppose thatn; <np < ... < ng.
Let Dy = {G € Gni|V(G) = VIUV2U...UV*, where V' is a transitive
tournament for i = 1,2,...,k and [V*, V7] C E(a) foranyl <i< j <
k}. Let T, € D, denote the digraph with ||V*| — [V7|| < 1 for any
i,j€{l1,...,k}.

3 The maximal signless Laplacian spectral ra-
dius for digraphs with given dichromatic
number

By (ii) of Corollary 2.1, we known that q(E’ +e) > q(a) for any strongly
connected digraph G € G, where e ¢ E(a), thus by the definition of
dichromatic number, the strongly connected digraph on n vertices with
the dichromatic number k¥ maximizing signless Laplacian spectral radius
must be in D, x. In the following, we will show that the digraph T ; is
the unique digraph which achieves the maximal signless Laplacian spec-
tral radius among all strongly connected digraphs on n vertices with the
dichromatic number k.

Figure 1. The transformation from 3 to H
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Lemma 3.1. Let 8 € Dn i be a strongly connected digraph with V(a) =
VIUV2U...UVk, where for each i € {1,2,...,k}, |V}| = n; with n; <
ngL...<ngandny +ng2+...+ng =n. If there exist i,j € {1,2,...,k}
with j < ¢ andn; —nj; > 2, let H = _G-)—{(vf,‘.,vg'ﬂs =1,...,n;} +
{(wi,,vi) [t =1,...,n; — 1} (see Figure 1). Then q(ﬁ) > q(a).

Proof. Since 8 € Dy &, each VP(p = 1,2,...,k) is transitive tournament,
we can give a vertex ordering v{,v5,...,v5  such that (v, 0f) € E(ﬁ) for
anyl <s<t<np Letz=(z},2},...,2} ,2%,2},...,22,,... ,2%,5,..,
¥, ) be the Perron vector of Q(G), where z2 correspond to the vertex v?
foreach 1 < p< kand1l < s < np. Then z > 0. Now we show the
following two claims.

Claim 1. zf =z] forany 1 <p<r<kand 1< s <n,

Now we prove 2% = z7 holds forany 1 <p<r<kand 1 <s <n, by
induction on s. When s = 1, we have

(3) (n—l)x”+Zx”+x1+Zx, Z Zzt ,

t=2 m#Ep,r t=

Ny Tp
q(_G-)):n’l'=(n—l)xI+Zz{+z’l’+fo Z th .

t=2 t=2 m#p,r t=

Then (q(a) + 2 — n)(z} — z) = 0, which implies that z{ = z7 for all
1<p<r<k.
Now we suppose that z2 = z7 holds for any s where 1 < s < N < Np,

that is, 2% = zj for each s € {1,2,...,N — 1}. Now we consider the case
s =N. We have
np N-1 n,
q(a)va = (n—N)z}, + Z =P + Zx{+x,’v+ Z z; + Z th ,
t=N+1 t=1 t=N+1 m#p,r t=1
q(a)xf,, =(n—N)zy+ Z xt+Zzp+xN+ Z zb + Z th .
t=N+1 t=1 t=N+1 me#p,r t=1

Since z¥ = z} for t = 1,2,..., N ~ 1, then we have (q(a) +1+N-
n)(zly —z}) =0. Thus 2§, = 2% forall 1< p<r < k.

Combining the above arguments, we have zf = z7 forall 1 <p<r <k
and 1 < s < n,. Claim 1 holds.

Claim 2. Q(H)z > Q(G)z = ¢(G)z.
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We assume Q(G) = (¢:;) and Q(H) = (hi;), then (Q(G)z): = kzi;l ik i

and (Q(ﬁ)x)t = kgjl hixxr, thus

Case 1: v, %_vf‘i.

We have (Q(G)z)e = (Q(H)z)..
Case 2: v =v},,.

Noting that

(Q(@)z): = > zm:z;" + >zl + (n—ni)ah,,
m#i,j t=1 t=1
and n n;=—1
QEH)z)= 3 Y o+ Y ai+(n—n; -1,
m#i,j t=1 t=1

n; .

then (Q(E)z). — (@(@)e) = (m —nj — 1)ak, + 5 i~ 32l > 0by

=1 t=1
Claim 1 and n; < n;—2, therefore Q(ﬁ)m > q(a)x = Q(g):v by Definition
2.1, thus Claim 2 holds.

By Claim 2 and Lemma 2.2, we have q(ﬁ) > q(a). a

Note that the strongly connected digraph on n vertices with the dichro-
matic number k maximizing the signless Laplacian spectral radius must be
in Dp x by Corollary 2.1, and T}; ;. can be obtained from any strongly con-
nected digraph in D, x by several steps of the transformations of Lemma
3.1, thus we obtain the main result of this section as follows.

Theorem 3.1. The digraph T}, is the unique digraph with the mazimal
signless Laplacian spectral radius among all strongly connected digraphs on
n vertices with the dichromatic number k.

4 The minimal distance signless Laplacian spec-
tral radius for strongly connected digraphs
with given dichromatic number

By (iv) of Corollary 2.1, we known that qv(é’ +e) < qD(a) for any

strongly connected digraph 3 € E‘,, where e ¢ E(E), thus by the defini-
tion of dichromatic number, the strongly connected digraph on n vertices
with the dichromatic number k£ minimizing the distance signless Laplacian
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spectral radius must be in Dy, x. In the following, we will show that the
digraph Ty, is the unique digraph which achieves the minimal distance
signless Laplacian spectral radius among all strongly connected digraphs
on n vertices with the dichromatic number k.

Lemma 4.1. Let G € Dy be a strongly connected digraph with V(é) =
VIUuV2uU...UV¥k, where for eachi € {1,2,...,k}, |V} = n; with n; <
ng<...<ngandny+ngs+...+n, =n. If there exist i,j € {1,2,...,k}
withj < i andn; —n; > 2, let H=0C- {(W},,vd) s =1,...,n;} +
{(w,,v}) |t =1,...,n; — 1} (see Figure 1). Then qD(E') > qv(ﬁ).

Proof. Since 8 € D, x, each VP(p = 1,2,...,k) is transitive tournament,
we can give a vertex ordering v},v5,..., vh, such that (vf, w)e E(a) for
anyl <s<t<mn, Letz = (z},2,.. ,x},l,xf,xg, I LT 0 S

zX, ) be the Perron vector of Q@ 8), where z? correspond to the vertex v®
foreach1 <p<kandl < s < n, Then:v>>0 Nowweshowthe

following two claims.
Claim 1. 2§ =z} forany 1 <p<r<kand1<s < ny,.

Now we prove 28 = zJ holds forany 1 <p<r<kand1<s<n, by
induction on s. When s = 1, we have

n n,
qv(a)xf =(n—-1)z} + zp:xf + Zx'{ Z th ,
t=2 t=1

m#p,r t=1

qD(a) (n—l)x1+2xt th + z Z:ct .

m#p,r t=1

Then (qv(ﬁ) +2 — n)(z] — z7) = 0, which implies that z§ = 27 for all
1<p<r<k.

Now we suppose that 27 = 7 holds for any s where 1 < s < N < n,,
that is, 22 = z for each s € {1,2,..., N — 1}. Now we consider the case
s = N. Noting that

N-1 p Nm
PR =(N+n-9f+23 2+ 3 2+ 3 Y am,
t=1 t=N+1 m#p t=1

and

P (@)l = (N +n - 2):5N+2Z:rt+ }: xt+ZZm“

t=N+1 m#r t=1
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since z} =z} for t = 1,2,..., N — 1, then we have

N-1 N-1

(@®(G)+3-N - n)(xN—zN)—th Yz =0

=1 t=1

Thus z}, =z} forall 1 <p<r<k.
Combining the above arguments, we have z2 =z} forall 1 <p<r <k
and 1 < s < np. Claim 1 holds.

Claim 2. Q(G)z = ¢°(G)z > Q(H)a.
We assume Q(G) = (q;;) and Q(H) = (hi;), then (Q(G)z). = ki:l .

and (Q(HN2): = 3 hexzs, thus
k=1

Case 1: v # v;,,.

We have (Q(G)z); = (Q(H)z)..
Case 2: v, =v},.

Noting that

n;—1

Q@)= Y. Zzt +§:x’+2zx,+(n+n, 2)z},,,

m#i,j t=1

and

ni—1

(QH)2) = 3 Zz, +2Zx’+z:ct+('n+n,—l)zn,

m#i,j t=1

n;—1

then (Q(G)z)e—(Q(H)z): = (ni—nj—1)zi, + 5 ot z 2! > 0 by Claim

1 and n; < n; — 2, therefore ¢ (8 3)x > Q(ﬁ):c by Definition
2.1, thus Claim 2 holds.

By Claim 2 and Lemma 2.2, we have qD(E’) > qv(ﬁ). O

Noting that the strongly connected digraph on n vertices with the
dichromatic number k minimizing the distance signless Laplacian spectral
radius must be in D, ;. by Corollary 2.1, and T;; , can be obtained from any
strongly connected digraph in D, ; by several s’ceps of the transformations
of Lemma 4.1, thus we obtain the main result of this section as follows.

Theorem 4.1. The digraph Ty}, is the unique digraph with the minimal
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distance signless Laplacian spectral radius among all strongly connected di-
graphs on n vertices with the dichromatic number k.
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