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Abstract. The aim of this paper is to show that the corona P, (O P
between two paths P, and Py, is cordial for all n > 1 and m > 1. Also,
we prove that except for n and m are congruent to 2(mod4), the corona
Crn © C between two cycles Cp, and Cy, is cordial. Furthermore, we show
that if n = 2(mod4) and m is odd, then C, ) C;, is not cordial.

1. Introduction.

Graph theory has applications in many other fields, including physics,
chemistry, biology, communication, economics, engineering, operator re-
search, and especially computer science.

Graphs labelings are currently the subject of much study. A graph la-
beling is an assignment of integers to the vertices or edges, or both, subject
to certain conditions. They first introduced in the late 1960s. Two of
the most important types of labelings are called graceful and harmonious.
Graceful labelings were introduced independently by Rosa [12] in 1966 and
Golomb [10] in 1972, while harmonious labelings were first studied by Gra-
ham and Sloane [11] in 1980. A third important type of labeling, which
interests us and contains aspects of both of the other two, is called cordial
and was introduced by Cahit [1] in 1980. Whereas the label of an edge vw
for graceful and harmonious labeling are given respectively by f(v) — f(w)
and f(v) + f(w) (modulo the number of edges), cordial labelings use only
labels 0 and 1 and the induced label (f(v) + f(w))(mod2), which of course
equals f(v) — f(w). Because arithmetic modulo 2 is an integral part of
computer science, cordial labelings have close connections with that field.
A highly recommended reference on this subject is the survey by Gallian [9].

Cordial graphs are defined as follows: Let G = (V,E) be a graph.
A binary vertex labeling is a mapping f : V — {0,1}. For each edge
e = uwv € E, the induced edge labeling f* : E — {0,1} defined by the
formula f*(vw) = f(v) + f(w)(mod2). (Thus, for any edge e, f*(e) =0
if its two vertices have the same label and f*(e) = 1 if they have different
labels). Let vp and v; be the numbers of vertices labeled by 0 and 1 re-
spectively, and let ep and e; be the corresponding numbers of edge. Such
a labeling is called cordial if both jugp —v1] < 1 and |ep — €3] < 1. A graph
is called cordial if it has a cordial labeling [2-8].

The corona G; () G of two graphs G(with n; vertices and m,; edges)
and G; (with ny vertices and m, edges) is defined as the graph obtained by
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taking one copy of G; and n; copies of G5, and then joining the i—*" vertex
of Gy with an edge to every vertex in the i—** copy of G2 [9]. It follows
from the definition of the corona that G; (O G2 has n; +n;.n; vertices and
my +ny.ma +ny.ny edges. It is easy to see that G; (O G2 is not isomorphic
to Go O Gh.

The main object of this paper is to show that the corona P, O Py, be-
tween two paths P, and P, is cordial for all n > 1 and m > 1. Also,
we show that except for n and m are congruent to 2(mod4), the corona
Cn O Cp, between two cycles C, and Cy, is cordial. Finally, we prove that
if n = 2(mod4) and m is odd, then C, (O C,, is not cordial.

It is well known that P; © Pn, is isomorphic to P, + P, and conse-
quently is cordial for all m > 1 (see [2,3,13]). So, in the sequel, we need
only to prove the corona P, () P, between two paths P, and P, is cordial
foralln > 1 and all m > 1.

Throughout, all graphs in our work are finite, connected and simple.
2. Terminology and some notations.

We introduce some notations and terminology for a graph with 4r
vertices, we let L4, denote the labeling 0011 0011...0011 (repeated r-times).
In most cases, we then modify this by adding symbols at one end or the
other (or both); thus 010L,, denotes the labeling 010 0011 0011...0011 of
the path Pjy..3 or the cycle Cyr3 when 7 > 1 and 010 when 7 = 0. Also,
we let M, (zero- one repeated r-times) denote the labelling 0101...01 if r
is an even number and 010...010 if r is an odd number, i.e., for example,
M7 = 0101010 and Mg = 010101. Moreover, we let 0,. denotes the labelling
0000...0000 (zero repeated r- times) and 1, denotes the labelling 111...1111
(one repeated r- times), i.e., 05 is 06000, 15 is 11111( see[2-8]).

Throughout, the following additional notations shall be used in our
new technique which is different from the ones used in previous works
[2-8]. Thus our notations may be helpful in the sequel. For a given la-
beling of the corona Gy () G2, we denote v; and ¢; (for i = 0,1) to rep-
resent the numbers of vertices and edges, respectively, labeled by i. Let
us denote z; and a; to be the numbers of vertices and edges labeled by
i for the graph G;. Also, we let y; and b; be those for G2, which have
connected to the vertices label 0 of G,. Likewise, yi/ and b{ be those
for G5, which have connected to the vertices label 1 of G;. It is eas-

ily to verify that vo = zo + To.y0 + xl.yé, v = 21 + Zo.Y1 + xl.y{,
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ey = ap + x9.bg + a:l.b(/, + xo.%0 + zl.y{ and e; = a; + zo.b1 + a:l.b{ +
20.(%0-y1) + T1.94. Thus vo — v1 = (2o — 21) + To.(yo ~ ¥1) + 71.(4% — ¥])
and ep—e; = (ao—al)+$o-(bo—b1)+$1-(b¢/)—b{)+$o-(yo—yl)"-’L'l-(yé—y{)-
In particular, if we have only one labeling for copies of Gy, .i.e., y; = y,/ and
b; = b/, then vo = To+ny.Y0, v1 = T14+71.91, €0 = ao+71.bo+Z0.Yo+T1.41
and e; = a; +n;.b; +To.y1 + 21.%0. Thus vo—v; = (Zo—z1) +71.(%0 — ¥1)
and eg — e; = (ap — a1) + n1.(bo — b1) + (zo — z1).(yo — ¥1), where n; is the
order of G;. When it comes to the proof, we need only to show that, for
each specified combination of labelings, |vp — v3| <1 and |ep — e;| < 1.

Finally, we use the specific labeling [A : By, By, Bs, ..., By] of the corona
G1 © G2, where A is the labeling of the vertices of G of order n and B;,
1 < i < n is the labeling of the vertices of the copy of G2, which is con-
nected to the i—t" vertex of Gy.

3. The corona between two paths.

In this section, we show that the corona P, () P,, between two paths
P, and P,, is cordial for allm > 1 and m > 1.
Lemma 3.1. If m = 0(mod4), then the corona P, () P, between two
paths P, and P,, is cordial for all n > 1.
Proof. Let m = 4s, where s > 1, then we label the vertices of all n copies
of Pp as Bp = Ly, i€, yo = 28, y1 = 28, bp = 2s and by = 2s — 1.
Let n = 4r + i, where r > 0 and ¢ = 0,1,2,3, then for given values of i
with 0 < i < 3, we may use the labeling A; for P, as shown in Table 3.1.
Using Table 3.1 and the fact that vo — v1 = (2o — z1) + n.(yo — ¥1) and
eo —e1 = (ag — a1) +n.(bo — by) + (o — z1).(yo — ¥1), we can compute the
values appeared in the last two columns of Table 3.2. Since all of these are
0 or 1, the lemma follows.

n=4r 41,
i=0,1,2,3 Labeling of
Pn To T ag ay
1=0 Apg = My, t>1 2r 2r 0 [4r-1
i=1 A =My0,7r>0 | 2r+1 2r 0 4r
1=2 Ay =My 01,720 [ 2r+1 | 2r+1| 0 | 4r+1
i=3 Az = M4 010,7 >0 2r+2 | 2r+1| 0 | 4r+2

Table 3.1. Labelings of P,
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n=4r+1i, | m=4s+7,
i=0,1,2,3 j= P,-, Pm Vo—V1 | € —€1
0 0 Ay | Bo 0 1
1 0 A | Bo 1 1
2 0 Az | Bo 0 1
3 0 Az | By 1 1

Lemma 3.2.

Table 3.2.Combinations of labelings.

If m is not congruent to 0(mod4), then the corona

P, © P,, between two paths P, and P,, is cordial for all » > 1 and m > 4.

Proof. Let n =4r+i (fori =0,1,2,3and r > 0) and m = 4s+j (for j =
1,2,3 and s > 1), then for given values of ¢ with 0 < ¢ < 3, we use the label-
ing A; for P, as given in Table 3.3. For given values of j with 1 < 7 < 3, we

may use the following labelings B; and B/ for all the n copies of P,,, where
J 3

B; is the labelings of all copies of P,, connected to the vertices of P,, which
are labeled 0 in A;, and B is the labelings of all copies of P,, connected to
the vertices of P,, which are labeled 1 in A; as given in Table 3.3. Using

Table 3.3 and the fact that vo —v1 = (2o — 1) + Zo.(%0 — v1) + 21.(v} — )
and eg—e; = (ao—a1)+:z:o.(bo—b1)+x1.(bé-—b{)+m0.(yo—-y1)—zl.(yé—y{)

, We can compute the values shown in the last two columns of Table 3.4.

Since all of these are —1, 0 or 1, the lemma follows.

n=4r +1,
i=0,1,2,3 Labeling of
Pn Zg T Qo 23}
i=0 Ag=L4,r>1 2r 2r 2r 2r—1
i1=1 Ay =L40,r>0 [ 2041 2r 2r 2r
1=2 Ay =L4 01,720 [2r+1 ] 20 +1 2r 2r+1
i=3 A3 =L4001,720 | 2r4+2 | 2r+1 | 2r+1 | 2 +1
m=4s + j,
=123 Labeling of
P, Yo Y1 bo by
i=1 By = L1 2s 2s+1]2s+1[2s—1
ji=2 By =14,10 | 2s+1]|2s+1| 2541 2s
j=3 B3 =1L4110]2s+1]|2s+2]2s+2 2s
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Labeling of
Pn

/

Yo 41

/

b

B] = L4,0

2s+1

2s

2s

2s

By, = L,,01

2s+1

2s+1

2s

2s+1

B, = L,,001

2s+2

2s+1

2s+1

2s+1

Table 3.3. Labelings of P,, and P,,.

n=4r +1i,
i1=0,1,2,3

m=4s+j,
j=1,23

Pr

Vo — Uy

€g — €1

[y

1 B, B
B,, B;
B, Bj
B,, B}
By, Bj
Bs, B;
B,, B}
By, B)
B3, B
Bla B;.
B;, B}
B3$ B:I.’t

Table 3.4.Combinations of labelings.

Lemma 3.3. The corona P, O Py between two paths P,, and P, is
cordial for alln > 1 and m < 3.
Proof. We have two cases for n:
Case 1.1 < n < 3. For n = 1, the lemma is obviously true. Now for
2 < n < 3. Appropriate labelings are the following:
P,OP; :{00:1,1],
P,OP;:{00:01,11],
P, P;: [00:011,011],
PP :[000:1,1,1),
P3O P,:[000:01,11,11] and
P; © Ps : [000 : 011,011, 011).
Case 2. n > 4. Suppose that n = 4r + ¢, where ¢ = 0,1,2,3 and r > 1.
We have three cases for m.
Subcase 2.1. m = 1. The following labelings suffice:

e L i e

(=

'
—

O | O|O| ||| | o|o|o|lo

Wlwlwn| N == =O]lo]lo
O 2] =] QO O] | Lo DO ==} Ol N

=] ] =

P4,-OP1 . [L4r 20, 0, 0,...,0, 1]
P4r+1®P1 : [L4r0 :4,0,1,0,.., ,0}
P4r+2OP1 [L4,-10 0 1 0 .y ,0, ]and
Piss O P, : [L4.001:1,0,1,0,...,1,0,1].



Subcase 2.2. m = 2. The following labelings suffice:

Py O Py i [My, : 00,11,00,...(2r — times), ...

00,11,01,01,01, ...(2r — times)..., 01,01, 01},

Pirs1 O Py 0 [My,0:00,11,00, ...(2r — times),...00,11,01,01,01, ...((2r +
1) — times)...,01,01,01],

Pyi2(O P 1 [L4y10:00,11,00,...(2r — times), ...00,

11,01,01,01,...((2r + 2) — times)...,01,01,01] and

Pyrss @ Py [L4,-100 : 00,11, 00, ...(21" — times), ...

00,11,01, 01,01, ...((2r + 3) — times)...,01,01,01].

Subcase 2.3. m = 3. The following labelings suffice:

Py O P : [My, : 001,110,001, ...(4r — times), ..., 011,110},

P4,-+1 @Ps : [M4,-0 : 001, 110,001, ...(41‘ - times), aeey 110, 110],

Pyryo (O P3 : [L4y10 : 001,110,001, ...(4r — times), ..., 110,001, 110] and
Pirs3 O Ps : [L4p100 : 001,110,001, ...(4r — times), ..., 110,001,110, 110},
the lemma thus proved.

The following theorem can now be established.
Theorem 3.1. The corona P, () P,, between two paths P, and P, is
cordial for alln > 1 and m < 1.
Proof. The proof follows directly from the forgoing Lemmas 3.1 — 3.3.

4. The corona between two cycles.

In this section we show that except for n and m are congruent to
2(modd4), the corona C,, (O C,, between two cycles C, and Cy, is cordial.
Moreover if n = 2(mod4) and m is odd, then C, ) C, is not cordial. Let
us start to prove the following:

Lemma 4.1. If m = 0(mod4), then the corona C, (O Cy, between two
cycles C,, and Cy, is cordial for all n > 3 except for n = 2(mod4).

Proof. Let m = 4s, where s > 1, then we label the vertices of all
n copies of C,, as By = Ly, ie, yo = 2s, y1 = 25, by = 2s and
by = 2s. Let n = 4r + 4, where 7 > 0 and ¢ = 0,1,3, then for given
values of i, we may use the labeling A; for C, as given in Table 4.1. Us-
ing Table 4.1 and the fact that v — v; = (zo — 1) + n.(yo — 1) and
eo —e; = (ag —ay) + n.(bo — by) + (zo — z1).(yo — 1), We can compute the
values shown in the last two columns of Table 4.2. Since all of these are
—1, 0 or 1, the lemma follows.
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n=4r +1,
i=0,1,3 Labeling of
Cn Zo A aop ay
i=0 Ap = L4y, 21 2r 2r 2r 2r
i= A =L40,r2>1 | 2r4+1 2r 2r+1 2r
i=3 As=L4001,72>20 ] 20 +2 | 2r+1 | 2r+1 ] 2r+2

Table 4.1. Labelings of C,

n=4r+1i, | m=4s+j,

i=0,1,3 _]=0 Cn Cm Yp—U | €0—€1
0 0 Ao | Bo 0 0
1 0 A | By 1 1
3 0 As | Bo 1 -1

Table 4.2.Combinations of labelings.

Lemma 4.2. If m is not congruent to O(mod4), then the corona

Cr O C,. between two cycles C, and Cp, is cordial for all m > 3 and
n > 3 except for n = 2(mod4).
Proof. Let n = 4r+4 (for i = 0,1,3 and 7 > 1) and m = 4s + j (for
j = 1,2,3 and s > 1), then for given values of ¢ with ¢ = 0,1,3, we
may use the labeling A;, or A} for C, as given in Table 4.3. For given
values of j with 1 < j < 3, we use the following labelings B; and Bj
for all the n copies of C,,, where B; is the labelings of all copies of Cy,
connected to the vertices of C,, which are labeled 0 in A; or A}, and
B! is the labelings of all copies of Cr, connected to the vertices of Cy,
which are labeled 1 in A; or A} as given in Table 4.3. Using Table 4.3
and the fact that vp — v; = (o — z1) + To.(¥o — ¥1) + zl.(yé - y{) and
€0 —e1 = (a0 — a1) +Zo.(Bo — by) +1.(6h — b)) + zo.(90 —v1) — z1. (v — ¥])
, we can compute the values shown in the last two columns of Table 4.4.
Since all these are all —1, 0 or 1, the lemma follows.

n=d4r 41,
i=0,1,3 Labeling of
Cn Zo o agp a1
1=0 Ao = L4,~, r> 1 2r 2r 2r 2r
i=1 A =L40,72>21 2r+1 2r 2r+1 2r
Ai = L4,-_4M5, r>1 2r+1 2r 2r—1|2r+2
1i=3 Az = L,;,001r>0 2r4+2 | 2r+1|2r+1 ] 2r+2




m=4s+ j,
=123 Labeling of
Crm Yo ) bo | ]
ji=1 By = L4l, s> 1 2s 2s+1|2s+1 | 2s
i=2 By =1L1410,8>1 | 2s+1[2s4+1|2s+2 | 2s
i=3 B3 =L4110,8>1 | 25+1 [ 2s4+2 | 25+3| 2s
m = 4s+ j,
=123 Labeling of
Crm vo | vl | b | ¥
j=1 B, =Ls0,5>1 |2s+1| 2s |2s+1| 2s
ji=2 By =1L401,s>21 | 2s+1 ] 2s+1 2s 23+ 2
ij=3 B =1L4001,5>1]2s4+2[2s+1[25+1 ]| 2s+2

Table 4.3. Labelings of C,, and Ci,.

n=4r+1i, | m=4s+j,

1=0,1,2,3]| 7=1,23 | C, Cm vo—v1 | eo—er
0 1 Ao | By, B} 0 0
0 2 Ao | By, B} 0 0
0 3 Ao | Bs, B} 0 0
1 1 A | By, B} 0 1
1 2 1 | B2, B 1 -1
1 3 1 | Bs, B} 0 -1
3 1 A; | By, B} 0 -1
3 2 A; | Bs, B} 1 ]
3 3 As | Bs, B 0 1

Table 4.4.Combinations of labelings.

Lemma 4.3. Except for n = 2(mod4), the corona C, () C3 between
two cycles C,, and Cj3 is cordial for all n > 3.
Proof. We have two cases for n.
Case 1. n = 3. The following labelings is suffice.
C3 (O C3:[001 : 11151105 100].
Case 2. n > 3. Suppose that n = 4r 4+, wherei =0,1,3 and r > 1. Then
the following labelings are the following.
Car O Cs : [Lar : 001,001,110,110, ...(4r — times)..., 001,001, 110,110},
Cir+1 O Cs : [L4s0 : 001,001,110, 110, ...(4r—times)..., 001,001, 110, 110, 110]
and Cyr43 O C3 : [L4,100 : 001,001,110, 110, ...(4r — times)..., 001,001,
110,110,110, 001, 110], the lemma follows.

Now we can establish the following:
Theorem 4.1. Except for n = 2(mod4), the corona C,, (O C,, between
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two cycles C,, and C,, is cordial for all n > 3 and m > 3.
Proof. The proof follows from Lemma 4.1, Lemma 4.2 and Lemma. 4.3.

In this part, we discuss the cordiality of the corona C, (© Cp, between
two cycles C, and C,, when n = 2(mod4). Seoud and Abdel Maqusoud
[14] proved that if G is a graph with n vertices and m edges, and every
vertex has odd degree then G is not cordial when n + m = 2(mod4). So,
we can establish the following lemma.

Lemma 4.4. If n = 2(mod4) and m is odd, then the corona C, © Cr

between two cycles C,, and Cy, is not cordial.

Proof. Suppose that n = 4r + 2, where r > 1 and m = 2s + 1. Then
it is easy to verify that every vertex of the corona C, () Cy, has odd de-
gree, the order of the corona Cp () Cr is 87s + 87 + 4s + 4 and its size is
16rs + 12r = 8s + 6. Therefor according to Seoud and Abdel Maqusoud
theorem mentioned above we conclude that the corona C, (O Cy, between
two cycles C,, and C,, is not cordial, the lemma follows.

Lemma 4.5. If n = 2(mod4) and m = 0(mod4), then the corona C,, © Cr,
between two cycles Cp, and Cy, is cordial.

Proof. Let n = 4r + 2, where r > 1 and m = 4s, where s > 1. Then we
label the vertices of C, as Lg4,11, i.e., zo = 2r, 1 = 2r 4+ 2, ap = 2r + 2
and a; = 2r. Now, we label the n copies of Cp, as the following. We
label the vertices of the first copy of C,, which connected to the first

vertex of C, which are labeled zero as 0zs41l0s—1, i€, Yo = 25 + 1,
y1 = 25— 1, bp = 4s — 2 and b) = 2, we label the vertices of the sec-
ond copy of C,, which connected to the second vertex of C, which are
labeled zero as My, i.e., yé = 2s, y{ = 2s, b(/, = 0 and b{ = 45, and we
label the vertices of the other n — 2 copies of C,,, which connected to the
other 4r vertices of C, as Ly, i.e., yé/ = 2s, y{/ = 2s, b(/,/ = 2s and
b{/ = 2s. Therefore vo = zo + l.yo + l.yé + 4r.yé/ =8rs+4s+2r+1,
vy =2z, + 1y + l.y{ + 4'r.y{/ =8rs+4s+2r+1,e9=ag+ 1.bg + 1.b(/J +
4r.bé/ + Lyo + l.y(/, + (zo0 — 2).yé/ + :r:l.y{/ =16rs+2r+8s+1and e =
a1+1.b +1.b{ +4r.b{/+1.y1+1.y{+(:vo—-2).y{/ +a:1.yé/ = 16rs+2r+8s+1.
Then vy = v; and ey = e;, the lemma follows.

From the above results, we can establish the following:
Theorem 4.2. Except for n and m are congruent to 2(mod4), the corona

Cn (O Cy, between two cycles C, and Cr, is cordial. Moreover if n =

2(mod4) and m is odd, then C, () Cn is not cordial.
Proof. The proof follows from Theorem 4.1, Lemma 4.4 and Lemma 4.5.
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