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Abstract This paper devotes to solving the following conjecture pro-
posed by Gvozdjak: “An (a,b;n)-graceful labeling of P, exists if and only
if the integers a,b,n satisfy (1) b — a has the same parity as n(n + 1)/2;
(2)0<|b—al < (n+1)/2 and (3) n/2 < a+b < 3n/2.” Its solving can
shed some new light on the solving the famous Oberwolfach problem. It is
shown that the conjecture is true for every n if the conjecture is true when
n < 4a +1 and a is a fixed value. Moreover, we prove that the conjecture
is true for e =0, 1,2,3,4,5,6.
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§1 Introduction

A graph G(V, E) is called graceful graph if there exists an non-negative
integer g(v) such that the followings are satisfied (1) max{g(v)lv € V} =
|E(G)|; (2) If v # v for any u,v € V, then g(u) # g(v); (3) If e; # e
for any e, e; € E(G), then g*(e1) # g*(e2) for g*(e) = |g(u) — g(v)| and
uv =e.

Let P, be a path with n+1 vertices consecutively denoted by vp, vy, - -,
vn, and a, b be non-negative integers. If graceful labeling g of P, satisfies
g(vo) = a and g(v,) = b, then g is called an (a, b; n)-graceful labeling of
P,, denoted by g(a, b;n), and P, is called (a, b; n)-graceful.

The term “graceful labeling” was introduced by S.Golomb in [1]. A de-
tailed history of the graph labeling problems and relating to results appear
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in Gallian in [2].
(a,bjn)-conjecture The graph P, is (a,b;n)-graceful if and only if
all of the following conditions hold:
(1) b — a has the same parity as ﬂ';il;
(2) 0< [b—a| < 24,
(3)3<a+b< 3
Gvzdjak has proved that the conditions of (a, b; n)-conjecture are nec-
essary in [3]. For sufficiency, the (a,b;n)-conjecture is true when a = 0
by Lee in [4]. Fan and Liang have shown that the (a, b; n)-conjecture is
true for a = 1 and @ = 2 in [5]. We will discuss the equal theory of this
conjecture and also show that the conjecture is true fora =0,1,2, 3,4, 5, 6.
In this paper, parameters a, b, n are non-negative integers without
special statement. We define

g(a’b; n) = (g(vO)vg(vl), e ’g(vn));
g(a,b;n) ® m = (g(vo) + m, g(v1) + m, -+, g(va) + m);
g7, b;n) = (9(vn), 9(va-1),- - -, 9(%0));
n—g(a,b;n) = (n — g(vo),n — g(v1),- -+, n — g(vn));

(xlsa:Zv' M axk) A (Zk+lyxk+21’ M ,.'B[) = (3:1,332," * ,.’lf[).

§2 Main results

Theorem 1 Let a, b, n satisfy the conditions of (a, b; n)-conjecture.
(1) If a is an odd and P, is (a,b;n)-graceful with n < 4a, then B, is
(a, b; n)-graceful for all n. (2) If a is a positive even, and P, is (a, b;n)-
graceful with n < 4a + 1, then P, is (a, b; n)-graceful for all n.

In order to prove Theorem 1, we will give the following Lemmas.

Lemma 1 Let q, b, n satisfy the condition (1) of (a, b; n)-conjecture,
the possible types are given as follows:
(1) a is an odd, b is an odd, n = 0 (mod 4); (2) a is an even, b is an even,
n =0 (mod 4);
(3) a is an odd, b is an even, n =1 (mod 4); (4) a is an even, b is an odd,
n =1 (mod 4);
(5) a is an odd, b is an even, n = 2 (mod 4); (6) a is an even, b is an odd,
n = 2 (mod 4);
(7) a is an odd, b is an odd, n = 3 (mod 4); (8) a is an even, b is an even,
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n =3 (mod 4).

Lemma 2 Let a, b, n satisfy the conditions of (a,b;n)-conjecture,
then a, b+a+1, n+2(a+1) satisfy the conditions of (¢, b+a+1; n+2(a+1))-
conjecture.

Proof We first show that a, b+a+1, n+2(a+1) satisfy the condition
(1) of (@, b+a+1;n+2(a+1))-conjecture. When a = 1 (mod 2), we can get
a+1=0 (mod 2) and 2(a + 1) = 0 (mod 4). Then n =n + 2(a + 1) (mod
4). So n(n+1)/2 has the same parity as (n+2(a+1))(n+2(e+1)+1)/2,
and b — a has the same parity as b + (@ + 1) — @ = b + 1, thus the result is
true.

When a = 0 (mod 2), a+1 =1 (mod 2) and 2(a + 1) = 2 (mod
4). According to Lemma 1, there are four types of a,b,n that satisfy the
condition (1) of (a,b; n)-conjecture.

(1) When n = 0 (mod 4), b is an even, then (n +2(a + 1)) = 2 (mod
4),b+a+1lisanodd,b+a+1—a=>b+1isanodd, (n+2(a+1))(n+
2(a+1)+1),/2 is an odd;

(2) When n =1 (mod 4), b is an odd, then (n + 2(a + 1)) = 3 (mod
4),b+a+1lisaneven,bt+a+1—a=>b+1lisaneven, (n+2(a+1))(n+
2(a+1)+1),72 is an even;

(3) When n = 2 (mod 4), b is an odd, then (n + 2(a + 1)) = 0 (mod
4),b+a+1lisaneven,b+a+1l—a=>b+1isaneven, (n+2(a+1))(n+
2(a+1)+1),/2 is an even;

(4) When n = 3 (mod 4), b is an even, then (n +2(a + 1)) = 1 (mod
4),b+a+1lisanodd, b+a+1—a=>b+1isanodd, (n+2(a+1))(n+
2(a+1)+1),72 is an odd.

So when a = 0 (mod 2), then the conclusion is true.

Next we shall show that a,a + b+ 1,n + 2(a + 1) satisfy condition (2)
of (a,b+a+ 1;n + 2(a + 1))-conjecture.

When n =0 (mod 2), 0 < |b—a} < (n+1)/2 if and only if b # a and
a-n/2 <b<a+n/2. Sob+(a+1) #aand a—n/2+(a+1) < b+(a+1) <
a+n/2+ (a+1). Sincea —n/2—(a+1) <a—-n/2+ (a+ 1), we have
b+(a+1) #a,thena—(n+2(a+1))/2 < b+(a+1) < a+(n+2(a+1))/2,
a—-n/2—(a+1)<a—n/2+(a+1),0< |b+(a+1)—a| < (n+2(a+1))/2.

When n =1 (mod 2),0 < |b—a| < (n+1)/2 if and only if b # a and
a—(n+1)/2 < b < a+(n+1)/2. So b+(a+1) # e and a—(n+1)/2+(a+1) <
b+(a+1)<a+n+1)/2+(@+1). Asa-(n+1)/2-(a+1) <
a—(n+1)/2+(a+1), we obtain b+(a+1) # a, thena—(n+1)/2—(a+1) <
b+(a+1) < a+(n+1)/2+(a+1),0< |b+(a+1)—a| < (n+1+2(a+1))/2.

Finally, we shall prove that a,b+a+1,n+2(a+1) satisfy the condition
(3) of (a,b+ a + 1;n + 2(a + 1))-conjecture.

When n = 0 (mod 2), n/2 < a+b < 3n/2, we know n/2 + (a+1) <
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a+b+(a+1)<3n/2+(a+1). As3n/2+(a+1)<a+b< 3n/2+4+3(a+1),
we can get that (n4+2(e+1))/2<a+b+{a+1) < 3(n+2(a+1))/2.
Whenn=1 (mod 2),n+2(a+1)=1 (mod 2), n/2 < a+b < 3n/2
ifandonlyif (n+1)/2<a+b<(3n—1)/2,then (n+1)/2+ (a+1) <
a+b+(a+1) < (3n—-1)/24+(a+1),S0 (n+1+2(a+1))/2 < a+b+(a+1) <
3(n+2(a+1))/2. 0

Lemma 3 Let a,b,n satisfy the conditions of (a, b; n)-conjecture. If
graceful labeling of path P, is g(a,b;n), then the path P, 5(,41) satisfies
conditions of (a, b+ (a+1); n+2(a+1))-conjecture and the graceful labeling
is g(a,b+ (a +1);n + 2(a + 1)).

Proof According to Lemma 1, we have @, b+ a + 1, n + 2(a +
1) satisfy the conditions of (a,b + a + 1;n + 2(a + 1))-conjecture. Let
V0,V1," ", Unt2(a+1) D€ the vertices of path P, 541y Put the vertices
labeling f as follows:
fla,b+a+1;n+2(a+1))
=(ae,n+2(a+1)-a,a-1,n+2(a+1)—(a—1),--+,1,
n+2(a+1)—-1,0,n+2(a+ 1)) A(g(a,b;n) ® (a +1)).
Hence f(v) = a, f(vnt24+2) = b+(a+1). Considering the vertices labeling
set A of Pyyio(at1)-
A={f(v) |+ =0,1,---,2a+ 1} U{f(v) | i =2a+1,2a+2,---,n+
2(a+1)}
={0,1,---,ae}U{n+a+2,n+a+3,---,n+2(a+1)}U{a+1,a+
2,---,a+n+1}
={0,1,---,n+2(a+1)}.
There are n + 2a + 3 different numbers of set A which are the same as the
number of vertices of P, 2(a+1), S0 the vertices labelings are different.
We denote B as the set of edges labeling of P t2(a+1)- Then
B={f‘(vi_1v¢) | i=12,---,n+ 2(a + 1)}
={|f('Ui—1) - f(vl)l l 1=12,---,n+ 2(0' + l)}
={|f(vi—1) - f(vt)l I i=1,2,---,2a+ 1} U {If(v2a+l) - f(v2a+2)|}u
{f(Wic1) = f(vi)| | i =2a+3,2a +4,---,2a + 2 +n}
={n+2,n+3,---,n+2a+2}U{n+2a+2—-(2a+1)}U{1,2,---,n}
={1,2,---,n+ 22 +2}.
The number of the edges of P, 9(a+1) is the same as the number of the set
B, thus f* is a one to one mapping. Therefore the Lemma is obtained. [J

By using induction arguments, we can get the following Lemma 4 .
Lemma 4 Let a, b, n satisfy the conditions of (a, b; n)-conjecture. If

graceful labeling of path P, is g(a, b;n), then the path P, 3, (s+1) satisfies
conditions of (a, b+ m(a + 1); n + 2m(a + 1))-conjecture and the gracefull
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labeling is g(a, b+ m(a + 1);n + 2m(a + 1)).

Lemma 5 Let a, n be non-negative integers and n > 2a, then the
possibility of b satisfying the conditions of (a, b; n)-conjecture are as follows:
(1)Ifn =0 (mod 4), then b= {221 _o|0<k<a+1,k#a+1-2}
(2) If n =1 (mod 4), then b= {2HHED _ 4| 0<k<a+1);

(3) If n =2 (mod 4), then b= {2F4¢=1 _ 4 |0<k<a+1};
(4)Ifn = 3 (mod 4), then b = {~IHE=D 510 < k < a+1,k # a+1-2}.

Proof From the condition(2) and condition(3) of (a, b; n)-conjecture,
we have 0 < |b—a| < %Ll- and 5 <a+b< 37", which is equal to b # a,
a—31 <b<a+ 2 and %—asbs%"-a.

Case(a) n is an even.

Since n > 2a, we have 2—a—(a~3) =n—2a > 0and L —a—(a+3) =
n—2a>0 Thenb#a,a-2<b<a+%3 3-a<b<% —a Sob#a,
$-a<b< S +a Ifk=a+1-7%, then -’Ei'ﬂzﬂ—a=a. According to
Lemma 1 and condition(1) of conjecture, we will get the results as follows:
If n = 0 (mmod 4) and a is an even, then b is an even and b = {ﬁiﬂ}'—ll —a|
1<k<a+lk#a+1-7%}

If n = 0 (mod 4) and a is an odd, then b is an odd and b= {ﬁ‘g}'—ll —a|
1<k<a+lk#a+1-2}

If n = 2 (mod 4) and a is an odd, then b is an even and b = {m42£-_1). -a|
1<k<a+1}

If n = 2 (mod 4) and a is an even, then b is an odd and b = {ﬂ;'—ll—ﬂ
1<k<ea+1}.

Case(b) n is an odd.

It is clear that n > 2a if and only if n > 2a + 1. Since a, b are integers,
weha.veb;éa,a—l:";—lsbSa-i»l'zﬂ, "—}l—aSbg%"—a. So b # a,
ﬁy—asbs %1+a. Ifk=a+1—%i, thenﬂt}(ﬁ_—u—a=a.
According to Lemma 1 and condition (1) of conjecture, we will get the
results as follows:

If n = 1 (mod 4) and a is an odd, then b is an even and b = {ﬁ%ﬂ—a |
1<k<a+1};

If n =1 (mod 4) and a is an even, then b is an odd and b = {%—a |
1<k<a+1}

If n = 3 (mod 4) and a is an odd, then b is an odd and b = {ﬂgﬁ_—ll—a |
1<k<a+l,k#a+1-28}

Ifn = 3 (mod 4) and a is an even, then bis anevenand b = {"—“;;(k—_-ll—a |
1<k<a+l,k#a+1-28} ]
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Lemma 6 Let a, n be non-negative integers and n > 4a + 1, then
the number of the b satisfying the conditions of (a, b; n)-conjecture is a + 1
and the types of b are as follows:
(1) If n =0 (mod 2), then b= {2H=1 _ 4|1 <k <a+1};
(2) If n =1 (mod 2), then b= {2HHED _ 4511 <k<a41)

Lemma 7 Let a be a fixed value. If P, is (a,b;n)-graceful with
n < 6a + 2, then P, is (a,t; s)-graceful with s < 6a + 2.

Proof Suppose that s > 6a + 2 and a, ¢, s satisfy the conditions of
(a,t; s)-conjecture, there exists ng € {4a+1,4a+2,---,6a+2}and m € Z+
such that s = ng + 2m(a +1).

Case (a) s =0 (mod 2).

According to Lemma 6, there exists ko € {0,2,---,a + 1} such that
t= ﬂ(%l — a. We define by = "°—+4$'—12 —a, then t = by + m(a + 1).
It follows from Lemma 6 and the contents of subject that the labeling
g(a,bo;ng) of P, exists. In view of Lemma 4, we obtain that there is a
labeling g(a,t; s) of P;.

Case (b) s=1 (mod 2).

According to Lemma 6, there exists ko € {0,2,---,a + 1} such that
t= %ﬂ—a. We define by = MM—@ thent = bp+m(a+1).
It follows from Lemma 6 and the contents of subject that the labeling
g(a,bo;no) of P, exists. In view of Lemma 4, we obtain that there is a
labeling g(a, t; s) of P;. O

Lemma 8 Let a, b, n satisfy the conditions of (a,b;n)-conjecture
and b = 2a + 1. Then a, n — (a + b), n — b satisfy the conditions of
(a,n — (a + b); n — b)-conjecture with da +1 < n < 6a + 2.

Proof Wedefinem =n—(a+b)—a=n—-4da—1,k=n—-b=n—2a-1
and s = ﬂ%ﬂl Since b = 2a+1 is an odd, then the possible cases of a, b, n
satisfying (a, b, n)-conjecture are as follows:

(1) @ is an odd, n = 0 (mod 4).

It is easy to get m, k and s = k(% — a) are odds. Since da + 1 <
n<6a+2 wehave m #0. So0 < |n—(a+bd) —aqa| < ";gﬂ and
22t <n—(a+b)+a< 3

(2) a is an odd, n = 3 (mod 4).

It is easy to get m, k and s are evens. Since 4a+1 < n < 6a+2, we have
m#0.500< |n—(a+b)—a| < 22t and 232 <n—(a+b)+a < ﬂﬂz:—bz.

(3) a is an even, n =1 (mod 4).

It is easy to get m, k and s are evens. Since 4a+1 < n < 6a+2, we have
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m#0. S00 < |n—(a+b)—a| < 2=ftl and 252 < n—(a+b)+a < A8
(4) a is an even, n = 2 (mod 4).
It is easy to get m, k and s are odds. Since 4da+1 < n < 6a+2, we have
m#0. 500 < |[n—(a+b)—a| < 2=2+l and 258 < n—(a+b)+a < ﬂnz;b).D

Lemma 9 Let a, b, n satisfy the conditions of (a, b; n)-conjecture.
If n > 4a+1, then a, b — (a + 1), n — 2(a + 1) satisfy the condition(1) of
(a,b~— (a+1);n — 2(a + 1))-conjecture.

Proof According to Lemma 1, considering the following cases:

(1) When a is an odd, n = 0 (mod 4), b is an odd, b — (a + 1) is an
odd, b — (a + 1) — a is an even, as n — 2(a + 1) = 0 (mod 4), we have
(ﬂ—2(a+1))(n—2(9+1)+1) is an even.

(2) When ais an odd, n = 1 (mod 4), b is an even, b — (a + 1) is
an even, b — (a + 1) —a is an odd, as n — 2(a + 1) = 1 (mod 4), we have
(n—2(a+1))(ﬂ—2(a+1)+1) is an odd.

3) When a is an odd, n = 2 (mod 4), b is an even, b — (a + 1) is
an even, b — (a + 1) — a is an odd, as n — 2(a + 1) = 2 (mod 4), we have
!&-2(a+1))(n—2(a+1)+1) is an odd.

4) When a is an odd, n = 3 (mod 4), b is an odd, b — (a + 1) is an
odd, b — (a + 1) — a is an even, as n — 2(a + 1) = 0 (mod 4), we have
Ln—‘z(a+l))(g—2(a+l)+l) is an even.

(5) When a is an even, n = 0 (mod 4), b is an even, b — (a + 1) is
an odd, b — (a + 1) —a is an odd, as n — 2(a + 1) = 2 (mod 4), we have
(n— 2(a+1))(n—2(a+1)+1) is an odd.

(6) When ais an even, n = 1 (mod 4), b is an odd, b — (a + 1) is an
even, b — (a+ 1) —a is an even, as n — 2(a + 1) = 3 (mod 4), we have
("'2(“"'1»("”2(““)“) is an even.

(7) When a is an even, n = 2 (mod 4), bis an odd, b — (a + 1) is an
even, b— (a+ 1) —a is an even, as n — 2(a + 1) = 0 (mod 4), we have
@—2(a+1))(;—2(a+1)+1) is an even.

(8) When a is an even, n = 3 (mod 4), b is an even, b— (a + 1) is
anodd, b— (a+ 1) —ais an odd, as n — 2(a + 1) = 1 (mod 4), we have
@_2(”1))(;_2(““)“) is an odd. O

Lemma 10 Let a, b, n satisfy the conditions of (a, b; n)-conjecture,
a > 0and b # 2a+1. Then a, b—(a+1), n —2(a+ 1) satisfy the conditions
of (a,b — (a + 1); n — 2(a + 1))-conjecture for n > 4a + 2.

Proof We have a, b— (a + 1), n — 2(a + 1) satisfy the condition(1)
of (a,b— (a+ 1);n — 2(a + 1))-conjecture from Lemma 9.
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Case (a) n is an even.

Because of n > 4a + 2, we get n — 2(a + 1) > 2a. It is clear that
0<|b—a|l < —‘f‘—lsequalt00<|b al]<3. S0a—-3<b<a+%and }-
a<b< ‘—’ﬂ—a Since n > da+1, wehavea—l‘- < I‘z-—aanda+" < %,'—‘—-a
Hence —a <b< Z+aand "—_gﬁa—"'ll —a < b-(a+1) < kﬂzﬂﬂz. Since
n—2(a+1) > 2a, we have a — 2= 2(2"+1) < 222t g and o+ 222040 <
W—a. Hence a — 1‘;@ <b- (a+1) < a+1’_—232“—+12 and
ﬂg"—ﬁl —a<b—-(a+1)< 4"_22—(&1-)-1 —a. Since 2(a + 1) is an even, we
have n —2(a+1) is an even. Hence 0 < |b—(a+1)—a| < tl(?_ztl)ﬂ and
ﬁg’ill <b—-(a+1l)+a< w Since b # 2a + 1, we have 0 <
lb—(a+1)—a| < 2=2EtNH 4pg n=Aatl) < (g4 1) 4o < Anz2etD)
Thus the condition (2) and condition(3) are obtained.

Case (b) n is an odd.

It is clear that 2 < a+b < 3 is equal to 2! < a+b < 3. According
to0<|b—a|< 2 -—"‘—fandL <a+b< 32",thena.——+—-<b<a+—t~
and 2 —a < 5 < 37"—0. Since n > 4a + 1, we have a — 1 <
%’—aanda+—§— < J%ﬂ— a. Hence—’{——a.sbs ++aand
-ﬂaz—“)ﬂ-—a <b—(a+1)< '—‘ﬂﬂz'—"—l+a Since n—2(a+1) > 2a, we
have a — n—2(a+1)+1 < n—2(a2+1)+1 —aand a+ n— Zia-#-l) < 3(n—2(a+1))
Hence g — 2=2@4DH < _(a41) < a4 "—2@“)“ and 2= 21“*'1)“ —-a<
b—(a+1) < _Sg;%a_i-l&ll —a. Since b # 2a+1, we have 0 < |b— (a+1)—a| <
"'2(";1)“ and "_2(2°+1) <b-(a+1l)+a< w Thus the condi-
tion(2) and condition(3) are obtained. o

Lemma 11 Let a, b, n satisfy the conditions of (a, b; n)-conjecture.
If P, is (a, b;n)-graceful with a > 0 and n < 4a, then P is (a, t; s)-graceful
with 4a +1 < s < 6a + 2 and aq, t, s satisfy the conditions of (a,t;s)-
conjecture.

Proof Case (a)t=2a+1.

Since da + 1 < s < 6a + 2, it follows from Lemma 8 and the contents
of subject that the labeling g~1(a,s— (a+t); s—t) exists. Let vy, vy, -, vs
be vertices of path P,. Put the vertices labeling f as follows:

(a,s—a+1l,a—1,5s—a+2,---,50)A(g"a,s — (e +t);s —t) ® (a + 1)).

Hence f(v) = a, f(vs) = a+ (a+1) = b. Considering vertices labeling set
A of P,.

A={f(»)|i=0,1,---,2a}U{f(v) |i=2a+1,20+2,---,s}
={f(w)|i=0,1,--+,2a}U({g7 (vit2a+1) | i = 0,1,-,5—2a—~1}®(a+1))
={0,1,---,a}U{s—a+1,5—a+2,---,s}U{a+1,e4+2,---,s—b+(a+1)}
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={0,1,---,a}U{s—a+1,s—a+2,---,s}U{a+1,a+2,---,s —a}
={0,1,---,s}.
Because there are s + 1 different elements in set A, which are the same as
the vertices of P,, we have the vertices labeling are different. We denote B
as the set of edges labeling of P;. Then
B={f*(vi—lvi) | t= lv 21 B ) S}
={If(vi-1) = fwi)l | i = 1,2,---,2a} U {|f(v20) — f(v2a41) [JU{If (vi-1) -
f@i)l|i=2a+2,2a+3,--,s}
={s—2a+1,5-2a+2,---,s}U{|0—(s—(a+t)+(a+1))|}U{1,2, - -,5—t}
={s—2a+1,5s-2a+2,---,s}U{s—2a}U{1,2,---,5—2a —1}
={1,2,---,s}.
The number of the edges of P, is the same as the number of elements in
set B, thus f* is a one to one mapping.

Case (b) t #£ 2a + 1.

Since 4da+1 < s < 6a+2, it follows from Lemma 9, Lemma 10 and the
contents of subject that the labeling g(a,t— (a+1); s—2(a+1)) exists. Let
vp, V1, -+, Vs be vertices of path P,. Put the vertices labeling f as follows:

(¢,s—a,a—1,s—a+1,---,0,s)A(g(a,t —(a+1);s—2(a+1)) D (a+1))

Hence f(w) = a, f(vs) =t — (a+ 1) + (e + 1) = ¢t. Considering vertices
labeling set A of P;.
A={f(v:)]i=0,1,---,2a + 1} U{f(vi) | i =2a+2,2a +3,---,5}
={0,1,+--,a}U{s—a,s—a+1,---,s}U{0+(a+1),1+(a+1),---,5—
2(a+1)+(a+1)}
_—_{0,1,...’3}
The number of the vertices of P, is the same as the number of elements
in set A, thus f is a one to one mapping from vertices onto the set of
{0,1,---,s}.
We denote B as the set of edges labeling of P,. Then
B={f*(vi-1v) | i=1,2,---,s}
={|f(vi-1) = f(wi)| | i =1,2,---,2a + 1} U {|f (v2a+1) — f(v2a+2)|}U
{lf(vi=1) — f(vi)} | ¢ =22+ 3,22+ 4, --,s}
={s—2a,5s—2a+1,---,s}U{|s—(2a+1)]}U{1,2,---,5 - 2(a+1)}
={1,2,--, s}
The number of the edges of P; is the same as the number of elements in set
B, thus f* is a one to one mapping. We obtain f is an (e, ¢; s)-graceful la-
beling of P, from case(a) and case(b).

Lemma 12 Let a,b,n be non-negative integers satisfying the condi-
tions of (a, b; n)-conjecture and 3a+1 < n < 4a+1. If z < 2a, there exists a
graceful labeling f(z,y, z) of P,. If P, satisfies the conditions of f(z,y, z)-
conjecture, then there exists an (a,b; n)-graceful labeling g(a,b;n) of P,
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with b # n — 2q, S2t3=n < p < Hn-2a

Proof First, we will prove that n — (3a + 1),b—(a + 1) and n —
(2a + 1) satisfy the conditions (2), (3) of (n—3(a+1),b—(a+1);n—(2a +
1))—conjecture.

(1) It is easy to provethat n — (3a+1)— (b —(e+1)) =n—-2a—b
has the same parity as 2= 2“"'1 n—2a

(2) we will prove that n — (3a +1), b (a+1),n— (2a+ 1) satisfy the
conditions (2), (3) of (n — (3a +1),b — (a + 1); » — (2a + 1))-conjecture.

When n is an even, as a, b, n satisfy the conditions of (a, b; n)-conjecture
and 2a < 3a+1 < n, we will obtain 5 —a < b < 3 +a by Lemma 5. Since
3a+1 < n < 4a-+1, we know that Gﬁ;ﬁﬁ > %2—aand ﬂ%ﬂ < Z+a. So
2_a<b< Uz gng Seddon < < 24 g Thus |n—(3a+1)— (b—(a+
1))] < 2=BetDHl ong 2=t < (3a+ 1)+ b— (a +1) < Aa=Cetl)
Since b # n — 2a, we obtain that the condition (2) and condition (3) of
(n—(3a+1),b— (a+1);n— (2a + 1))are true.

When n is an odd, as a, b, n satisfy the conditions of (a, b; n)-conjecture
and 2a < 3a+1 < n, we will get 2 —a < b < 2 + o by Lemma 5.
Since 3a +1 < n < 4a + 1, we have 8843=n > 2l _ 4 apd 1(";—2“2 <
il 50 2 —a<b < 1(";—2"2'<md%’l <b< 2l +a Thus
[n—Ba+1)=(b—(a+1))| < "_(2";1)“ and "—(2;“) <n-—(3a+1)+
b—(a+1) < ﬁ:.%ﬂill). Since b # n — 2a, we know that the conditions
(2),(3) of (n — (3a+1),b—(a+1);n—(2a + 1))-conjecture are true. Since
3a+1<n<4a+1, weknowthat n—(3a+1) <a,n—(2a+1) < 2a.
Because there exists the (n — (3a + 1),b — (a + 1);n — (2a + 1))-graceful
labeling f(n —(3a+1),b—(a+1),n —(2a +1)) of P,_(2441), we have the
(@, b; n)-graceful labeling g(a, b, n) of Py,: g(a,b,n) = (a,n—a+1,a—1,n—
a+2,---,n—1,1,n,00A(f(n—(3a+1),b—(a+1),n—(2a+1))® (a+1)).
It’s easy to prove that g(a, b, n) is an (a, b; n)-graceful labeling of P,. (]

Corollary 13 Let a be odd with a > 1 and z < 2a. If P, satisfies
the conditions (z,y; z)-conjecture and graceful labeling is f(z,y, z), then
a,t,4a + 1 satisfy the conditions of (a,?;4a + 1)-conjecture and Py, is
(a,t;4a + 1)-graceful.

Proof According to Lemma 6,t € {a+1,a+2,---,3a+ 1}, we get
6“"'—3_2(4“—“2 <t< ﬂ“"'z;h)-. Asn =4a+1=1 (mod 4a), we have t is an
even from Lemma 1. So ¢t # n—2a, otherwise, contradicting to n—2a = 2a+
1is an odd. According to Lemma 12, there exists an (a,t;4a + 1)-graceful
labeling g(a,t,4a+1) of Py, 4. O

114



According to Lemma 7, Lemma 11, Lemma 12, and Corollary 13, we
will obtain Theorem 1.

§3 The (a, b; n)-gracefulness of P,

In this section, we will discuss (a, b; n)-gracefulness of P, in the case
ofais1,2,3,4,5 and 6.

Lemma 14 If a, b, n satisfy the conditions of (a, b; n)-conjecture,
then n — a, n — b, n satisfy the conditions of (n — a,n — b; n)-conjecture.

Proof Since n —a — (n — b) has the same parity asb—-a, [n —a —
(n—b)| = |b—a| and b # a, it is easy to get that n —a, n —b, n satisfy the
condition (1) and (2) of (n — a,n — b; n)-conjecture.

It remains to prove condltlon (3). Since 3 <a+b < 3%, we have
2n—-2<2n—(a+b)<2n—3 503 <n—a+n b< 3" . The conclu-
sion is obtamed O

Lemma 15 If z, y, m satisfy the conditions of (z,y;m)-conjecture
and the labeling of path P, is g(z,y; m) for < a, then
(1)The labeling of P, is g(a,b;n) forb<aorn—b<g;
(2)the labeling of P, is g(a, b;n) for n < 2a.

Proof (1) If b < a, we have g(a,b;n) = n —g(b,a;n) = n —
g~ Y(a,b;n). If n — b < a, we have g(a,b;n) =n — g~}(n— b,n —a;n).

(2)Ifn <2, wehaveb<aora<b<n<2a Ifa<b<n<2,
thenn—b < n—a < 2a—a = a. In view of (1), the conclusion is obtained.C]

Lemma 16 Let a,b,n satisfy the conditions of (a, b; n)-conjecture.
If P, satisfy (x,y; z)-conjecture for z < 2a and graceful labeling of P, is
f(z,y,z) , then there exists the (a, b;n)-graceful labeling g(a,b,n) of P,
fora>3,3a+1+%<n<4da,b=n-2a

Proof It’s easy to prove that a,n — (3a + 1),n — 2(a + 1) satisfy
the conditions of (a,n — (3a + 1);n — 2(a + 1))-graceful conjecture. As
3a+1<n<4a+1, we have n — 2(a + 1) < 2a. Since there exists the
(a,n—(3a+1);n—2(a+1))-graceful labeling f(a,n—(3a+1),n—2(a+1))
of Pn_3(a+1), We will obtain the (a, b; n) grax:eful labeling g(a,b,n) of Pp:

g(e,b,n) = (a,n —a,a-1,n—a+1,- —1,0,n),A(f(a,n — (3a +
1),n—2(a+ 1)) ® (a + 1)). It’s easy to prove that g(a,b,n) is the graceful
labeling of P,. (]
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Next the conjectures will be obtained when a = 0,1,2,3,4,5, 6 by re-
cursion, b which can be transformed into a known number via Lemma 12 is
marked by [b], via Lemma 15 is marked by (b) and via Lemma 16 is marked
by {b}. For fixed a # 0, from Lemma 15 and Theorem 1, if a is an even,
the case 2a +1 < n < 4a + 1 can only be discussed; if a is an odd, the case
2a +1 £ n < 4a can only be discussed.

Theorem 2 ([4]) P, satisfying the conditions of (a, b; n)-conjecture
is g(a, b; n)-graceful fora =0 .

Proof We have 4a+1 =1 and 6a+2 = 2 for a = 0. Accord-
ing to lemma 7, we can only consider the cases when n = 1 and n = 2.
Ifn =1, then b = 1 and ¢(0,1;1) = (0,1). If n = 2, then b = 1 and
9(0,1;2) = (0,2,1). O

Theorem 3 ([5]) P, satisfying the conditions of (a, b; n)-conjecture
is g(a, b, n)-graceful for a = 1.

Proof Sincea=1,wehave2a+1=3,4a=4,n=3,b=(3);n=
4,b=[3],9(1,3,4) = (1,4,0)A(9(, 1,1)®2). o

Theorem 4([5]) P, satisfying the conditions of (a, b; n)-conjecture
is g(a, b; n)-graceful for a = 2.

Proof We have 2a +1 = 5,4a+1 = 9 for a = 2. According to
Lemma 12, Lemma 14, Lemma 15 and Theorem 1, we have
n=35,b=(1),3,(5),9(235) =(21,4,0,5,3).
n=26,b=(1),3,(5),9(23,6) = (2,6,0,5,4,1,3).

n=10b=4], ().
n=8,b={4},[6].
n=9,b=(1), [3], 5,(7),9(2,5,9) = (2,4,7,3,9,0,8,1,6,5). O

Theorem 5 P, satisfying conditions of (a, b; n)-conjecture is g(a, b; n)-
graceful for a = 3.

Proof Ifa =3, then2a+1=7and 4a =12, so we have
n="17,b=(1),(5),(7).
n=8,b=(1),5,(7),9(3,5,8) = (3,8,0,7,1,4,2,6,5).
n=9,b=(2),4,6,(8),9(3,4,9) = (3,5,2,6,7,1,8,0,9,4),9(3,6,9) = (3,7, 1,
8,0,9,4,2,5,6).
n =10,b=(2),4,(6],(8),9(3,4,10) = (3,5,10,0,9,1,8,2,6,7,4).
n=11,b= {5},(7], (9).
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n=12,b6= (5], [7], (9] O

Theorem 6 P, satisfying the conditions of (a,b;n)-conjecture is
g(a, by n)-graceful for a = 4.

Proof Ifa =4, then 2a+1=9and 4a + 1 = 17, so we have
n=9,b=(1),(3),5,(7),(9),9(4,59) = (5,9,0,8,1,7,2,3,6,4).
n =10,b= (1),(3),5,(7), (9), 9(4,5,10) = (4,10,0,9,1,8,7,2,6,3,5).
n=11,b=(2),6,(8),(10),9(4,6,11) = (4,3,7,5,8,2,9,1,10,0, 11, 6).
n=12b=(2),6,8,(10),9(4,6,12) = (4,5,8,3,7,9,2,10,1,11,0,12,6),
9(4,8,12) = (4,12,0,11,1,10,3,9,5,2,7,6,8).
n=13,b=(3),5,[7,9,(11),
9(4,5,13) = (4,13,0,12,1,11,3,10,6,9,8,2,7,5),
9(4,9,13) = (4,13,0,12,1,11,3,10,5,7,8,2,6,9).
n=14,b= (3),5, [7], (9], (11),
g(4,5,14) = (4,7,11,6,8,9,3,10,2,12,1,13,0,14,5).
n = 15,b = [6],[8], [10], (12).
n = 16,b= (6], {8}, [10], [12].
n=17,b= [5},[7],9,[11], [13],
9(4,9,17) = (4,12, 3,14,2,15,1,16,0,17,7,13,6,8,11,10,5,9). 0

Theorem 7 P, satisfying the conditions of (a,b;n)-conjecture is
g(a, b;n)-graceful for a = 5.

Proof Ifa =75, then 2a +1 =11 and 4a = 20, so we have
n=11,b= (1),(3),(7),(9),(11).
n=12,b=(1),(3),7,(9),(11),
9(5,7,12) = (5,3,6,12,0,11,1,10,2,9,4,8,7).
n=13,b= (2),(4),6,8,(10), (12),

9(5,6,13) = (5,4,8,3,10,2,11,1,12,0,13,7,9,6),
9(5,8,13) = (5,7,3,10, 4, 12,0,13,2,11,1,6,9,8).

n = 14,b = (2), (4),6,8, (10), (12),

9(5,6,14) = (5,9,14,0,13,1,12,2,11,3,10,4,7,8,6),
9(5.8.14) = (5,9.4,6,7,10,3,11,2,12,1,13,0, 14, 8).
n=15>b=(3),7,9,( ) (13),

9(5,7,15) = (5,10,6,8,9,15,0,14,1,13,2,12,3,11,4,7),
9(5,9,15) = (5,10, 6,8,7,4,11,3,12,2,13,1,14,0,15,9).
n=16,b=(3),7,[9], 11, (13),

9(5,7,16) = (5,9,8,6,11,4,12,3,13,2,14,1,15,0,16,10,7),
9(5,11,16) = (5,12,4,13,2,14,1,15,0,16,6,8,3,9,10,7, 11).

n=17,b= (4),6, 8], [10], 12, (14),
9(5,6,17) = (5,10,9,13,7,14,4,16,0,17,2,15,1,12,3,11,8,6),
9(5,12,17) = (5,13, 4,14,2,15,1,16,0,17,6,11,7,8,10, 3,9, 12).
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n = 18,b = (4),6,{8}, 10}, [12], (14),

9(5,6,18) = (5,11,10,7,9,18,0,17,1,16,2,15, 3,14, 4,12, 8, 13, 6).
n =19,b=[7], {9}, (11}, [13], (15).

n =20,b = [7],[9], [11], [13], [15].

Theorem 8 P, satisfying the conditions of (a, b; n)-conjecture
is g(a, b; n)-graceful for a = 6.

Proof Ifa =6, then 2a +1 =113 and 4a + 1 = 25, so we have
n=13,b= (1)1 (3)a (5)’71 (9)’ (11)7 (13)7
9(6,7,13) = (6,10,8,5,4,9,3,11,2,12,1,13,0,7).
n=14,b=(1),(3),(5),7,(9),(11),(13),
9(6,7,14) = (6,10,8,5,4,9,3,11,2,12,1,13,0, 14, 7).
n =185,b=(2),(4),8,(10),(12), (14),
9(6,8,15) = (6,4,9,10,7,11,5,12,3,13,2, 14,1, 15,0, 8).
n =16,b=(2),(4),8,10,(12),(14),

9(6,8,16) = (6,7,9,5,11,4,12,2,16,0, 15,3, 14, 1,10, 13, 8),
9(6,10,16) = (6,16,0,15,1,14,2,13,4,12,5,11,9,8, 3,7, 10).
n=17,b=(3),(5),7,9,11, (13), (15),

9(6,7,17) = (6,11,17,0,16,1,15,2, 14, 3,13,4,12,5,9, 8,10, 7),

9(6,9,17) = (6,10,7,8, 13,
9(6,11,17) = (6,17,0, 16,

11,5,12,4,14,3,15,2,16,1,17,0,9),
,15,2,14,4,13,5,12,8,3,9,7,10,11).

6,1
n=18,b= (3),(5),7,9,11,(13), (15),
9(6,7,18) = (6,10,8,9,14,11,5,12,4,13,3,15,2,16,1, 17,0,18,7),
9(6,9,18) = (6,10,7,8,13,11,5,12,4,14,3,15,2,16,1,17,0,18,9),
9(6,11,18) = (6,18,0,17,1,16,2,15,4,14,5,13,9, 3,10, 12,7, 8, 11).
4
1

7,1
n=19,b= (4),8 [10],12, (14), (16),
9(6,8,19) = (6,11, 10, 12,9, 13,7, 14, 5, 15, 4, 16, 3,17, 2, 18, 1, 19,0, 8),
g(6,12,19) = (6,19,0,18,1,17,2,16,4,15,5,14,11,3,10,9, 7,13, 8,12).
n = 20,b = (4),8, [10], [12], 14, (16),
9(6,8,20) = (6,11,9,10,14,7,13,4,12,15, 5,16, 3,17, 2,18, 1, 19,0, 20, 8),
9(6,14,20) = (6,20,0,19, 1,18, 2,17, 4, 16,5, 15, 11,3, 12,9, 10,8, 13, 7, 14).
n=21,b=(5),7,{9},(11], [13], 15, (17),
9(6,7,21) = (6,11,9,17, 10,13, 12, 8, 14,5, 15,4, 16,3, 18,2, 19,
1,20,0,21,7),
9(6,15,21) = (6,21,0,20,1,19,2, 18, 4, 17,5, 16, 11,9, 10, 13, 3, 12, 8, 14,
7,15).
n=22,b=(5),7, (9], 11}, [13], 5], (17),
9(6,7,22) = (6,22,0, 21, 1,20, 2,19, 4, 18,5,17,12, 10, 11, 14, 3, 13,9, 15, 8,
16, 7).
n = 24,b = (8], [10], 12, [14], [L6], [18].
n = 25,b = (7], [9), [11], 13, (15], [17), [19],
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9(6,13,25) = (6,25,0,24,1,23,2,22,4,21,5,20,12,7,19,8,18,9,15, 16, 3,

17,10,14,11,13). d
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