AN INCOMPARABLE UPPER BOUND FOR THE
LARGEST LAPLACIAN GRAPH EIGENVALUE

SEZER SORGUN

ABSTRACT. In this paper, we obtain the following upper bounds for
the largest Laplacian graph eigenvalue:

pm < mgx{ 2d; (m; +d;)+n—2d; — 2 z |N; ﬁle}
' Jijrei
where d; and m; are the degree of vertex i and the average degree of
vertex 1, respectively; |[N; N Nj| is the number of common neighbors
of 7 and j vertices. We also compare this bound with the some known
upper bounds.

1. INTRODUCTION

Let G = (V, E) be a simple graph on vertex set V = {1,2,...,n} and
edge set E. The terms of order and size refer to the numbers n = |V|
of vertices and m = | E| of edges of G, respectively. We use d; and m; to
denote the degree of vertex 7 and the average degree of vertex 7, respectively.
We also use NV; and |N; N Nj| to denote the set of neighbors of ¢ and the
number of common neighbors of 7 and j, respectively. Let A = max {d;}
and § = miin {d;}. Let D = D(G) = diag(d;,ds, ...,d,) be the diagonal
matrix of vertex degrees and let A = A(G) be the adjacency matrix of G.
The Laplacian matrix of G is denoted by L(G) = D(G)— A(G). Since L(G)
is a positive semidefinite matrix, therefore all eigenvalues are nonnegative.
Moreover, since its rows sum to 0, 0 is the smallest eigenvalue of L(G) with
the all ones vector as eigenvector. The eigenvalues of L(G) are denoted by
H12 g 2 e 2 Py =0.

In the literature, there are a great number studies about the bounds
(upper or lower) of the largest Laplacian eigenvalue. Some known results
for the upper bounds of u, are given as below.
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max {di + m;} (1.1)
max { d; + \/dim,-} (1.2)
max { V2d; (di + W)} (1.3)
miax{di+ d,.2+8d,~m,-} w4
max {d; + d;} (15)
di (d: +m) +d; (d; +m;)
r?'g]x{ d; + d; } (16)
I}ljg({\/d, (di +m;) +d; (d; +m,~)} (1.7)
. . C — . 2 . .
I?f;({d, +d;+ \/(d.2 d;)? + dmim, } 19)
IPE;?({di'ﬁ'dj _lNian” (110)
m?x{\/zd,? +2dim; —2) IN,-nNJ-|} (1.11)
g
2 n
a+%+\Ra—%) +;d,~(di—6) (1.12)
pa— — 2 — pu—
5-1+1/(6-17%+ 82(A2 +2m — §(n — 1)) )
A+2m+A(5-1)-6(n-1) (1.14)
pa— — 2 — —
A+d—1+,/(A+6 21) Hlm-2Ba-Y) |

Until now, it has been aimed to find to better (sharper) bound for the
largest Laplacian eigenvalues. Generally, it has been done the numerical
comparison among the bounds which is looked for sharper one. Sometimes
we cannot compare the bounds in terms of graph invariants as theoretically,
except extremal graphs. Even, some bounds are incomparable. In this
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paper, our motivation is to present this situation. Also, we give a new
upper bounds on the largest Laplacian eigenvalues for graphs. In some
case, our bound is much better than the known upper bounds. We also
compare these bounds with the known bounds which are mentioned above

by helping some graph samples.

2. MAIN RESULTS

Lemma 1. (Bapat, [1]). Let G be a graph with V(G) = {1,2,...,n}. Let
the eigenvalues of L(G) be py > py 2 ... 2 i, = 0. Then the eigenvalues of
L(G) + aJ matriz where J denotes the square matriz with all entries equal
tol are py 2> g > ... 2 ., and na.

Theorem 1. (Das, [9]). If G is a graph on vertez set V = {1,2,3, ...,n},
then

Yo INAN| =D {d -1} (21)
ji jevi
where d; is the degree of the verter i and |N;N\Nj| is the number of common
neighbors of i and j.

Theorem 2. Let G be simple connected graph of order n. Then

1 < max 2d; (my + di) +n—2d; — 2> [N; NN (2.2)
Fig~i
where d; is the degree of the vertex i ; m; is the average degree of the vertex
i; |N; N Nj| is the number of common neighbors of i and j. Equality in
(2.2) holds iff G is a bipartite 3 —regular graph.

Proof. Let us consider L?(G) + J matrix such that J is a matrix with all
entries are one. Then its elements are

d?+d;+1 ;i i=4,
—d,'—-dj-i-lN{ﬂle-i-l H if i~37,
|IN; N NG| +1 ;  otherwise.

Let X = (z1,%2,...,2»)7 be an eigenvector corresponding to the largest
eigenvalue of L?(G) + J matrix. Let us denote the largest eigenvalue of
L?(G)+J as A\;. We can assume that one eigencomponent (say z;) is equal
to 1 and the other eigencomponents are less than or equal to 1, that is,
z; = 1 and |zx| < 1 for all k. We have

(LA(Q)+ X =X (2.3)
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From the 7 th equation of (2.3), we get

Mo = dizitdiziti+ Y {—di—dj +|NiN Nj| + 1} z

jig~i

+ z: {INiﬂle + l}xj

Jigwi

Taking modulus on both sides, we get

A

IA

IA

IA

d?x,- +diz; + z; + Z {—di —dj +|N: N Nj! + 1}:1::,-
Jig~i
+ Z {lNianl +1}:z:,-
Figei
Bz +dizi + 3+ Y [{—di — dj + |N: N Nj| + 1} |
Fijri
+ 3 (MO N+ 1} Iz
Figti
d,?:z:i +diz; +xz; + Z {d; +d; — |N; an] - 1}‘23,"
Jij~i
+ > {IN:ONj| + 1} [y
Jijed
4 +di+1+ ) {di+d; — |[N;nN;| -1}
Jij~i
+ 3 {IN:N N+ 1} (2.4)
jigmi

GHdi+l+ Y di+ D di— D [NAN|- Y1

Jig~i Jijei Jig~i Jigei

+ Z [N; N N;|+ Z 1

Fig=ei Jijwi
2 +di+1+dim;i — Y [N:ON;| - d;

Jig~i

+ D INNN|+ Y1

Jijoet Jijei
247 +2dim; +1-2 Y  INiNNj| —di+ D 1 (from (2.1))

Jeg~i jig»i

It is easy to see that

Y1+ > 1=n-1

Jigri Jijei
i#] i#j
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ie.

Hence we get
M < 2d? +dimi+n—2d; -2 Y [N; NN (2.5)
Figa~i

ie.

Al Smax{2d?+2d,m,+n—2d,—2z lNianl} (26)
1 Iyl
Jig~i
Now, we analyze the eigenvalues of L%(G) + J and L?(G) matrices. Let
X' =(1,1,...,1)T be an eigenvector of L?(G) corresponding to 0. Since

(LX@G)+ )X =JX =nX
then, n is an eigenvalue of L?(G) + J. So let A be any non-zero eigen-
value corresponding eigenvector X' = (z1, %3, ..., zn)T of L2(G). Therefore
n
> xz; = 0. We have
i=1
LG +NXx = L*X
= 2

Thus, eigenvalue ) is also an eigenvalue of L?(G) + J matrix.

Consequently, the eigenvalues of L?(G) and L?(G) + J are p? > u2 >
w2 p2 =0and pu? > p2 > ... > p2_, and n, respectively.

There are two cases:

Case 1. Assume that u? > n. In that case we can say u? is the largest
eigenvalue for both matrices. So, we get

Jij~i

/\] =p?$m?x{2d?+2d,m,+n—2d,—22 IN‘ianl}

i.e.

Ly 5max{\/271?+2d,~mi+n—2di—2 Z ]Niﬂle}

Jijei

Case 2. Assume that n > p2. Then we get

p? < n < max {2d?+2d;m,~ +n-2d;-2 Y |N,-nN,~|}
jig~i

201



from (2.4). Thus we also get

My sm?.x{\/2d? +2dim; +n —2d; — 2 Z lNiﬂNj|}

Jigevi

Therefore we complete the first part of the proof.

Assume that G is bipartite §—regular graph. Then the equality in (2.2)
holds by a simply calculation.

Conversely, assume that the equality in (2.2) holds. Hence all inequality
above must be equalities. Then z; = 1 and |zx| = 1 such that X =
(%1, z2,...,zn)T eigenvector corresponding to the largest eigenvalue of
L?(G)+J matrix. X is also eigenvector of L(G) corresponding to ;. Since

n
Zx,— = 0, G must be graph with order even. Let V} = {k: z, =z; =1}
t=1
for every i ~ k and V5 = {k: z;, = —z; = —1} for every i ~ k. Then V;
and V; are partition of V. We have

and for every i € V' we get
by = 2d; (2.7)

On the other hand, from inequality in (1.11), we get

digmi

\[Zcff+2d,~mi+n—2d,-—2 E lNinN,-l

< \[’de+2d,-mi—2z |N; N N

Jigni
ie.
n < 2d; (2.8)
Since p; < n for every connected graph, from (2.7) and (2.8) we get
n = 2d;

for every ¢ € V. Hence G is a bipartite % —regular graph. O

Example 1. Let G and H be as below.
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For these graphs p,(G) = 5.08, p (H) = 6.17 rounded to three decimal
places and the mentioned bounds give the following results:

(11) (1.2) (1.3) (14) (15) (1.6) (1.7) (1.8) (19) (1.10)
G 625 700 707 669 700 600 648 642 6.00 6.00
H 800 887 894 852 900 7.78 837 832 778 7.00

(1.11) (1.12) (1.13) (1.14) (1.15) (22)
G 642 642 707 700 669 6.32
H 800 811 88 887 838 7.3

As shown in the table, while (2.2) is better than all bound except (1.6), (1.9)
and (1.10) for graph G, it is better almost all bound except only (1.10) for

graph H.

@
L

However, sometimes (2.2) may be better than (1.10). For instance, let L
be graph as above. Then we obtain following results:

(1.1) (1.2) (1.3) (1.4) (15) (1.6) (1.7) (1.8) (1.9) (1.10)
566 582 583 577 600 550 574 560 549 6.00

(L11) (1.12) (1.13) (1.14) (1.15) (2.2)
547 642 707 600 6.00 556

As seen, the bound (2.2) is better than (1.10). Therefore our bound is
an incomparable bound among the some upper bounds which mentioned
above. Hence we can say that the comparison among the bounds can change
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according to graph invariants such as the number of edges, the mazimum
degree, etc.
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