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Abstract: A model for cleaning a graph with brushes was first introduced
by Messinger, Nowakowski, and Pralat in 2008. Later, they focused on the
problem of determining the maximumn number of brushes needed to clean
a graph. This maximum number of brushes needed to clean a graph in the
model is called the broom number of the graph. In this paper, we show that
the broom number of a graph is equal to the size of a maximum edge-cut of
the graph, and prove the A"P-completeness of the problem of determining
the broom number of a graph. As an application, we determine the broom
number exactly for the Cartesian product of two graphs.
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1 Introduction

The cleaning model of decontaminating a graph with brushes was first pro-
posed by Messinger, Nowakowski, and Pralat [4]. For any graph, suppose
that all the vertices and edges are dirty. Each vertex has a number of
brushes assigned to it and we try to clean the graph vertex by vertex. A
vertex can be cleaned if it has at least as many brushes as dirty incident
edges. When a vertex is cleaned, it sends exactly one brush along each edge
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incident to this vertex. Then the cleaned vertex and its incident cleaned
edges could be regarded as being deleted from the graph. We determine
an initial configuration of brushes and a sequence of vertices which, when
cleaned in that order, will result in every vertex and its incident edges be-
ing cleaned. Note that a dirty vertex may have no dirty incident edges but
it still needs to be cleaned. Such a sequence of vertices is called a clean-
ing sequence. The focus of [1, 3, 6, 7] is, for a graph G, to determine the
minimum number of brushes needed to clean the graph, called the brush
number and denoted b(G).

In this paper, we focus on the broom number, B(G), for any graph G,
that is, the maximum number of brushes that can be used to clean the
graph G with the rule that every brush has to clean at least one edge. The
broom number was introduced by Messinger, Nowakowski, and Pratat {5]
along with general bounds and results for some classes of graphs, including
Cartesian products; and later Pralat [7] considered the broom number for
d-regular random graphs.

The following notations are used in the remainder of the paper. Let G
be an undirected graph and v € V(G). The degree of v in G, denoted by
dg(v), is the number of edges incident with v. For a subset X C V(G), use
G[X] to denote the subgraph of G induced by X. For two disjoint subsets X
and Y in V(G), use E¢[X, Y] to denote the set of edges between X and Y in
G. Let Dbea dlgraph and z € V(D). The out-degree (resp. in-degree) of
= in D, denoted by df(z) (resp. dj(z)), is the number of out-going (resp.
in-going) edges of x in D. For two disjoint subsets X and Y in V(D), the
notation Ep(X,Y’) denotes the set of directed edges of D whose tails are in
X and heads are in Y, and Ep[X,Y] = Ep(X,Y)UEp(Y, X). Using these
notations, we present another equivalent deﬁnmon of the broom number.

Let G = (V(G), E(G)) be a finite simple undirected connected graph on
n vertices and all the vertices and edges of G are initially dirty. We order
the vertices of G as a sequence a = (ay,09,...,a,). Then the oriented
graph G, of G is given with respect to  in the following way:

(ai,05) € E(G,) & aa; € E(G)and i < j for 4,5 € {1,2,...,n}.
Define w, : V(G) - N by
wa(v) = d'c';.u (v) —dg_ (v), if dg.o (v) > dg_(v),
@ 0, otherwise,

for each v € V(G). Clearly, if we put wq (v) brushes on v for each v € V(G),

then G can be cleaned along the sequence o = (a1, a9,...,0,). We call

o a cleaning sequence of G. The brush number of the cleaning sequence
a, denoted by b, (G), is the sum of brushes put on V(G), that is b,(G) =
n

> walay).

i=1
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Definition 1.1 ([5]) The broom number of a given graph G, denoted by
B(G), is

B(G) = max{bs(G) : a is a cleaning sequence of G}.

Note that, in the model, a cleaning sequence a = (a1,0az2,...,Q,) cor-
responds to an oriented graph G, of G. Let S = {v € V(G) : da, (v) >

dg, (v)}. Since X, cv () 9¢. (¥) = Loevic) da. (v), it is easy to find that

Yo (d5 () -d5 )= Y. (dg. (v)—d& (v)),

veS veV(G\S

which implies an enumerative formula of b,(G) as follows.

bal(@) = 3 (5. 0) ~d5,(0) =3 > ldb. () —dg, ). (1)

veS veV(G)

Equality (1) was indicated in [4] (see Theorem 2.3) and [3] (see Theorem
4.1).

In section 2, we obtain the main result of the paper, that is, the broom
number of a graph is equal to the size of a maximum edge-cut of the graph,
and further show that the problem to determine the broom number of a
graph is N'P-complete. In Section 3, we give some applications based on the
main results mentioned in Section 2, including the broom number for the
Cartesian product of two graphs, and exact values of the broom numbers
for the Cartesian products of paths, cycles, and cliques.

2 Main results

An edge-cut of a graph G is the set of edges between a subset S of V(G)
and its complement S. A maximum edge-cut of G is an edge-cut with
the maximum number of edges. Let maxcut(G) denote the cardinality of a
maximum edge-cut of G. To get the main result, we first give a lemma that
articulates the relationship between the edge-cut and the broom number
of cleaning sequence, which plays an important role in coping with broom

number problems.

Lemma 2.1 For any graph G = (V, E) and any positive integer k, there
is a set S C V such that |Eg[S, S]| > k if and only if there is a cleaning
sequence o of G such that b,(G) > k.

Proof. First, suppose that « is a cleaning sequence of G with b, (G) 2 k.
Denoted by G, the oriented graph of G with respect to . Let S = {v €
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V:d§ (v) >dg_ (v)} and § =V \ S. By equality (1), we have

CRORLRO)
5 (44.190) = 45, 19()) +1Bc.(5,9)] - B, (5.5)

|Ec.(S,5)| - |Eg.(S,5)|
[Eor (5.5)
lEG[S! S]I,

ba(G)

IANIA

that is |Eg[S, S]| = ba(G) = k. _
Conversely, suppose that S is a subset of V with |Eg[S, S]| > k. Define
a cleaning sequence a = (v1,...,s,Vs41,...,9v)) of G, with (vl,.._.,v,)

and (vst1,...,vv|) being arbitrary orderings of vertices in S and S, re-
spectively. By equality (1), we have

ba(G) = } 3 ldb,) - d5, )]

= 3 2 |d§, (v) —dg, ()] + 3 T |dg, (v) — dg_ (v)]
veS veS

v

1
2

> (d&, (v) —dg, ()| + 3 ‘ 2. (dg, (v) - dg, (v))
veES veS

Es (déalﬂ(”) —dg,(s) (v)) +|Eq. (S, §)||

+% ‘ Z:._S' (d;..[?l(") - daosl(v)) - 'EGQ(Sag)'|
ve

31E6.(8,5)| + }|Ec,(S,5)|
IEGo (S, S)l = |EG[Ss S]l’

2

that is bo(G) > |E¢(S,S)| > k. '

In [5], it was observed that B(G) > maxcut(G). According to Lem-
ma 2.1, Definition 1.1, and maxcut(G) = max{|Eg[S,S]| : S C V(G)}, it
is clear to see that B(G) = maxcut(G). Thus, to determine the broom
number of a graph, it suffices to find the maximum edge-cut of the graph.

Theorem 2.2 For any graph G, the broom number of G equals to the size
of a maximum edge-cut of G, that is

B(G) = maxcut(G).

Moreover, any cleaning sequence a with b, (G) = B(G) induces a maximum
edge-cut of G, and any maximum edge-cut of G gives a cleaning sequence
a with b,(G) = B(G).
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Next, we will show the problem of determining the broom number of
a graph is N'P-complete. In [2], the following problem, which is called
SIMPLE MAX CUT, was shown to be A'"P-complete for arbitrary graphs by
Garey, Johnson, and Stockmeyer.

SIMPLE Max CuT (SMC)

Instance: Graph G = (V, E), positive integer K.
Question: Is there a set S C V such that |Eg[S,S]| > K ?

In the following, we present the decision problem BROOM CLEANING
and transform the AN"P-complete problem SIMPLE MaAX CUT to it, which
implies the difficulty in determining the broom number of a graph.

Broom CLEANING (BC)

Instance: Graph G = (V| E), positive integer J.
Question: Is there a cleaning sequence a of G such that b,(G) > J ?

Theorem 2.3 BROOM CLEANING is N'P-complete.

Proof. It is easy to see that BC € NP, because a nondeterministic algo-
rithm need only guess a cleaning sequence and check in polynomial time
whether the broom number of the cleaning sequence is no less than J.

We transform SMC to BC. Let G = (V, E) and positive integer K
constitute any instance of SMC. The corresponding instance of BC is
provided by the graph G and the integer J = K. By Lemma 2.1, there
is a set S C V such that |Eg(S,S]| > K if and only if there is a cleaning
sequence o of G such that bs(G) > K. The result follows from the N'P-
completeness of SMIC. 1

3 Applications

A subgraph H of a graph G is called a maximum bipartite subgraph of
G, if H has a maximum number of edges among all bipartite subgraphs
of G. Obviously, the subgraph induced by a maximum edge-cut of G is a
maximum bipartite subgraph of G, and the edge-set of a maximum bipartite
subgraph of G is also a maximum edge-cut of G. Therefore, the problem
of finding a maximum bipartite subgraph is essentially the same as the
problem of finding a maximum edge-cut.

The Cartesian product of graphs G; and Gg, written as G10G3, is the
graph with vertex set V(G,) x V(G2) where (u;, u3) is adjacent to (vy, v) if
and only if either u; = v, and uqvy € E(G2) or uz = vp and uyv; € E(Gy).
For Cartesian product graph, its broom number can be expressed in terms
of the broom numbers of factor graphs.
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Theorem 3.1 Let G and G be two graphs. Then
B(G10Gz) = |V(G2)|B(G1) + |V (G1)|B(Ga)-

Proof. Let H; be a maximum bipartite subgraph of G; for each i € {1,2}.
Then H; is a spanning subgraph of G; and E(H;) is a maximum edge-cut
of G; for each i € {1,2}. Since the Cartesian product of two graphs is
bipartite if and only if both of them are bipartite, it is easy to find that
H;0H; is a maximum bipartite subgraph of G;0G, with |[E(H,0H;)| =
maxcut(G10G3). Therefore, by Theorem 2.2, we have

B(G10G2) = maxcut(G10G:) = |E(H,0H))|
= |V(Hp)||E(Hy)| + |V (H)I|E(H2)]|
= |V(G2)|maxcut(G,) + |V(G))|maxcut(Gs)
= |V(G2)|B(G1) + |V(G1)| B(G2)-
|
By Theorem 2.2, it is easy to get B(P,) = maxcut(P,) = n — 1,
B(Cak) = maxcut(Cox) = 2k, B(Cak+1) = maxcut(Coxy1) = 2k, and
B(K,) = maxcut(K,) = ["Taj (also see Theorem 3.6 in [5]). Thus, by
Theorem 3.1, we have the following result.

Corollary 3.2 For any positive integers m and n, we have
B(P,0OF,) = 2mn — (m 4+ n),

2mn — n, if n is even, -

B(P,0C,) = 2mn —n—m, if nisodd,

2mn, both of m,n are even,
2mn —m, n is odd and m is even,
2mn —m —n, both of m,n are odd,

B(C.OC,) =

n(m—1)+m|2 ], if mis odd,

Zt(m+n), both of m,n are even,

no- 4 m[L:;J, n is odd and m is even,
2 2

n|%-| +m|[Z%-], both of m,n are odd.

B(CrhOK,) = { nm + anTz_l: if m is even,
B(K,OK,) = {

Corollary 3.2 gives the exact value of B(K,,0K,,), which also improves
the result of Theorem 5.2 in [5].
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