ON BI-PERIODIC FIBONACCI AND LUCAS NUMBERS
BY MATRIX METHOD
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ABSTRACT. In this paper, we define a new matrix identity for bi-
periodic Fibonacci and Lucas numbers. By using the matrix method,
we give simple proofs of several properties of these numbers. More-
over, we obtain a new binomial sum formula for bi-periodic Fibonacci
and Lucas numbers which generalize the former results.

1. INTRODUCTION

The Fibonacci numbers F,, defined by the recurrence relation
Fo=F+F, 2, n>2

with the initial conditions Fy = 0 and F} = 1. Its associated numbers
known as Lucas numbers L,,, which follows the same recursive pattern as
the Fibonacci numbers, but begins with Lo = 2 and L; = 1. These numbers
are famous for possessing interesting properties and important applications
to diverse disciplines such as mathematics and computer science. See [16]
and (9] for additional references and history.

There are a lot of generalizations of the Fibonacci and Lucas sequences.

Horadam (5] considered a generalized sequence {W,} defined by
Wo =pWnoy —qWh_2, n>2

with the initial conditions Wy = a and W, = b, where a, b, p, g are arbitrary
integers. If we take a = 0, b = 1 in {W,,}, we get the generalized Fibonacci
sequence {U,} and if we take @ = 2, b = p in {W,,}, we get the generalized
Lucas sequence {V,}.

It is well-known that for the matrix M := ( 11) _Oq ) , we have

U, —qU,
Mn — n+1 n ) .
( Un —qUn_y
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The matrix method is extremely useful for obtaining lots of famous Fi-
bonacci properties, such as Cassini’s identity, D’Ocagne’s identity, and con-
volution property, etc. See [4, 7, 10, 6] for detailed history of the matrix
technique.

In this paper, we consider a further generalization of the Fibonacci and
Lucas sequences, named as, bi-periodic Fibonacci and bi-periodic Lucas
sequences. They are emerged as a generalization of the best known se-
quences in the literature, such as Fibonacci sequence, Lucas sequence, Pell
sequence, Pell-Lucas sequence, etc. Edson and Yayenie (3] introduced the
bi-periodic Fibonacci sequence as follows:

agn-1 + Qn-2, if niseven
= , > 2
o { bgno1 +gn_z, ifnisodd ' = (1)

with initial values gg = 0 and g; = 1, where a and b are nonzero numbers.
If we take a = b =1 in {g.}, we get the classical Fibonacci sequence. The
Binet formula of the sequence {g,} is given by

_ a((n+1) am — ﬂ"
RN EY ( a-8 ) @

where a = a_b'b@ and 8 = mﬁ?ﬂ that is, o and 8 are the

roots of the polynomial 22 — abz — ab and £ (n) = n — 2| 3| is the parity
function, i.e., £ (n) = 0 when n is even and £ (n) = 1 when n is odd.
Similar to (1), by taking initial conditions po = 2 and p; = a, Bilgici (1]

introduced the bi-periodic Lucas sequence as:

app-1 + Pn-2, ifnisodd
= > 2.
Pn { bpn-1 + pn—2, ifniseven n22 (3)
It gives the classical Lucas sequence in the case of a = b =1 in {p,}. The
Binet formula of the sequence {p,} is given by

gt
Pn = m (

where o and S are defined in (2). Let A := a?b?+-4ab # 0. Note that o+ =
ab,c— B = /A and aff = —ab. For some properties of these sequences see
[3,17, 1, 12, 15], and see also [11, 13] for another generalization of these
sequences.

Recently in [14], Tan and Ekin gave some matrix identities for the spe-
cial cases of the sequences in [11], and obtained some properties for the
even indices of these sequences. In {2], by using the determinant sum prop-
erty of matrices, Choo derived some general identities which reduce some

a" + ") (4)
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known results in [3, 1] as a special case. Also in (8], Jang and Jun gave a
linearization of the bi-periodic Fibonacci sequences and used this result to
obtain a matrix identity for this sequence.

Here, we defined a new matrix identity for the bi-periodic Fibonacci
sequence and the bi-periodic Lucas sequences. By using the matrix method
we give simple proofs of several identities for these numbers. Moreover, we
obtain a new binomial sum formula for the bi-periodic Fibonacci and Lucas
numbers which generalize the former results. The results of this paper not
only give alternative proofs of known identities but also include new results.

2. A MATRIX IDENTITY FOR THE BI-PERIODIC FIBONACCI NUMBERS

ab ab

LetS:=< 1 0

) ,then we have

) al [ bE™g  afMbg,
™ = (ab)l 2] ( a~ént g, g, ) ©

which can be easily proven by induction and by the help of (1).
We use the matrix identity (5) to get the following theorem easily which
is given in [3, Theorem 3,5,6].

Theorem 2.1. For any nonnegative integers m and n, we have
i) (-1)"a= al=¢MmpEMg  1gn1 — ai(n)bl—f(n)q,?t
ii) (~1)" a¥m=g,_,
= gfmntm)pe(mnin)g o _ gE(matm)pE(madmly o0 > g
iit) af(Mg, = gblmmptlmntn)g o gm + afmntnpiimnlg, g 1,n>m
i) afm g L = af(mntm)pi(mnin)y g, + aS(mntn)pé(mnimlg . g,

Proof. By taking the determinant of both sides of (5), we get the result (z)
which is the Cassini’s identity for the sequence {q,.}.
Since matrix S is invertible,

@yl#l /g, _atmpg,
(=ab)”™ ( —a~r g, b8 Vgn ) '
Considering S*~™ = S"S~™, by using the matrix identity (5) and by
equating the (1,2) entries of the matrices on both sides and by using the
parity function property £ (m — n) + £ (m) — £ (n) = 26 (mn + m), we get
the identity (ii) which is the d’Ocagne’s identity for the sequence {qn}.
Also, considering §*~! = §7~™5™~1 by using the matrix identity (5)
and by equating the (1, 1) entries of the matrices on both sides, we get the
result (iii) which is the convolution property for the sequence {g,} .

ST =
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Similarly, since S™*™ = $"S™, by using the matrix identity (5) and by
equating (1,2) entries of the matrices on both sides and also by using the
parity function property £ (m +n) + £ (m) — £ (n) = 26 (mn + m), we get
the result (iv). D

The following theorem gives the relation between bi-periodic Fibonacci
and Lucas numbers which can be seen in [1, Theorem 3], but now we give
this identity by using the matrix method.

Theorem 2.2. For every integer n, we have

Pn =0n4+1 +qn-1.

Proof. Let a and 8 denote the roots of p (z) = 22 — abzx — ab that is the
characteristic polynomial of S. The eigenvalues and corresponding eigen-

vectors of the matrix S are A\; = a, \g = fand v, = ( ? ),uz = ( f )

Therefore; P~18P = ( (o; g ) where P = ( « B ) . It follows S™ =

1 1
a™ 0 1
P(7 2 )en

If we consider the above matrix equality and the matrix identity (5), the
trace of the matrix S™ can be obtained easily as:

tr (S™) = o™ + B = (ab) | 6™ (g yy + gn_y).

Then, by using the Binet formula of bi-periodic Lucas sequence we obtain
the desired result. a

3. A MATRIX IDENTITY FOR THE BI-PERIODIC LUCAS NUMBERS

By using the matrix S, we obtain a similar matrix identity for the bi-
periodic Lucas numbers as:

ab 2ab ab ab \" _ (ab)L&I‘l ] bEntp L @€ty
2 —ab 1 0 - a“g(")pn bf(“"’l)pn_l
(6)

which can be easily proven by induction and by the help of (3).

The following theorem gives the Cassini’s identity for the bi-periodic Lu-
cas sequence {p,} which can be easily obtained by taking the determinant
of both sides of (6).
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Theorem 3.1. [1, Corollary 2] For any positive integer n, we have
b £(n+1) b €(n) ) +1
(;) Pr+1Pn—1— (E) P =(-1)"""(ab+4).

4. A MATRIX IDENTITY INVOLVING BI-PERIODIC FIBONACCI AND LUCAS
NUMBERS

Now, we find another matrix identity to prove some relations between
the bi-periodic Fibonacci and the bi-periodic Lucas numbers.

Setting T := 3 ( aib 3) ) , we have
o _ (ab) 12] ¢ pep,  Arg, ,
=—5— | 1 € (7)
2 e dn 0P

which can be easily proven by induction and by the help of (1) and (3).
By using the matrix identity (7), we get the following theorem which
can be found in [1, Theorem 5 and Corollary 3,4,6].

Theorem 4.1. For any positive integers m and n, we have
. §(n) £(n)
4D =) -8 ()T 6

. 1- 1)6(m+1

i) Prgm = % (g)e(n)ti(m)pnpm_*_ _;Ai_ (%) E(n+1)E(m )qnqm)

£(n+1 £(m+-1)§

§1) Gnpm =% (5_) (n+1)§(m) GnPm + (%) (m+1)&(n) GmPn

. )™ - 1

i) Prm = % (g)e(n)E(m)pnpm _ ;A!' (%)1 E(n+1)E(m+ )qnqm) n>m

V) Gn-m = ) a a
vi) (%)E("*‘l)f(m)

(g) £(n)é(m)
a

—_nm ((g)f(n-{—l)ﬁ(m) GnDm — (Q)E(m+l)£(n) Qmpn) n2m

9nPm = Qn4m + (_l)m n—m, D 2M
vii) PnPm = Pptm + (=1)" Pacm, n 2 m.

Proof. By taking the determinant of both sides of (7), we get the desired
result (z).

Considering T7+™ = T™T™, by using the matrix identity (7) and by
equating the corresponding entries of the matrices on both sides and using
the parity function properties

£(n) +£(m) —&(n+m)=2((n)§(m)
and
En)+EmM)+&(n+m)=2(1-€(n+1)§(m+1))
we get (i7) and by using the property
§(n)—€(m)+&(n+m)=2(m+1){(n)
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we get (ii2).
Similarly, let consider 7%~™ = T*T-™ = T™ (T™)~! and by using the
matrix identity (7), we get the results (iv) and (v).
Finally, consider the equation
T (_l)m TnR=m = Tn™ 4 (_l)m T (Tm)—l
then we get the identities (vi) and (vi). O

Now, by using the matrix T we give the following binomial sum formula
for the bi-periodic Fibonacci and Lucas sequences. For this purpose we
need the following identity:

" = (ab) 2] (a=€+0g, T 1 16 g, 1) (8)
where I is a 2 X 2 unit matrix.

Theorem 4.2. For any nonnegative integers n,r and m with m > 1. Then
we have

al™ —E(mn+r)

Imngr = ab) ‘.MJ Z ( )QQO—l(Ik+r6[m n,r, k] (9)

—€(mn+r)

k n—-k
mnt4r = ,,m - - r m,n,r,k 10
Pmn+ ab) ] E ( )qmqm 1Pk+r7} ] (10)

where
Slm,n,r k] : = (ab)lF1HnLB] g-EtmtDE-14e4n) pe(m)n—t)

y[m,n,r k] : = (ab)[%_rj"'"l"*'LJ @~ St Dkpe(m)(n=k)+E(k+r)

Proof. By considering the matrix identity (7)

Tmn+r = (ab)l‘ J ( bE(mn+r)pmn+r a_l-—e'(e-TwTan+r )
2 El‘_stlﬁn_rr?qmn+r BT g e
and the identity (8) we have
Tt = (@)L (e e, T 4 b8, 1)) T

n
n m
Z (k) (ab)"L %] aE(mEDREm)(n—k) g onk Tk tr
=0

By equating the corresponding entries we obtain the desired results. O

Note that, the above theorem generalizes the results

n

n

afMgpnyr = Z (k) aflem) (ab)l§J+E(k)E(r) Qk+r
k=0
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and

n
n k
e
k=0

which can be found in [3, Remark 1] and (1, Theorem 7].
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