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Abstract

Let Rg denote the set of trees on n = kB +1 (k > 2) vertices with
matching number 8. In this paper, the trees with minimal spec-

tral radius among Rg (2 < 8 < 4) are determined, respectively.
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1 Introduction

Let G = (V,E) be a simple connected graph with vertex set V =
{v1,v2,...,v,} and edge set E = {ey,e2,...,en}. For v; € V, the degree
of v;, written by d(v;), is the number of edges incident with v;. The set

of vertices adjacent to v; is denoted by N(v;). The maximum degree of G
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is denoted by A(G). Let A(G) = (a;;) be the adjacency matrix of G with
aij = 1 if v; is adjacent to v;; and a;; = 0 otherwise. It is well known that
A(G) is real and symmetric, so its eigenvalues are real. The spectral radius
of G, denoted by p(G), is the largest eigenvalue of A(G). Since G is con-
nected, by the Perron-Frobenius theory of nonnegative matrices, p(G) has
multiplicity one and there exists an unique unit positive eigenvector, which
is called Perron vector of G, corresponding to p(G). The characteristic
polynomial of A(G) is called the characteristic polynomial of G, denoted
by ®(G).

The diameter of G, denoted by d(G), is the maximum distance between
any two vertices of G. A set of pairwise independent edges in G is called a
matching in G. While a matching of maximum cardinality is a maximum
matching in G. The matching number 8 of G is the cardinality of a max-
imum matching of G. It is well known that 8 < 3, with equality if and
only if G has a perfect matching.

Belardo et. al 6] determined the minimal spectral radius of trees with
diameter at most four. Feng et. al [5] determined the minimal Laplacian
spectral radius among Rg (2 < f < 4), where Rg denotes the set of trees
on n = kB + 1(k > 2) vertices with matching number 8. In this paper, the
trees with minimal spectral radius among Rg for 2 < 8 < 4 are determined,

respectively.

2 Preliminaries

Lemma 2.1 ( [1]) Let G be a connected graph with mazimum degree A.
Then p(G) > VA, with equality if and only if G is a star with 1 + A

vertices.

Lemma 2.2 ( [4]) Let G be a connected graph and G’ be a proper subgraph
of G. Then p(G') < p(G).
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An internal path of a graph G is a sequence of vertices vy, vg, - , %
with & > 2 such that:

(1). The vertices in the sequence are distinct (except possibly v; = vi);

(2). v; is adjacent to vi41, (1=1,2,---,k—1);

(3). The vertex degrees d(v;) satisfy d(v,) > 3,d(vg) = -+ - = d(vg-1) =
2 (unless k = 2) and d(vi) = 3.

Let W,, be the tree on n vertices obtained from a path P,_4 (of length
n — 5) by attaching two new pendant edges to each end vertex of P,_4,

respectively.

Lemma 2.3 ( [2]) Let G be a connected graph that is not isomorphic to
Wi, Gy be the graph obtained from G by subdividing the edge wv of G. If
uv lies on an internal path of G, then p(Guy) < p(G).

Lemma 2.4 ( [3]) Let u,v be two vertices of the connected graph G. Sup-
pose vy, va,...,vs (1 < s < d(v)) are some vertices of N(v) \ {N(u) Uu}
and x = (21,%2,...,Zn)? be the Perron vector of G, where z; corresponds
to vi(1 <i< n). Let G* be the graph obtained from G by deleting vv; and
adding wv;(1 <i < s). If 2y > z,, then p(G) < p(G*).

Lemma 2.5 ( [1]) Let e = uv be an edge and v be a vertex of the tree T,

respectively. Then

O(T) = &(T—e)—®(T—u—v) and ®(T) = 2®(T—v)- > S(T—w-v).
wveE

Lemma 2.6 ( [4]) Let F, H be two graphs. If ®(F,z) < ®(H,z) for any
z 2> p(H), then p(F) > p(H).

Lemma 2.7 ( [6]) Let T be a tree on n = 2k + 1 vertices with diameter
d(T)=3. Then

p(T) = p(Ha(k, k — 1)),
with equality if and only if T = Ha(k,k — 1), where Ha(k,k — 1) is the tree
obtained from an edge uv by attaching k and k — 1 pendant vertices at u

and v, respectively.
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3 Main results

Let T»(s, t) be the tree with n = s+¢+5 vertices obtained from the path
v1v2v3 by attaching s+1 and ¢+1 pendant vertices at v; and v3, respectively.
Let 72 = {Ta(s,t) | s+t +5 = 2k + 1}, especially T} = Ta(k — 2,k — 2).
Let T3(s,7,t) be the tree with n = s+ ¢t 4+ r + 7 vertices obtained from
the path v,vev3vavs by attaching s + 1, r and ¢t + 1 pendant vertices at
vy,V3,vs, respectively. Let T3 = {T3(s,n,t) | s+ 7+t +7 = 3k + 1},
especially T3 = T3(k — 2,k — 2,k — 2). Let Ty4(s1,s2, 83, 54) be the tree
obtained from the path vjvousvqvsvsvy by attaching s; + 1, s9, s3, 84 + 1
pendant vertices at vy, vs, vs, U7, respectively. By symmetry, we have
T4(s1, 82,83, 84) = T4(s4, s3,82,51). Let Ty = {T4(s1,82,53,84) | s1 + 52 +
s3+ 544+ 9 = 4k + 1}, especially, T\ = Ty(k — 2,k — 2,k — 2,k — 2),
T =Ty(k—1,k—3,k—2,k—2), T® =Ty(k — 1,k — 3,k — 3,k — 1).

Lemma 3.1 Under the above notations, we have p(T3) = vk + 1, p(T3) =
Vk+ 2 and p(T4(1)) = p(T}z)) = p(T4(3)) =/k+ 1_-%5

Proof. From Lemma 2.5, we have

®(T3) =z 322 -k - 1)(z2 -k + 1);

®(T3) = «3%5(22 — k)(z* — 2kz? + k% — 2);

S(TV) = z¥-T(z4 — (2k - 1)x? + k2 —k — 1)(z* — (2k + 1)22 + k2 + k — 1);

<I>(T4(2)) =z¥%-T(z - (2k - 1)z? + k2 —k—-2)(z* - 2k +1)x2 + k2 + k- 1);

(T = %% =T(gt — (2k — 1)z2 + k2 —k — 3)(z? — (2k + 1)z2 + k2 + k —1).
By direct calculation, the result follows. O
If k = 2, it is well known that T3, T3 and T‘,(l) have the minimal spectral

radius in Ry, N3 and Ry, respectively [1]. In the following, we prove that

T3, T3, T,;(i) ( = 1,2, 3) have the minimal spectral radius in Ry, R3, Ry,

respectively, when k > 3.
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3.1 The minimal spectral radius of trees in R,

Theorem 3.2 If T € Ry, then p(T) > p(T3), with equality if and only if
T=T;.

Proof. Since T € Ry, we have 3 < d(T) < 4. If d(T) =4,then T € 7. If
T # T3, then from Lemma 2.4, we have p(T) > p(T3). If d(T) = 3, then
Ts can be obtained from Ha(k, k — 1) by subdividing the nonpendant edge
and deleting a suitable pendant vertex. From Lemmas 2.2, 2.3 and 2.7, we

have p(T) 2 p(Hz(k, k — 1)) > o(T3). =

3.2 The minimal spectral radius of trees in R3

Lemma 3.3 Fizr, letTa(s,r,t) € Ts. Then p(Ts(s,7,t)) = p(Ta(| 2], 7, [5££]))
with equality if and only if Ta(s,r,t) = Ts(|£t], r, [5£2]).

Proof. If [s—t| < 1, then Tx(s, r,t) = Ta(| &2}, r, [£]) = Ts([5£2], 7, [ 554)):
if |s — t| > 1, applying Lemma 2.4 to T3(| %], 7, [2£]), we have either
P(Ta(s,7,t)) > p(Ta(| 242, [421)) or p(Ts(t, 7, 5)) > p(Ta(L 55, 7 [4521)).
Note that p(T3(s,7,t)) = p(T3(t,7,s)). The result follows. O

Lemma 3.4 IfT € R3,d(T) = 6, then p(T') > p(T3), with equality if and
only if T =Tj3.

Proof. Since T € R3, d(T) = 6, we have T = T3(s,7,t) € T3, where s +
74+t+7 = 3k+1. From Lemma 3.3, we have p(T') > p(T5(| £ ], 7, [1)),
with equality if and only if T = Ts(|3ft],r, [25%]). We distinguish the
following three cases.

Case 1. k—r—2is an even number. If k~r—2 =0, then | 2| = [&ff] =
k — 2. The result follows. If k —r — 2 # 0, then | &t = [#}t] = 3k=Pf=r,
From Lemma 2.5, we have ‘

B(Ty(R=p=r, r, S=bory)

= xsk—S(:LJ _ §k—_2r—,z)($4 _ 3k+2r+21.2 + 3kr2-r2 +3k—2r— 4)_
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So, p(T) > p(Ta(Sk ~6—r .7 3k—6—r)) — \/k-l- Vo(E==s ')’+8—k__§__r >

VEk+V2=p(T3)
Case 2. k—2—r is an odd number and k—2—r > 1. Then l_ij dk=7-r 7_ R
[2tt] = 2=8=r By Lemmas 2.1 and 3.3, we have

oT) 2 oo (ET =T BTy T gy

If p(Ta(E==C,r + 1, 3"'27”)) </ #5}=r, then from Eq. (3.1), we have

3k-7—-1r 3k—-5—r7
o(T) 2 p(To(——— 1, =—=0))
3k—-7- 3k—7—
> p(To( = +1, =), (3.2)

If p(T5(32=7=r, r+1, 34=1=r)) > | /351" then from Lemma 2.5, we have

for > &'-21;',
<I)(T3(3k 7 ’r’3k-25—-1')) @(T3(3k 7 ,r+1’3k—27—7‘
_ z3k_5(3r ?2>k+ 7:1:2 + (3k — 3'r—7i(3k—7‘ -3) +1)
< g5 3 3kH9 gk +9 <o
From Lemma 2.6 and Eq. (3.1), we have
o0 2 oty 2T
>p(T3(3k_27_r,'r+1, 3k—7—r)). (3.3)

2
Since £k — 2 — r is an odd number, ¥ — 2 — (r + 1) is an even number.
Thus from Egs. ( 3.2), (3.3) and Case 1, we have p(T) > p(T3(¥==,r +
1, #1=r)) > p(T3).

Case 3. k —2 —r is an odd number and k —2 —r < —1. Then [2}t] =
3k=T-r [&3t] = 3k=5-r From Lemmas 2.1 and 3.3, we have

o) 2 po(EZT T R0y s i (3.4)
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If p(Tg(ik_;—;r,r —1,3=5=r)) < /r + 2, from Eq. (3.4), we have

3k—-7—-7r 3Bk-—5-
p(T) 2 p(To( =5 r, =)

3k—5-—r 3k—-5-r
> p(Ta(——p—rr = 1, =—2=T)). (35)

If p(T3(3E=2=C,r — 1, 3=5=1)) > \/r +2, then from Lemma 2.5, we have
for z > vr + 2,

3k -7~ 3k-5—-r 3k-5— 3k—-5-r
@(Tli( 3 ‘r,'f', D) )) - @(T;;(-Tr’r -1, ___5___))
___x3k_5(_3'r—3k+5$2 _ @Bk—r-1)@3k—3r—5) 1)
2 4
< oL REE gk o2 _1y<o.

Form Lemma 2.6 and Eq. (3.4), we have

3k-7- 3k—5—-r
p(T) 2 p(Ts(——5— 1, ——5—)

3k—5-r 3k—5-r
> p(T(——— 7 - L——5—)) (3.6)

Since k — 2 — 7 is an odd number, k — 2 — (r — 1) is an even number. From
Egs. (3.5), (3.6 ) and Case 1, we have p(T) > p(Ta(%=g=r,r—1, 3£=8=r) >
o(T3). O

Let H3(sy, s2, s3), F3(s1, 82, 83), L3(s1, s2, 33),L§“)(sl, s2, 83) be the graphs
3
as Fig. 1. Let H3 = {H3(31,32,33) | 81,83 2 1,89 > O,Zsi +4 =

i=1

3
3k+1$k > 3}, ]:3 = {F3(Sl,82,33) | $1,82,83 2 1, 2 Si+3 = 3k+11k z 3}7
i=1

3
£3 = {L3(511321 33) | 51, 52,83 2 13 E Si +4 = 3k + 17k 2 3}’ E:(;a) =
i=1

3

L(a) 8, 82, 83 8, 82,83 > 1, 31+5=3k+11k23 .
3 =
i=
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W w

H}(slssz)sj) F;(sl’sl'sli)

$

Ly(s5,,5,, ) L""(s,,sz,s,)
Figure 1: Trees H3(s, s2,53), Fa(s1, $2, 83), L3(s1, $2, s3), Lga)(sl, $2,83)-

Theorem 3.5 If T € R, then p(T) > p(T3), with equality if and only if
T=T;.

Proof. Since T € R3, we have 4 < d(T') < 6. Without loss of generality,
we distinguish the following three cases.

Case 1. If d(T') = 6, then from Lemma 3.4, the result follows.

Case 2. Ifd(T) = 5, then T € Hs. Thus T = Hjs(sy, s2,53), where
E s; +4 = 3k + 1. We consider the following two subcases.

Subcase 2.1. If s = 0, then s; + s3 = 3k — 3 (k > 3). Suppose that
sy =83 Ifs3=1,thens; =3k—4, AT)=81+1=3k-3 > k+2. From
Lemmas 2.1 and 3.1, we have p(T") = p(H3(s1,0,1)) > p(T3). If s3 > 2,
then we obtain T3(s; — 2,0,s3 — 1) € T3 from H3(s1,0, s3) by subdividing
the edge wiw, and deleting the vertex u. From Lemmas 2.2, 2.3 and 3.4,
we have p(T) = p(H3(s1,0,83)) > p(Ts(s1 — 2,0,53 — 1)) = p(T3).
Subcase 2.2. s5 > 1. If s3 =1, then 51 + 83 = 3k—4. Thus A(T) > 2k >
k+2 (k > 3). From Lemmas 2.2 and 3.1, we have p(T') = p(H3(s1, 52,1)) >
o(T3). If s3 > 2, then we obtain T5(sy, s2—1, s3—1) € T3 from Hz(sy, s2, s3)
by subdividing the edge waw, and deleting the vertex v. From Lemmas 2.2,
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2.3 and 3.4, we have p(T') = p(H3(s1,52,53)) > p(T3(s1—1,82—1,83—1)) >
P(T3).

Case 3. If d(T') = 4, then T € F;3|J £3. We distinguish the following two
subcases.

Subcase 3.1. If T € F3, then T = F3(s), s2, s3), where z $;i+3=3k+1.

Ifsy=s3=1,thens; =3k -4, A(T)=352+2=3k — 4>k+2(k>3)

From Lemmas 2.1 and 3.1, we have p(T) = p(F3(1,s2,1)) > p(T3). If
s1 > 2 or s3 > 2, then we can suppose s; > 2 by symmetry. Further-
more, the graph Hz(s;,s2 —1,s3) € Hs can be obtained from F3(s1, 52, 53)
by subdividing the edge wjyw; and deleting the vertex ws. From Lam-
mas 2.2, 2.3 and the proof of Case 2, we have p(T') = p(F3(s1, s2,53)) >
p(Hs(s1,82 — 1,83)) > p(13). \

Subcase 3.2. If T € L3, then T = L3(s1, $2,53), where ; $;+4=3k+1.
Let Lga)(sl, s2—1,s3) € Cg"), then L:(;a)(sl, sp—1,83) € 7‘3 and L:(,") (s1,82—
1, 83) —wows +wyws = L3(sy,82,83) € L3. Let £ = (z1,22,...,25)7 be the
Perron vector of L3(s), s2, s3) and suppose Z,, > T,. From Lemmas 2.4
and 3.4, we have p(T") = p(L3(s1, $2,53)) = p(Lga)(sl, s3 —1,83) — wows +
wiws) > p(L§? (51,52 — 1, 83)) > p(T5). O

3.3 The minimal spectral radius of trees in R,

Lemma 3.6 If T € Ry, then A(T) > k. Moreover, if T has the minimal
spectral radius, then k < A(T) <k +1.

Proof. From [5), it is easy to see that A(T) > k. If T has the minimal
spectral radius and A(T) > k + 2, from Lemma 2.1, we have p(T) >

VAT 2Vk+2>\/k+ 1—"135 = p(T4(l)), a contradiction. 0

Lemma 3.7 If T € Ry, d(T) = 8, then p(T) > p(T{"), with equality if
and only if T € {I} T, (2),T4(3)}.
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Proof. Since T € Ry, d(T) = 8 we have T € T3. So, we can suppose that

T = Ty(s1, s2, 53, 54), Where Z $;i +9 =4k + 1. From Lemma 2.5, we have
i=1

4
@(T)—xg [:v —(Zs +8)z® + ( Z szs]+623,+21)m
i,j=1 i=1
i#j

4
——(- Z 5i8;8k + 2 Z s,sJ+1OZs1+sz+sa+20)m

t,J,k=1 i,j=1 i=1
i#j#k i#j
+ Hs, + = Z 8;8;Sk + 2 Z §i8j — 8182 — 5184 — 384
i=] .J,k 1 i,j=1
i#j#tk i#j
4
+6) si— 251 — 254 +5]. (3.7)

i=1
From the proof of Lemma 3.6, we suppose k < A(T) < k+1. If A(T) =k,
then T = T, IfA(T) = k+1, thens; < k-1(1 < i < 4), zs, =

4k — 8. Thus, at least one and at most three of the s;s are k= 1 If
there are three of the sjs are k — 1, then another one is ¥ — 5. Thus
Te{Tyk-1,k—1,k—5k—1),Ty(k—1,k—1,k—1,k —5)}. If there are
two of the s;s are k — 1, then another two are k —2,k —4or k- 3,k —3.
Thus T must be one of the following trees:
Tk—1,k—1,k—2,k—4), Ty(k -1,k -1,k — 4,k — 2), Ty(k -1,k -
2,k—1,k—4), Tutk—1,k—4,k—1,k—-2), Ty(k -1,k -2,k — 4,k — 1),
Ta(k—2,k—1,k—1,k—4), Ty(k—1,k—1,k—-3,k—-3), Ty(k—1,k -3,k —
L,k—3), Ta(k—1,k—3,k—3,k=1) =T Ty(k -3,k -1,k -1,k —3).
If there is only one of the s}s is k—1, then another three are k—2,k—2,k-3.
Thus T must be one of the following trees:
Ta(k—1,k—2,k~2,k—3), Ty(k—1,k—2,k—3,k—2), Ty(k—1,k -3,k -
2,k—2) =T3P, Ta(k— 2,k — 1,k — 2,k = 3), Ty(k =2,k — 1,k — 3,k — 2),
Talk -3, k—1,k—2,k-2).

When z > p(T{") = \/k + &, from Eq. (3.7), we have
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O(Ty(k—1,k—1,k—5k—1)) —B(T{") = 2% ~7[~62% + (12k +10)z2 —
6k2 — 10k — 2] < z%*-7(2/5 — 6) < 0;

O(Ta(k—1,k—1,k—1,k—5)) = B(TM) = 24~7[—624 + (12k + 6)z> —
6k2 — 6k + 2) < x%-7(—4) < 0;

O(Ta(k — 1,k — 1,k — 2,k — 4)) = B(TV) = 24%=7[—3z% + (6k + 1)z2 —
3k? — 3k +1) < z*-7(-3 - /5) < 0;

S(Ty(k — 1,k — 1,k — 4,k — 2)) — B(TV) = 2%-7[—3z% + (6k + 3)z2 —
k2 —k-1) < z%*7(—4) <0

S(Talk—1,k—2,k— 1,k — 4)) — D(TV) = z%-7[3z% + (6k + 1)z2 —
3k% — k + 4] < 2%%-7(-/5) < 0;

S(Ta(k—1,k -4,k —1,k —2)) — B(TV) = 24%-7[—3z4 + (6k + 3)a? —
3k2? — 3k + 2] < 2%-7(-1) < 0;

O(Ta(k — 1,k — 2,k — 4,k —1)) — B(TSV) = z4%-7[—324 + (6k + 4)z? —
3k? — 4k 4 1] < z%-7(¥B=3) < ¢,

O(Ty(k—2, k=1, k—1, k—4))—&(T") = z4%-7(—32% + 6k —3k2+2) <
x4k—7(i2@—_5) <0;

(Ty(k—1,k—1,k—3,k—3)) — ®(TNM) = z4%-7(—2z4 4 dka? — 2?) <
z#-7(-v5-3) < 0;

B(Ta(k—1,k-3,k—1,k—3))—®(T ") = z%~7(—2z + 4ka?—2k2+4) <
z4*-7(—y/5+1) < 0;

S(Tylk—3,k—1,k—1,k—3)) — D(TV) = p4-7[—22¢ + (4k — 2)22 —
2k% + 2k + 2] < z%*-7(—2 - 2/5) < 0;

B(Ty(k—1,k~2,k—2,k—3))—B(T") = z%-7(—zt + 2kz? ~ k2 +1) <
x4k—7(:@) <0;

O(Ty(k — 1,k — 2,k — 3,k — 2)) — B(T{V) = 2%—7[—z4 + (2k + 1)z2 —
k2 — k) < z%-7(=1) < 0;

S(Ty(k — 2,k — 1,k — 2,k — 3)) — ®(TV) = 2%—7[—z* + (2k — 1)z? —
k% 4+ k] < z%-7(—2 - B) < 0;

S(Ty(k — 2,k — 1,k — 3,k — 2)) — B(TM) = z¥~7[—z4 + 2kz? — k?) <
:1:4"‘7(#) < 0;
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S(Ta(k — 3,k — 1,k —2,k—2)) — ®(TNM) = 2%-T[—z4 + (2k — 1)22 -
K2+ k+1]<z¥%7(—y/5-1)<0.

By Lemmas 2.6 and 3.1, we have p(T") > p(Tq(l)), with equality if and
only if T € {T", T, T}, o

Let Fy(s1, s2, 3, 84) and Hy(s1, 82, 53, 54) be trees defined as Fig. 2. Let
4
Fa = {Fy(s1,52,83,84) | 51,84 2 1,802,853 20, s; +6 =4k +1,k > 3},

i=1

4
H4={F4(81,82,S3,S4) | S,>1,ZS,+6=4’€+1,1_<_‘LS4,k23}

T s

wowwow,

Wy s,

F(5),52,55,5,) H,(5,,5;,53,5,)

Figure 2: Trees Fy(s1, s2, 53, 54), Ha(s1, $2, 83, 54).

Lemma 3.8 IfT € Ry and d(T) =7, then p(T) > p(T‘,(l)).

Proof. Since T € Ry, d(T') = 7, we have T € {Fy, H4}. We separate into
the following two cases.

Case 1. T € Fy, then T = Fy(s1, 2,53, 54), where i $; +6 = 4k +
1, 51,84 2> 1, 82,53 > 0. We consider the following four ;Tlll)cases.
Subcase 1.1. If s = s3 = 0, then s; + s4 = 4k — 5. So we suppose that
s1>384. If s4 =1,thens; =4k—6, A(T) =s1+1 =4k-5> k+1 (k > 3).
From Lemma 3.6, we have p(T) = p(Fy(s1,0,0,1)) > p(T}l)). If 54 > 2,
then s; > s4 > 2. Thus we obtain Ty(sy — 2,0,0,s4 — 1) € T3 from
Fy4(51,0,0,s4) by subdividing the edge wyw, and deleting the vertex ws.
From Lemma 3.7, we have p(T4(s1 — 2,0,0,s4 — 1)) > p(T4m). Therefore
p(T) = p(Fi(51,0,0,54)) > p(T{").

Subcase 1.2. If s, =0,s3 > 1, then s; + 53+ 54 =4k —5. If s; =1, then
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s3+84 =4k —-6,A(T) 22k-12>k+2(k > 3). From Lemma 3.6,
we have p(T) = p(F4(1,0,s3,54)) > p(T4(1)). If s; > 2, then we ob-
tain Ty(sy — 1,0,83 — 1,84 — 1) € Ty from Fy(s1,0, s3, s4) by subdivid-
ing the edge wywe and deleting the vertex v. From Lemmas 2.2 and
2.3, we have p(Fy(s1,0,s3,84)) > p(Ta(s1 — 1,0,s3 — 1,84 — 1)). From
Lemma 3.7, we have p(Ty(s; — 1,0,83 — 1,54 — 1)) = p(T,fl)). Therefore
P(T) = p(Fa(s1,0, 53, 54)) > p(T{").

Subcase 1.3. If s, > 1,83 = 0, then s; + 83 + 54 = 4k —5. If 51 =
1, then s; +s4 = 4k —6, A(T) > 2k—-1 > k+2 (k > 3). From
Lemma 3.6, we have p(T) = p(Fa(l,52,0,54)) > p(TM). If 81 > 2,
then we obtain Ty(s; — 1,52 — 1,0,84 — 1) € T3 from Fy(s1,s2,0,54) by
subdividing wywy and deleting u. From Lemmas 2.2 and 2.3, we have
o(Fy(s1,52,0,54)) > p(Ty(s1 — 1,82 — 1,0,s4 — 1)). From Lemma 3.7,
we have p(Ty(sy — 1,82 — 1,0,s4 — 1)) 2> p(T‘,(l)). Therefore p(T) =
P(Fi(s1,52,0,54)) > p(T{").

Subcase 1.4. so,s3 > 1. If s; = 1, then we obtain Fy(s2+1,0,s3,54) € F4
from Fy(1, sz, s3, 84) by subdividing the edge wow3s and deleting the vertex
ws. From Lemmas 2.2, 2.3 and Subcase 1.2, we have p(Fy(1, s2, $3, 54)) >
p(Fy(s2 + 1,0, 83,54)) > p(T,fl)). If s > 2, then we get Ty(s1 — 1,52 —
1,s3,84 — 1) € T4 by subdividing wyw2 and deleting u of Fy(s1, s2, 53, 84).
From Lemmas 2.2, 2.3 and 3.7, we have p(Fy(s1, 52, $3,54)) > p(Tu(s1 —
1l,s0—1,83,84—1)) > p(T}l)). Thus p(T') = p(F4(s1, s2, S3, 54)) > p(T,,(l)).
Case 2. If T € H4, then T = Hy(sy, 82, 53, S4), where s; > 1, f‘_, $;+6=
4 +1,1<i<4 We obtain Ty(sy — 1,83,53 — 1,84 — 1) € T from
Hy(s1, 2, 83, 84) by subdividing the edge wiw, and deleting the vertex ws.
From Lemmas 2.2, 2.3 and 3.7, we have p(Hy(s1, s2, S3,54)) > p(Ta(sy —
1,50,83 — 1,54 — 1)) > p(T\"). Therefore p(T) = p(Ha(s1, 52,53, 54)) >
p(TM). O

Let I4(s1, 82, 83, Sa), Ja(S1, 82, 53, 54), La(s1, 52, 83, 84), My(s1, 52, 53, 54),
Ny(sy,s2,53,54) be trees defined as Fig. 3. Let I, = {I4(s1,52,53,54) |
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4
51,582,584 > 1,83 20, si +5 =4k + 1,k > 3}, Ty = {Ja(s1,52,53,54) |

i=1

4
81, 82, 83, 84 Z 1;zsi +5 = 4k+ lak 2 3}1 £4 = {L4($1,82,83,34) I

i=1

4
81, 82, 83 = 1,34 > O$ Z $;+6= 4k + lak 2 3}) M4 = {M4(S],32,S3,S4) |
i=1 .

4
Sy, 82,83 Z 1134 2 0’ Z 83 +7= 4k+1,k 2 3}) N4 = {N4(S],82,83,84) |

t=1

4
51,582,853 21,5420, s; +6 =4k +1,k > 3}.

i=]

ld(sl'svss!"l) J4(Spspsp~’4) L4(3|13ps;:34)

M (5),5,,53,5,) N (5,,5,5,5,)

Figure 3: Trees I4(si1,s2,53,84), Ja(s1,52,83,84), La(s1,s52,s53,54),

M,(s1, 82, 83, 84), Na(s1, S2, 83, 54)-

Lemma 3.9 If T € R, and d(T) = 6, then p(T) > p(T{M).

Proof. Since T € Ry, d(T) = 6, we have T € {Z4, Ja, L4, M4, Ny}. We
distinguish the following five cases.

Case 1. If T' € 74, then T = I,(sy, s2, 53, 54), S1, 52,84 = 1, s3 =0, Z‘I: si+
5 = 4k + 1. We consider the following two subcases. =
Subcase 1.1. s3 =0. If s; =1, then so+s4 =4k—-5,AT) > 2k-1> k+

2 (k > 3). From the proof of Lemma 3.6, we have p(T') > p(T‘fl)). Ifs; > 2,
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we obtain Fy(s4,0,s2 — 1, 1) € F4 from I4(sy, s2,0, s4) by subdividing the
edge wywy and deleting the vertex w3. From Lemmas 2.2, 2.3 and 3.8,
we have p(I4(s1, $2,0,584)) > p(Fa(84,0,52 — 1,57)) > p(T4(1)). Therefore,
P(T) = p(Ia(s1,52,0,54)) > p(T{V).

Subcase 1.2. s3 > 1. If s; = s4 = 1, then sy+s3 = 4k—6, A(T) > 2k—-2 >
k +2 (k > 3). From the proof of Lemma 3.6, we have p(T) > p(T{"). If
81 > 2, then we obtain Fy(s4, s3,52 — 1,51) € Fy from I4(sy, S2, 53,84) by
subdividing the edge w,ws and deleting the vertex ws. From Lemmas 2.2,
2.3 and 3.8, we have p(I4(sy, s2, 83, 34)) > p(Fu(s4,83,52—1,581)) > p(T,fl)).
Therefore, p(T) > p(T,fl)). If s4 > 2, we get the result by the similar
method.

Case 2. If T € J,, then T = Jy(s1, 82, 83,54), where s1,52,53,54 >
1, 24: 8;+5 = 4k+1. We obtain Fy(31, s2, 83—1, 84} € F4 from J4(s1, 52, 53, 84)
byi =Q{deividing the edge wows and deleting the vertex ws. From Lem-
mas 2.2, 2.3 and 3.8, we have p(Jy(s1, s2, 83, 54)) > p(Fa(s1, 52, 83—1,84)) >
p(T4(1)). Therefore p(T) = p(J4(s1, 52, 53, 54)) > p(Til)).

Case 3. If T € L4, then T = L4(sy, 82, $3, 84), where s1,82,53 = 1,84 >
0, 24: $;+6 =4k + 1. From Lemma 2.5, we have

=1

®(L4(s1,52,53,54)

4
2 si—
= zi=1 [a: —(Zs,+5)a: +( Zs,s,+4Zs,—s4+5)x
i=1 t,3=1
' 195J
Z 888k + Zs,s,-l— Z s,s,+2Zs,+sz+33
Wik i,j=1 i,j=1
t#a#k iy i#j
+ H S; -I- Z $iS;8k + H s; + Z 8;i8; — 5184). (3.8)
t,5,k= i=1 i,j=1
t#J#k i#]

‘We consider the following two subcases.
Subcase 3.1. If s4 = 0, then s; + s2 +s3 = 4k — 5. If k£ > 5, then
A(T) > k + 2, from the proof of Lemma 3.6, we have p(T) > p(T‘,(I)). If
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k=3,thens;+s2+s3=7,821(i=1,2,3),3 < A(T) < 4. Therefore
T must be one of the following trees:

L4(1,3,3,0), L4(3,1,3,0), L4(3,2,2,0), L4(2,2,3,0).

If k=4,then s +s2+s3=11,s,>1 (¢ =1,2,3), 4 < AT) <5.
Therefore T € {L4(3,4,4,0),L4(4,4,3,0)}. If £ = 5, then 51 +s2+53 = 15,
si>1(i=1,23),5 < A(T) < 6. Therefore T = L4(5,5,5,0). By direct
calculation, we have p(T) > p(T4(1)), 3<k<s.

Subcase 3.2. If s4 > 1, then 24: $; = 4k — 5. From Lemma 3.6, we can

=1
suppose that k < A(T) < k+ 1. If A(T) = k, then s;1,82,53 < k - 1,
4
s¢ < k-2, s; =4k —5. Therefore T = Ly(k — 1,k — 1,k — 1,k — 2).

i=1
If A(T) = k+ 1, then s1,82,83 < k, 54 < k-1, ﬁ:s,- = 4k — 5. Thus,
at most three of the s}s are k. If there are three of the s)s are k, then
T = L4(k,k,k,k — 5). If there are two of the s}s are k, then another two
must be k—1,k—4 or k—2,k—3. Therefore T must be one of the following
trees:
Ly(k,k,k — 1,k —4), Ly(k — 1,k k, k — 4), Ly(k, k,k — 4,k - 1), Ly(k -
4,k k,k—1), La(k,k,k—2,k—3), Ly(k—2,k,k,k—3), Lq(k, k,k—3,k—2),
Ly(k -3,k k, k —2).
If there is only one of the s}s is k, then another three must be k—1,k—1,k—3
ork—1,k— 2,k 2. Therefore T must be one of the following trees:
La(k,k—1,k—1,k—3), Ly(k—1,k,k—1,k—3), Ly(k,k—1,k -3,k —1),
Ly(k—1,k,k—3,k—1), Ly(k—3,k,k—1,k—1), Ly(k,k—1,k—2,k—2),
Ly(k—1,k,k—2,k—2), Ly(k—2,k,k— 1,k ~2), Lqy(k,k—2,k -2,k —1),
Ly(k —2,k,k—2,k—1).
If 51,52,83,54 < k, then s4 = k — 1. Therefore T € {La(k — 1,k — 1,k —
2,k —1),Ly(k~-2,k—1,k—1,k—1)}.

When z > p(T,,(I)) =\k+ -1—"'@@, from Egs. ( 3.7) and (3.8), we have

S(La(k — 1,k —1,k—1,k—2)) — ®(TM) = g%~T[~z* + (2k — 2)22 —
k2 + 2k) < z-7(=55348) < o,
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&(La(k—1,k k—2,k—2)) - D(TNM) = g4%=7[—2z* + (dk — 2)z® — 2k +
2k +1] < z%-7(-3 - 2V/5) < 0;

(La(k -2,k k—1,k—2)) = B(TN) = g4-7[-22% + (4k —3)z? —2k2 +
3k — 1] < z4-T(ZLUZ8YE) < 0

&(La(k, k—2,k—2,k—1)) - S(TM) = z4%-7[—3z% + (6k —2)z% — 3k +
2k + 3] < zt-7(=5558) <

O(La(k—2,k k—2,k—1))— B(T") = z%-7[-32% + (6k — 4)z% — 3k +
ak + 1] < 2% 7(=USE) <

d(La(k—1,k—1,k—2k—1)) = BTM) = 2% -7[—22% + (4k — 3)z? -
2k2 + 3k < z%-7(=2=8Y8) < ;

S(La(k -2,k — 1,k —1,k—1)) = HTM) = z%-7[=22% + (4k — 4)22 —
2k? + 4k — 1] < z%*-7(-6 — 3/5) < 0.

From Lemma 2.6, we have p(T) > p(T}l)).
Case 4. If T € My, then T = My(si, s2, 53, 84), where sy,82, s3 2> 1,
54 20, ils,- = 4k — 6. From Lemma 2.5, we have

B(My(s1, 52,83, 54))
i 8;i— 1

= gi=1 £ —(Zs,+6)x +( Zs,sJ+SZs,—2S4+9)x
=1
g
— (— Z 8iS;jsk + Z 8is; + z $iS; +52s, —234+4)x +Hs,
’ xk_ ) WJ=
zinek 3#:1 3#:
1
E Z s,s,sk+2Hs, 3 Z 8is; + = Z $iS; +Zs,}
i,j,k= =1 i,j=1
1¢J¢k i#j i#j

(3.9)

We distinguish the following two subcases.
Subcase 4.1. If s4 =0, then s; + 55 +s3 = 4k —6. If £ > 6, then A(T) >
k + 2. From the proof of Lemma 3.6, we have p(T') = p(M4(s1, s2, 83,0)) >
Po(TDY. If k = 3, then T € {M4(1,2,3,0), M4(2,2,2,0)}; if k = 4, then
T € {M4(2,4,4,0), M4(3,3,4,0)}; if k = 5, then T = My(4,5,5,0); if k =
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6, then T = M,(6,6,6,0). We have p(T) > p(T‘fl)) by direct calculation

for3<k<86.

Subcase 4.2. If s4 > 1, then ﬁ: $; = 4k —6. From Lemma 3.6, we suppose

that k < A(T) < k+1. I A(T) = k, it is easy to see that s1, 3,53 < k—1,

84 < k—3. Therefore T = My(k—-1,k—-1,k—1,k-3). fA(T) =k +1,

then s1,80,83 <k, s4 <k—2. If sy =83 =33 =k, and for i s; = 4k — 6,

then s4 = k — 6. So T = My(k,k,k,k — 6). If there are ;vlo with value

of k, we just discuss s; = sy = k for symmetry. For s; = s; = k, and

i s; = 4k — 6, we have s3 +s4 =2k — 6 and s3,84 € {k -2,k — 3,k — 4}.

’iﬁius T must be one of the following trees:

My(k,k,k—1,k—5), My(k,k, k—2,k—4), Ma(k,k,k—4,k—2), My(k,k,k—

3,k—23).

If there is only one with value of k, we just discuss s; = k for symmetry.

For s, = k and is,- = 4k — 6, then s3 + s3 + s4 = 3k — 6 and s3,83 €

{k—-1,k-2,k -—?:k —4},84 € {k — 2,k — 3,k — 4}. Thus T must be one

of the following trees:

My(k,k—-1,k—1,k—4), My(k,k—1,k—2,k—3), My(k,k—1,k—3,k—2),

My(k,k -2,k -2,k - 2).

Ifs; < k-1(3=1,2,3), for i:ls; = 4k—6 and A(T) = k+1, then s4 = k-2.
i=

Thus T = Ma(k — 1,k — 1,k — 2,k — 2). When z > p(T{") = /k + 1505,
from lemma 3.7 and 3.9, we have

S(Malk—1,k — 1,k — 1,k — 3)) — B(TV) = 2%-7(-1) < 0;

B(M,y(k, k, k, k — 6)) — ®(TV) = 2#*=7(—6z4 + (12k + 14)2? — 6k —
14k — 7) < z%=7(4+/5 - 9) < 0;

O(My(k, k, k — 1,k — 5)) — B(T)) = z%-7(—3z4 + (6k + 6)z% — 3k? —
6k — 2) < z-T(RLE=T) < @;

S(My(k, k, k — 2,k — 4)) — B(TV) = z9%-7(-224 + (4k + 2)z? — 2k% —
2k +1) < z¥*-7(-1) < 0;
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S(Ma(k, k,k— 4,k —2)) — D(TV) = z%-7(—62* + (12k + 6)z2 — 6k —
6k + 1) < z4-7(-5) < 0;

S(Ma(k, k,k — 3,k — 3)) — B(TM) = z%-7(—3z4 + (6k + 2)x? — 3k2 —
2k +2) < z¥-T(=8) < g

O(Ma(k,k—1,k—1,k—4)) — Ty = z%-T(—z% + (2k +2)z — k2 —
2k — 1) < e¥*-T(=2E) < 0

S (My(k,k — 1,k — 2,k —3)) — <P(T4(l)) = - T(—z% + 2kz? — k2) <
x4k—7(-—_3-245) <0;

S(Ma(k,k—1,k—3,k—2)) —(TV) = 2% -7(—3z4 + 6kx2 —3k2+1) <
gk=7(=38=T) < 0;

S(Ma(k, k — 2,k — 2,k — 2)) — B(TY) = z¥%-7(—22% + (4k — 2)a? -
2k? + 2k + 1) < z%-7(-3 — 2v/5) < 0;

S(Ma(k -1,k =1,k -2,k —2)) = B(TNM) = *-7(—z* + (2k - 2)z? —
k2 4 2k — 1) < z%-7(=348=T) < 0.

From Lemma 2.6, we have p(T") = p(My(s1, s2, 83, S4) > p(T}l)).
Case 5. If T € Ny, then T = Ny(s, s2, $3, 54), where sy, 52,53 > 1, 54 >0,
i s; = 4k — 5. We consider the following two subcases.
g&bcase 5.11f s4 =0, then sy +se+s3 =4k—5. If k> 5, A(T) > k+2,
then from the proof of Lemma 3.6, we have p(T') = p(N4(s1, 52, 53,0)) >
p(T, 4(1)). From Lemma 3.6, we can suppose that k < A(T) < k+ 1. Then
$1,82,83 < k. If £ = 3, then T must be one of the following trees:
N4(1,3,3,0), Na(3,1,3,0),Ny(2,2,3,0), and Ny(2,3,2,0). If k = 4, then
T € {N4(3,4,4,0), N4(4,3,4,0)}. If k = 5, then T = Ny4(5,5,5,0). So we
have o(T) > p(T4(l)), 3<k<L5.
Subcase 5.2. If s4 > 1, then T = Ny(s1,5s2,83,84). If so = 1, then
S1+83+s84 =4k —6, 5y <k, s3<k,s4 <k—-2 Ifk > 4, then
Sy + sz + 54 = 4k — 6 > 3k — 2 and A(T) = k + 2. Therefore from the
proof of Lemma 3.6, we have p(T) = p(N4(s1,1,53,54)) > p(T}l)) (k >
4). Suppose £ < A(T) £ k+ 1 from Lemma 3.6. If & = 3, then
S +53+s4 =86, 81,83 3,84 =1. SoT = Ny3,1,2,1). If k = 4,
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then s; + s3 + 84 = 10, 51,83 < 4, 84 < 2. So T = Ny(4,1,4,2). Thus,
we have p(T) = p(Ni(s1,1,53,5 —4)) > p(TM), 3 < k<4 If s, > 2
then Mjy(si1, 82, 83, 84) € My is the tree obtained from Ny(si, s2, 53, 84) by
subdividing wyw. and deleting u. From Lemmas 2.2, 2.3 and Case 4, we
have p(T) = p(Na(s1, 52, 53,54)) > p(Ma(s1, 52, 83,54 = 1)) > p(T{"). O

X

B,(5,,5,,53,5,) Ci(51152:53154) D(5,,5315,,54)

Figure 4: Trees By(s1, s2, 83, 34), Ca(51, 82, 83, 84), Da(s1, 52, 83, 54)-

Let By(s1, s2, 83, 84), Ca(s1, S2, 83, 84), D4(s1, $2, 83, 84) be trees defined

4
as Fig. 4. Let By = {By(s1,52,53,54) | s1,82,83,84 > 1,) s +4 =
i=1

4
4k+ lak 2 3}, c4 = {04(81,82,53,54) I 81,82, 53 Z 1,84 Z 07 Esi +5 =
i=1

4
4k + 1,k > 3}, Dy = {D4(Sl,32,53,84) | 51,82,83,54 = 1, Zsi +5 =
i=1
4k+1,k23}.

Lemma 3.10 If T € R, and d(T) = 5, then p(T) > p(TV).

Proof. If T € Ry, d(T) = 5, then T € {B4,C4,D4}. We distinguish the
following three cases.

Case 1. If T € By, then T = By(s1, 52, 53,54). Therefore, I4(s4, 53,52 —
1,s;) € Iy is the tree obtained from By(s1, s2, 53, 54) by subdividing the
edge w;w, and deleting the vertex ws. From Lemmas 2.2, 2.3 and 3.9, we
have p(T) = p(Ba(s1, 52,53, 54)) > p(a(s4, 83,52 = 1,81)) > p(Ti").

Case 2. If T € C4, then T = Cy(s1,52,53,54), $1,82,83 = 1, s4 2 0,

4
3" s; = 4k — 4. We consider the following two subcases.

=1
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Subcase 2.1. If s4 = 0, then s; + 53 +s3 = 4k — 4. If £ > 4, then
sy +82+5s3 = 4k—4 > 3k. So A(T) > k+2. From the proof of Lemma 3.6,
we have p(T) = p(C4(s1, 82, 53,0)) > p(T,fl)), k > 4. From Lemma 3.6, we
suppose k < A(T) < k+1. If k = 3, then s), 52,53 < 3, s1+52+33 =8. So
T € {C4(2,3,3,0),C4(3,3,2,0)}. If k = 4, then s1,52,53 < 4, 51+852+53 =
12. So T = C4(4,4,4,0). We have p(T) = p(C4(s1, s2, $3,0)) > p(T‘,(l)) by
direct calculation for 3 < k < 4.

Subcase 2.2. s4 > 1. If s = s3 = 1, then 53 + s4 = 4k — 6 and
A(T) 22k —-12k+2 (k> 3). From the proof of Lemma 3.6, we have
p(T) = p(Cy(s1,1,1,84)) > p(Tél)). If s > 2 or s3 > 2, then we suppose
s3 > 2 by symmetry. So Ny(si1,s2,53,54 — 1) € Ny is the tree obtained
from Cy(sy, s2, 83, 54) by subdividing the edge wsw, and deleting the vertex
u. From Lemmas 2.2, 2.3 and 3.9, we have p(T) = p(cq(s1,1,1,84)) >
p(Na(s1, 52, 53,54 — 1)) > p(T(V).

Case 3. If T € Dy, then T = Dy(sy, s2, $3, 84), where s1, S2, 83,54 >
1, f:si =4k —4. If s; = 1, then so +s3+5s4 = 4k —5. If k > 4,
S :I:—_lss + s4 = 4k —5 > 3k — 1, then A(T) > k + 2. From the proof of
Lemma 3.6, we have p(T) = p(D4(1, s2, $3,84)) > p(Til)), k>4. Ifk=3,
52,83 < 3,54 < 2,850+ 53+54 =7, then T € {Dy(1,3,3,1),D4(1,3,2,2)}.
If k =4, s2,83 < 4, 84 <3, s2+53+54 =11, then T = Dy(1,4,4,3).
We have p(T) > p(T4(l)) by direct calculation for 3 < k < 4. If 5, > 2,
then L4(sy, s2, 83,54 —1) € L4 is the tree obtained from Dy(s, 32, $3, 84) by
subdividing the edge wyw,; and deleting u. From Lemmas 2.2, 2.3 and 3.9,
we have p(T') = p(D4(s1,1,1,84)) > p{La(s1,52,53,54 — 1)) > p(T}l)). O

Let Y4(s1,52,3,54), Za(s1,82,53,84) be trees defined as Fig. 5. Let
4
" Vi = {Yy(s1,52,53,84) | $1,92,83,84 = 1,3 s;i +5 = 4k + 1,k > 3},

t=1

4
Z4 = {Z4(s1,52,53,54) | 51,82,83,84 2 1,) s +4=4k+ 1,k > 3}.

i=1
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5y

Y, (51,52,8,58,) Z,(51,57:53,5,)
Figure 5: Trees Y3(s1, S2, 53, S4), Z4(51, S2, 83, 54)-

Lemma 3.11 If T € R, and d(T) = 4, then p(T) > p(T().

Proof. If T € R4,d(T) = 4, then T € {4, Z4}. We consider the following
two cases.

case 1. If T € Y, then T = Yy(s1, S2, 83, 54), where isi = 4k — 4,
$1,52,83,54 > 1. We suppose k < A(T) < k+1 fromleemma 3.6. If
A(T) = k, then sy,82,83,84 < k—1. For i s; = 4k — 4, we have T =
Yatk—1k—1,k—1k—1). If A(T) = k+ 1, then s1,52, 53,54 < k. For
ﬁ‘, s; = 4k — 4, at least one and at most three of the s}s are k. If there are
three of the sis are k, then another one is k — 4. So T = Ya(k, k, k. k — 4).
If there are two of the s;s are k, then another two must be k — 1,k — 3 or
k—2,k—2. SoT € {Ya(k,k,k—1,k—3),Ys(k,k, k— 2,k —2)}. If there is
only one of the s}s is k, then another three must be k — 1,k — 1,k —2. So
T =Yy(k,k—1,k -1,k —2). By Lemma 2.5, we have

O(Ya(k —1,k—1,k—1,k— 1)) =z%7(z2 — k + 1)3(z? — k — 3).

Thus, p(T) = p(Ya(k — L,k — 1,k — 1,k = 1)) = vVE+3 > p(TM).
From Lemma 2.4, we have p(Yy(k, k, k,k — 4)) > p(Ya(k, k, k -2,k —2)) >
p(Ya(k, k—1,k—1,k—2)) > p(Ya(k—1,k—1,k—1,k—1)) and p(Ya(k, k, k—
1,k - 3)) > p(Ya(k, k, k — 2,k — 2)).
case 2. If T € Z4, then T = Z4(si,32,33,34) where Z s; =4k —-3. If
8] = 83 = s3 = 1, then s4 = 4k — 6 and A(T) = s4+3—-4k—3>
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k+2 (k 2 3). From Lemma 3.6 we have p(T) = p(Z4(1,1,1,4k — 6)) >
p(T4(1)). If s > 2, 32 > 2 or s3 > 2, we suppose s; > 2 by symmetry.
So Cy(s2, 51, 83,54 — 1) € C4 is the tree obtained from Z4(sy, 2, 53, 54) by
subdividing wyws and deleting ws. From Lemmas 2.2, 2.3 and 3.10, we
have p(T) = p(Za(s1, 82, 53, 54)) > p(Ca(s1, 52, 83,84 — 1)) > p(TV). O

Now we give the main result of the paper.

Theorem 3.12 If T € Ry, then p(T) > p(T‘t(l)), with equality if and only
if T e (T, 7, 7).

Proof. For T € Ry, then 4 < d(T') < 8. From Lemmas 3.7, 3.8, 3.9, 3.10
and 3.11, the result follows. 0
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