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ABSTRACT. In this paper, a generalization of the Stirling numbers
of the first and second kind which are called by m-Stirling numbers
of the first and second kind are derived. Based on colored base-m
number system we give a combinatorial interpretation of m-Stirling
numbers of the second kind. Some basic properties of two kinds of m-
Stirling Numbers including generating functions, explicit expressions
and recurrence relations are also obtained.

1. INTRODUCTION

The Stirling numbers of the second kind S(n, k) which satisfy the triangular
recurrence relation S(n,k) = S(n — 1,k — 1) + kS(n — 1,k), for n,k > 1,
S(n,0) = S(0,k) = 0, except S(0,0) = 1 (see [2, P. 208]) and the Stirling
numbers of the first kind s(n, k) which satisfy s(n,k) = s(n — 1,k - 1) -
(n—1)s(n — 1,k), for n,k > 1, s(n,0) = s(0,k) = 0, except s(0,0) =1
(see (2, P. 214]) are basic numbers in combinatorics. There are a lot of
research and generalizations [1,3,5-7] related to those two kinds of numbers.
This paper is motivated by the problem of the m-arithmetic triangle [4].
We construct further generalizations of the m-arithmetic triangle and get
two kinds of m-Stirling numbers. By colored base-m number system we
obtain a combinatorial interpretation of m-Stirling numbers of the second
kind. The generating functions, recursive relations and explicit expressions
are also given.
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2. m-STIRLING NUMBERS OF THE SECOND KIND

In this section, we first give a definition and combinatorial explanation of
m-Stirling number of the second kind. Several kinds of generating function
are also given.

Definition 1. Let m be a positive integer. We define m-Stirling numbers
of the second kind S(m) as
ST = ST o S g+ ST s HRSIT (1

nk_

with S5 =1, Sy =0, if k # 0.

Obviously, S',(:k = S(n, k) is the Stirling number of the second kind. The

number S,(:,','c) is a generalization of the S(n,k). It is related to the bhase-
(m + 1) number system which satisfies (i) There are n positions in the
base-(m + 1) number system; (i) S§g’ = 1, Sy = 0, if k # 0; (iii) The
value of the rightmost position is not equal to 0; (iv) The summation of
the values of all positions is equal to k; (v) Every position with 0 is marked
by different color. The number of color category of position i whose value
is 0 is equal to the summation of all the value on the right side of it. For
example, the base-3 number system with n = 3, k = 2 is 11, D11, @11,
OD2, P2, @02, @®@2, therefore Sé‘?z) = 7. The base-3 number system
with n = 3, k = 3 is 201, 111, 102, 1©@2, @21, @21, @21, D12, @12,
®12, therefore S§3§ = 10. The number @& means 0 that colored by the i-th
color.

By the above definition, the base-(m + 1) number can be divided into m +1
types with whose value of leftmost position is 0,1,2,...,m respectively.
The base-(m+ 1) number is S( “1k—1 SSLT?I,R:—TI . S( —1,k—m Tespectively
if the value of the leftmost posmon isl,2,...,m. If the value of the leftmost
position is 0, by noticing the summation of the rest value is k, the base-

(m + 1) number of the rest position is sm) & The leftmost position with

n—-1,
0 has k types of mark color. Hence the number of this case is kS,(:f)l' « and
the number of the base-(m + 1) number defined above satisfies the same
recursive relation and initial condition.

Theorem 1. The vertical generating function of S,(‘ k) is

et — 1)1’1 (62::: - l)iz .. (ema: - 1)i,,.
TRIOISS UL Y (7 — (™ = i .
'. ' v .o m '
n>0 (i11eemrim YET(m,K) 1224l - min il
(2)
where T(m, k) = {(41,%2,.-.,im) |21+ 282 + - - + miy, =K, 41,12,...,im €

No}, No is a set of nonnegative integer.
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Proof. By the recursive relation and the initial relation of S,("",") , We can see

that S,(cm)(:c) satisfies the following recursive relation.

d

L {5m@)}) = kS @)+ SEE) + -+ S0 @)
We only need to prove that the right hand side of equation of (2) satisfies
the above relation. The derivative of the right hand side of (2) by z is

S(m) (erx _ 1 ir
{ @} = o ,,"z);,(m w e H i !
m m ers — 1)1,. & __ l)t,—l
= Z Z H i il Ge—I(ig — 1)| e

("1’ ,1.,.)61‘(m k) t’ >11 :;;

rZ __ 1\ir £z _ 1)ie fx _ 1)ie-1
- ¥ SIS e )
=1 r=1 Tlr 'lr e t 2[. eu ('lt - 1).
é;'(-m k) ,>1 r#l

> ZmH,M. D> H“W“

i) £=1 2=1 (iy..... im)
Ef(m k) ig21 €r(m,k—20)
= kS{™ (z) + Z S x). O
=1

Remark 1. As m = 1, the generating function (2) reduces to the generating
function of the Stirling numbers of the second kind S(n, k). If m = 2, then
(2) becomes

Lk/2) , o k=2i ( 2z i
@ (2),; 3 (% — 1)k=2i (2 — 1)
Sk (x)—nzzos nl go (k-22)t  (2)! ®

By expanding every item in the right side of equation (2), we have
Theorem 2. The following explicit formula holds:

= 2 (0, I e ()=

[1+...+lm:n (igaens im) r=1 Jr=0
(4)

Ily-"llm?o 5"("‘ k)
where (i, — j» )% is changed into 1 if it is 0° in the above summations.

Remark 2. If m = 1, (4) reduces to the explicit formula of S(n,k) (2, P.

204].
1, Lk o
S(n,k) = Hjgo(—l) (j)(k—y) .
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Theorem 3. The double generating function of S, m)

U(z,u) = Z S(m)—u = exp { Z —(e’z - } (5)

n,k>0

Proof. By the result of Theorem 1, we have

TERO I B9 DT LALIT I S II(B’Z,?R"

k>20n2>0 k20 (i1, im )ET(Mk) T=1
i utir(e™ — 1)ir O u, L.
=M1 ——=ler {7~
r
r=1i,2>0 T r=1 T

Theorem 4. The rational generating function of S,(l k) is

k (m)
(m) — (m) u" = g 1(1_u11_2u1~--’1_(k_1)u)i
M (w) = Y STPun = 3 = i

n>0 i=0

where o,gm)(:cl,xg,...,xn) is the summation of the items of elementary
symmetric function ox(xy,z2,...,Z,) [2, P. 158] except the items with the
product of m ezcessive x;.

Proof. For the sake of convenience, let z; = 1 —iu, for i = 1,2,.... Then
(6) becomes
k (m)
g —'(Ilv T2, .. )xk—l) i
@(m) u) = k—i [T 7
i = ) (7)

By the recursive relation and the initial condition of S,(:",‘c), we have the
following recursive relation of <I>('") (u).

oM () = {37 + 2T+ + ST (W)} (8)

with initial condition ®{™ (u) = 1 and ®{™ (u) = 0 for k < 0. For 0 < k <
m, by simple computation we derive

k k _(m)
‘I)i,m)(u) — Z ak-i(xl,xz,.. . ,xk_l)u,- _ Z O'kTi(xl,:liz, .. -axk—l)u,

Z1T2- Tk T1T2 Tk

=0 =0

For k > m, we prove our result by induction. We first assume (7) is valid
for the subscript of ® < k. As the subscript of ® is ¥ + 1, by noticing (8),
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we have

k i _(m)
(m)( ) = Z q,(m) _ Z Z Oi—j (xla—--7-’l?i—1)uj+1
k+l - e s
i=k—m+1 x"“ i=kom41jo0 C1T27 7 TiThdl
k41

k (m) k-1
m
= E E o; s (x1y. o zim1) | ]z
—i41\41, ybi—1 i+
331132 T4l Lathy g

i=max{j-1.k—m+1)

k+1 _(m)
_ Z ak—3+1($11°'-v"’k)u,
rr

2 Tkl

The last equation is valid since k—i < m—1 and Z;41Ti42 - - - Tk is at most
the product of m — 1 successive ;. O

Remark 3. The recursive relation of a,(cm) (z1,...,%n) can be derived from
the above proof. For k > m > 2,

m—1
l(cm)(::l,...,z,,) = U,(cm)(:q,...,z,._l) + Z a-](:fz(zl»~--,zn-i—l)zn—i+l c0+Tn, (9)
i=1
and for k < m, ak )(:cl,. .y Zn) = 0k(T1,...,2Zn). For example,
0'2 (zl,a:z,:ns,:u) = a( )(xl,xz,xs) + aiz)(xl,xz) z4 = 2123 + (T1 + T2) 4.

3. m-STIRLING NUMBERS OF THE FIRST KIND

In this section we give the definition of m-Stirling numbers of the first kind
and obtain three kinds of generating functions.

Definition 2. Let m be a positive integer. We define m-Stirling numbers
of the first kind sn k as

(nl) = 35:2)1 k—m T sn—)l,k—m+1 +--+ sfz"-i)l,k—l -(n— l)sf:ﬁ)l,ki (10)

with
s =1; s =0, ifk#£0. (11)

The m-Stirling numbers of the first kind s("') is a natural generalization of

Stirling numbers of the first kind and s(l) is the Stirling numbers of the
first kind s(n, k). The generating functlons of m-Stirling numbers of the
first kind are given as follows.

Theorem 5. The 351";:) have the vertical generating function:

x {ln(1+x)}tl+ tim
SROEDIL LD e )
n>0 (i1 yernrim)ET(m ) ligl - i
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Proof. By the recursive relation (10) and initial condition (11) of 31(1"2’ we

can see that s(m) satisfies the following differential equation.

@} = {spi@ + @ + @ g 09)

It is easy to derive so )(x) =1 and s('")(x) = 0if k < 0. Hence (12) is
valid for k¥ < 0. For k > 0, we only need to prove the right hand side of
(12) satisfies the equation (13). Hence

i1 tim
éj;{sl(cm)(x)} _ E d {In(1 + 2)}

dz PR TYIERRS Wy

(i1,-+-1im YET(M, k)
(i1 + -+ + im) {In(1 + )} Him 1
ildg! - i) (14 2)

(i14-- st YET(M,K)

s S B M
(415.-yim)ET(M,K) §=1 r;l 27‘! (ZJ - 1)!(1 + :L‘)

I35
ij21

By replacing i; by i; + 1 in the last equation, we have

sm)
In*
) S S | R
J=1(i1,..,im)ET(Mk—j) =1 =1
This completes the proof. -

Remark 4. As m = 1, the generating function (12) reduces to the generat-
ing function of Stirling numbers of first kind s(n, k). If m = 2, then (12)

becomes
Lk/2)

k—
po-pas-SELS

Theorem 6. The s(m) have the following double generating function:
On(z,u) = z sf,"}c)—'u = (1 4 gywtvi+otu™ (15)
n,k>0

Proof. Multiplying both side of equation (10) by u* and then taking sum-
mation by k from 0 to oo, we have

In(1 frdetim
Z fln;c)_u —ZS(M) z)u® _Z Z {n(ilg-:;).}..iml, u*

n,k>0 k>0 k>0 (‘1-~~~(Jm)

m

- Z H{u ln1+$ Hz{u ln(l‘*‘l’)}t' H(1+x)u

igaeens im20r=1 r=1i,.20 r=1
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Therefore ®,,,(z,u) = (1 + x)u+u2+~-+u"‘. -

Theorem 7. The rational generating function of sf(l"}c) is

n-1
On(u) == Zs,(z";)u"”‘_ [Ta+u+u?+ - +um—ku™). (16)
k=0

Proof. Multiplying both side of equation (10) by u*™~* and then taking
summation by k from 0 to nm, we have

Pn(u) = @no1(u) + upn_1(u) + - + " pu_1 (1) = (n = 1)u™pn_1(u)
=(14u+---+u™ = (n—Du™)pp_1(n).
By noticing initial condition (1) = 1, we derive the desired result easily.
O

Remark 5. Replacing u by «~! and multiplying both side of (16) by u"™,
(16) becomes

nm
(w4 ™), = Z s(",'c)u", (17)

where the symbol (-), is called falling fa.ctorial of order n. It is defined
as (a)p = a(@ —1)--- (e —n + 1). This is a generalization of horizontal
generating function of the s(n, k) [2, P. 213, (5¢)].

4. RECURSIVE RELATION OF m-STIRLING NUMBERS

In this section, by using generating functions of those two numbers, we
obtain some recursive relations related to m-Stirling numbers of the first
kind and the second kind.

Theorem 8. The numbers S(m) have the two vertical recursive relations
as follows.

e = 20 (7)ot 08)

=1 i=0

ST k. (19)

|
NgE
M:

(m) —
Sn+1,k

~
Il

1 i=

Proof. Taking the derivative by z of the vertical generating function S,(cm) (),
we have

d {(m) _ — (er:t__l)i,. (eez—l)i‘_l x
5% @)= > > II== T fe (i —1)1°

i i = e
(i1,-yim )ET(M,K) | e it
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1

zs,s':,:)(,%ﬂﬁt > n“:.,z.

n>1 =1 (iy,...,im YET(M, k—e) r=1

ei n+1

0
Ms
E

=1 £=1n,i20
m n n
( :2:
- zz( )s,:':zk £

where the last equation is obtained by replacing n by n —i. Taking the
coefficient of z™/n! we get the first result.

In order to prove the second recursive relation, by noticing (1 — ku)~! =
> ;>0 k71, the equation (8) can be expanded as

_z Z S(m) k’ itj+l

V(W) = Z@“"L(u)

=1 £=11,520
m n
_ (m) n—i, n+l
= 22D Skl
n>0¢=1 i=0

where the last equation is obtained by replacing i + 7 by n and j by n — 1.
The second result follows by taking the coefficient of ©™*? of both side of
the above equation. a

Theorem 9. The numbers s(m) have the following vertical recursive rela-
tions.

ks(m) = Xm:i:(—l)i_l(z )‘L’( ) Ez"—‘)i,k—e’ (20)

£=1 i=1
e = DD ()il s (21)
=1 i=0

Proof. Taking both side of (15) the derivative by u of the double generating
function ®,,(z,u), we have £ &, (z,u) = Spw, ul "1 ®m(z, u) In(l + z).
i. e

>§>1 kss,"? m_uk Z ! z s(m) Z
nzu,k2

n,k>0 i>1

S pyiel m T ke
Z ZZ 1) (l i sn—ik £n| ’

n,k>1£2=1 i=1
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where the last equation is derived by replacing n by n — ¢ and k by k' L.
The first recursive relation is obtained by taking the coefficient of % k of
the above equation.
In order to get the second recursive relation, we take the derivative of z of
the double generating function and obtain £ ®,(z,u) = Y ,., u’ %?2
That is

1

> dlpige = L T i"l”—u"Z( s

n>1,k>0 =1 n,k>0 n i>0
- >3 (m)
_ i M k+£
= Z ( 1) snk | - u
2=1 n,k,i>0

> ZZ( 1) (n)isl™, _ e’” u¥,

n,k>0 €=1 i=0

where the last equation is derived by taking the replacements n — n — ¢
and k — k — £. Taking the coefficient of £ —u of both side of the above
result, the second recursive relation follows O

Remark 6. If m = 1, Theorem 8 reduces to the vertical recursive relation of
S(n, k) [2, P. 209, Theorem B]. Theorem 9 reduces to the vertical recursive
relation of s(n, k) [2, P. 215, Theorem B|. For m = 2, we can obtain simple

vertical recursive relation of 51(121): and sﬂ related to equations (18)-(21)
respectively.
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