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Abstract In this paper, we obtain that the characteristic polynomials of
the signless Laplacian matrix of Q(G), R(G), T(G) can be expressed in
terms of the characteristic polynomial of G when G is a regular or semireg-
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1 Introduction

Let G be a simple graph with order n and A(G) be the adjacency
matrix of G with eigenvalues A1(G) > A2(G) > --- > An(G). Let D(G) =
diag(d,ds, - - - ,d,) be the diagonal matrix of vertex degree. The Laplacian
matrix L(G) of G is L(G) = D(G) — A(G) with eigenvalues u,(G) 2>
u2(G) > -+ > wn(G), and the signless Laplacian matrix L*(G) of G
is LY(G) = D(G) + A(G) with eigenvalues y;*(G) 2 po*(G) 2 --- 2
unt(G). All eigenvalues of both L(G) and L*(G) are real and non-negative.
If G is a connected bipartite graph, then u;(G) >0 fori=1,2,...,n -1
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and u,(G) =0 [16]. If G is a connected nonbipartite graph, then u;(G) >
0 for i = 1,2,...,n [1]. Denote by Pg(x) (Pr+(c)(z)) the characteristic
polynomial of the adjacency matrix (the signless Laplacian matrix) of the
graph G. It is known that Pp+(g)(z) = det(zI — D(G) ~ A(G)), Po(z) =
det(zI — A(G)).

The energy of G was defined by I. Gutman in (3] as

E(G) =3 Nl

This quantity has a clear connection to chemical problemns and for more
details on graph energy see the reviews [4,5,9,10,12-14,18,21]. Nikiforov
[17] recently extended the concept of energy to all (not necessarily square)
matrices, defining the energy of a matrix M as the sum of the singular
values of M. Recall that the singular values of a matrix M are equal to
the square roots of the eigenvalues of the (square) matrix M M*.

In line with Nikiforov’s idea, Jooyandeh et al. [11] introduced the
incidence energy I E(G) of a graph G, IE(G) was defined as the energy of
its incidence matrix. Gutman et al. [6] showed that

IE(G) = Z Vi (G).

More details on incidence energy can be found in [6,7,11).

Suppose G is a connected graph. We can define three related graph
subdivision graph S(G), the middle graph Q(G), the total graph T(G) as
follows [2]:

Subdivision graph: S(G) is the graph obtained from G by inserting an
additional vertex into each edge of G.

The middle graph: Q(G) is the graph obtained from G by inserting a new
vertex (of degree 2) on each edge of G and then joining by edges those pairs
of the new added vertices which lie on adjacent edges of G.

The total graph: T(G) is the graph obtained from Q(G) by joining pairs of
vertices which are adjacent in G by edges.

One extra subdivision-related graphs named R(G) which is the graph
obtained from G by adding, for each edge uv, a new vertex whose neigh-
bours are u and v.

Various (upper and lower) bounds on the energy and incidence energy
have been established. Z. Liu [15] obtained upper bounds for the energy
and Laplacian energy of line graph, middle graph and total graph. B.
Zhou [20] obtained the upper bounds for the incidence energy using the
first Zagreb index. I. Gutman et al. (7] gave several lower and upper
bounds for incidence energy. In particular, W. Wang et al. [19] gave upper
bounds for the incidence energy of the line graph of a semiregular graph
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and the paraline graph of a regular graph.

In this paper, we obtain that the characteristic polynomials of the
signless Laplacian matrix of Q(G), R(G), T(G) can be expressed in terms
of the characteristic polynomial of G when G is a regular or semiregular
graph, from which upper bounds for the incidence energy of Q(G), R(G),
T(G) are deduced.

2 Main result

Let G be a simple graph with n vertices and m edges. Let B(G) be
the incident matrix of G. It is known that B(G)B(G)! = D(G) + A(G)
and B(G)!B(G) = 21, + A(L(G)) (2]. The following result is well known
(8].

Lemma 1 (8] Let A be a matriz. Then, the matrices AA* and AtA have
the same nonzero eigenvalues.

Lemma 2 [8] If M is a non-singular square matriz, then we have

M N -
P Q |=IMIQ-PMN]

Theorem 3 Let G be an r-regular graph with n vertices and m edges. If
the eigenvalues of A(G) are Ay =1, Aa, -+, A, then

P+ (roy(@) = (z = 2)" "I (2% = 2(r + 1)z + 3r) = (z = 1))
- (:l: _ 2)mpc(zﬂ_2!r+}‘)z+3r)-
Proof. Let A be the adjacency matrix of G and B be the incident ma-
t
trix of G. By the definition of R(G), we have A(R(G)) = ( g i ),
21, 0
D(R(G)) = ( 0 orl, ), s0

(x—2)In —-B!

PL+rey(z) = B (z-2r),—A

= (z - 2)"|(z — 2r)], — A— 25 BB!|
= (z -2 - 1) ES2RE L, )

= (z = 9"z - 1) Pe(S2EA A,
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It follows that if A\; = r, ---, A, are the eigenvalues of A(G), then

Pr(ray(z) = (x - 2)"“"1'[,-___1((1:2 =2(r+ 1z +3r) — (x —1)A\;).

Theorem 4 Let G be an r-regular connected graph with n vertices and m
edges. Then

IE(R(G)) < (m —n)V2+3r+2+4r

+\/2(n -1)2(r+1)— (n = 1)r+2(n - 1)y/3(n — 1)2r — (n — )r,
the equality holds if and only if G =2 K,,.
Proof. Let z;; and z;; are the roots of the equation 2 — 2(r + 1)z + 3r —
(z - 1)A; =0, by Vita theorem,
(VTa + \/l'iz)2 =T + Tiz + 2¢/TnTi2 = 2(r + 1) + A + 24/3r + A,

By Theorem 3, L*(R(G)) has m — n eigenvalues equal to 2 and 2n eigen-
values: z;1, %2 (i =1,2,---,n). Thus

IE(R(G)) = (m —n)V2 +3r+ 2 +4/r + X, (\/Ti1 + /T22)
=(m—-n)V2+3r+2+4/r+ 30, V2(r + 1)+ X + 237 + A

Note that A\; =7, Y_I_; A; = 0, by the Cauchy-Schwarz inequality, we have

o (V2(r + 1) + A +2V3r £ 1)

<=1 Th,@r+1) + X+ 23 F X)

< \/2(n = 1%(r +1) = (n— r +2(n — 1)y/3(m — 12 — (n = Dr.
Thus, we have

IE(R(G)) < (m=n)VZ+ /3 + 2+ dr

+y/2(n = 1)2(r +1) = (n = )r +2(n — 1)/3(n — D%r — (n = Dr.

Equality in the above holds iff Ay = A3 = .-+ = \,. Then, the number
of distinct eigenvalues of A(G) is at most 2. From the result “the number
of distinct eigenvalues of a connected graphs with diameter d is at least
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d+1 [1)” , we know that the diameter of G is at most 1, then G must be
K,. Conversely, if G & K,, by the above calculation, the equality holds.
Thus, we complete the proof of Theorem 4.

Theorem 5 Let G be an r-regular graph with n vertices and m edges. If
the eigenvalues of A(G) are Ay =71, Ag, -++, An, then

Pri@en(z) = (x—2r +2)™ "TIL, (2% — (47 + A — 2)z + (3r+ X)) (r — 1))

2 _drz+ 22+ 3r2 - 3r

z—r+1 )

= (z - 2r +2)™ "z — r + 1)"Pg(Z

Proof. Let B be the incident matrix of G, L(G) be the line graph of G.
By the definition of Q(G), A(Q(G)) = ( o A L?G)) )

D(Q(G)) = ( T(I)" 27‘01m ), we have

— 7)1, -B
P+ ey () = -1 I

—B'  (x-2r). - A(L(G))

(x —r)I, 0
-B*  (z-2r)I. — A(L(G)) ~ 2-B'B |

= (z = 1)"|(z = 2r)[m — A(L(G)) — 35 Im — FHAL(G))]-

It follows that if Ay = r, - - -, A, are the eigenvalues of A(G), then Ay +7—2,
<oy Ap+ 7T —2,-2,...,—2 are the eigenvalues of A(L(G)), thus

PL*(Q(G))(E) = (1‘ —-2r+ 2)”“"1’I;‘=1(x2 - (47‘ + A - 2):!: + (3’!‘ + )\,’)(T - 1))
2-—47'.17:-&-2:):+3'r2-~3r)
T—7+1 '

=(z—-2r+2)" "z -1+ 1)"Pc;(:c

Theorem 6 Let G be an r-regular connected graph with n vertices and m
edges. Then

IE(Q(G)) < (m—n)V2+3r +2+47

+y/2(n ~ 1)2(r +1) = (n = 1)r +2(n — 1)y/3(n— D?r — (n — Dr.
the equality holds if and only if G = K.
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Proof. Let x;; and z;; are the roots of the equation =2 — (47 + \; — 2)z +

(3r + A} — 1) = 0, by Vita theorem,

(VT + \/.'12—,2_)2 =i+ Tio+ 2Tz = 4r + A = 24+ 2/(3r + X)) (r - 1).
By Theorem 5, L*(Q(G)) has m —n eigenvalues equal to 2r —2 and 2n

eigenvalues: z;;,z;2 (1 = 1,2, - ,n). Thus, IE(Q(G)) = (m—n)V/2r — 2+

Vor =24 4v/rlr = 1) + T, (/4 + A — 2+ 2y/Br ) — .

Note that Ay =7, }_i..; A = 0, by the Cauchy-Schwarz inequality, we have

T4+ x—2+2/Br ) - D)

< V(-1 0, ((4r + 2 —2) + 2/ Br+ ) - 1)

< \/2(n—12@2r 1) — (n— )7 +2(n - 1)y/Br - d)(n - Dr - Dr-.

Thus, we have

IE(Q(G)) < (m ~n)VIr =2+ \/5r — 2+ 4y/(r — 1)

+y/2(n = 1)2(2r — 1) = (n — V)r + 2(n — 1)y/Br - &)(n - D)(r - Dr.

Similar to the argument in Theorem 4, equality in the above holds iff
G=K,.

Theorem 7 Let G be an r-regular graph with n vertices and m edges. If
the eigenvalues of A(G) are Ay =1, Ay, +++, A, then Pp+(1(cy)(z)

= (z—2r+2)™ "L (2% + (2 — 2X: —57)z 4+ 672 — 57+ 5r); —3X; + A:2)).

Proof. Let B he the incident matrix of G, L(G) be the line graph of G.
s AG B

By the definition of T(G), A(T(G)) = ( ét) A(L(G)) ), D(T(G)) =

2rIn+n, we have

_ | (z=2r), - A(G) -B
Py = _Bt (z - 2r +2)I,, — B'B
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_ (x—2n)I, — A(G) —B(G)
Tl —(z—-2r+1)B*+ B*A(G) (z—2r+2)],

= (z — 2r + 2)" " "((z—2r)(z—2r+2)—7(z—27r+1)) I, +(5r—22—3) A+ A?|.
Thus if \y =7, - -+, A, are the eigenvalues of A(G), then Pp+ (1 (gy)(z)

= (z - 2r +2)™ "I, (22 + (2 — 2Xi — 57)x + 672 — 5+ 57 A — 3X + A:%)).

Theorem 8 Let G be an r-regular connected graph with n vertices and m
edges. Then IE(T(G)) < (m —n)V2r — 2+ V7r — 2+ 2/12r2 — 8r+

V(= 1)(5rn — 20— 7r +2) +2/(n — D3((6r — 12)r — (57 — 8)r + 2m).
the equality holds if and only if G =2 K,.

Proof. Let z;; and ;2 are the roots of the equation z2 + (2 —2\; —57)z +
6r2 — 5r +5rA; — 3); + A2 = 0, by Vita theorem, (VT + ,/a:,-g)z
=z + Tig +2/TaTizg = -2+ 27+ 57+ 2\/61‘2 —5r +5r); — 3 + Aiz.

By Theorem 7, Lt (T(G)) has m —n eigenvalues equal to 2r—2 and 2n
eigenvalues: z;1,zi2 (i = 1,2,--- ,n). Thus IE(T(G)) = (m—n)v/2r — 2+
Vir—2+2V12r% - 8r

+ 5, =2+ 2 + 5+ 2V/6r% — Br + B7A — B + A%

Note that Ay =7, Y0, A = 0, 1o, A? = 2m = nr [16], by the Cauchy-
Schwarz inequality, we have

S o V=2 + 2 + 57+ 2v/6r2 — 57 + 51, — 3 + A7

< \/(n - 1) 2:;2((57' +2); — 2) + 2\/67‘2 —~ 57 4+ 570 — 3\ + Aiz) <

V/(n=1)(5rn — 2 — Tr + 2) +2y/(n — 1)3((6n — 12)7% — (5n — B)r + 2m).
Thus, we have

IE(T(G)) < (m —n)vV2r =2+ V7r — 2+ 2V/12r2 — 8r+

\/(n —1)(5rn — 2n — Tr + 2) + 21/(n — 1)3((6n — 12)r2 — (5n — 8)r + 2m).

Similar to the argument in Theoremn 4, equality in the above holds iff
G = K,.
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A bipartite graph G with a bipartition V(G) = U U W is called a
semiregular graph if all vertices in U have degree r; and all vertices in W
have degree ra.

Theorem 9 Let G be a semiregular graph with n, indendent vertices of
degree 7y and ng indendent vertices of degree ro, where ny > ny. If the
eigenvalues of A(G) are Ay, Aa, -+-, A, then

Prr(r(oy(z) = (z = 2)™™(2? = 2(r1 + 1)z + 3r )M "2

072, ((z% = 2(r1 + 1)z + 3r1) (22 — 2(r2 + 1)z + 3r2) — (z — 1)2)?)
= @ - )mn(z - 1)

(e o [ETEE )

where n = ny + ny and m is the number of edges of G.

Proof. Let B be the incident matrix of G. By the definition of R(G),

Since A(R(G)) = ( i it ) D(R(G)) = ( am D?G) ) we have

LRGN | _B  zl, - A—-2D(G)
(x —2)I, 0
B zl, - A- -1 BB' - 2D(C)

=(z - 2)"zl, - £ A - 22 D(G)|

= (z — 2)™ "|(2? - 22)] — (z — 1)A — (2 — 3)D(G)).

t
Since D(G) = ( TI(I)"‘ 7'2?11 ), A(G) = ( I% Ig ); then
2

(@2 — 22)I,, — (z — 1)A — (2z — 3)D(G)]

(z(z — 2) — (22 — 3)r My, —(z-1)K*
—(z - 1)K (z(z —2) — (2z = 3)ra) 1y,

= (a(z~2) - (2= 3)r1)™ |(2(z—2) (22— )r2) oy — s KK

= (z(x—2)—(2z—3)r1)" ~"?|(z(z—2) — (22— 3)71 ) (z(z—2) — (22— 3) 7o) I,

—(z - 1)2KK?|.
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. K'K 0
2 _
Since A 0 KK

eigenvalues, it follows that if Ay, - - -, An, are the first ny largest eigenvalues
of A(G), then A}, A%, -+, A2, are the eigenvalues of KK*, thus

, KK and K*K have the same non-zero

P+ gy () = (z — 2)™ (2% — 2(r1 + 1)z + 3rp)™ ™
72, (22— 2(r1 + 1)z + 371 ) (22 = 2(r2 + 1)z +3r3) — (z — 1)2)2)

- 2_2(r; 4+1)z43 -
_(3’— 2)m Mz -1 n(':!-"zé:;+1;;+3':;)(nl na)f2

\/g; —2(r1+1)x+3r,)(=;2-zir2+1)z+3rz))

Theorem 10 Let G be a semiregular connected graph with n, indendent
vertices of degree r1 and ny indendent vertices of degree ro, where ny > na.
Then

IE(R(G)) < (m—n)V2+(m—n2)y/2(r1 + 1) + 2V3ri+2n2/2(r1 + 72 + 2).
where n = ny + ny and m is the number of edges of G.

Proof. Let x;;, zis, z;3 and z;4 are the roots of the equation (22 — 2(ry +
)z +3r;)(x? — 2(r2 + 1)z + 3r3) — (z — 1)2A2 = 0, by the Cauchy-Schwarz
inequality and Vita theorem,

VZil+/ZTia+/Tiz+/Tig < ﬂ(xil + 2o+ T3 + Tig) =2/ 2(ry + 79 + 2).

Let y; and y; are the roots of the equation z2 — 2(ry + 1)z + 3r; =0,
by Vita theorem,

(V1 + V32)? = 11 + y2 + 212 = 2(r1 + 1) + 2V/3r7.

By Theorem 9, L*(R(G)) has m — n eigenvalues equal to 2, n; — ng
eigenvalues equal to y;, n; —ng eigenvalues equal to y2 and 4ng eigenvalues:
Ti1, Tig, Ti3y Tia (1=1,2,--+ ,n2). Thus

IE(R(G)) < (m=n)V3+(m=na)y/2r1 + 1) + 2V +2n0 /20y + 73 + 2).

r2+2
2

If equality in the above holds then z;) = 20 = z;3 = ;4 = T
(i =1,2,---,n2) and then \; = A2 = -+ = A,,. Thus the number of
distinct eigenvalues of G is at most 3. Then the diameter of G is at most 2.
If the diameter of G is 1, then G must be K3. By some simple calculation,
the equality would not be hold. If the diameter of G is 2, then G must
be Kp, n,. It is known that the eigenvalues of Ky, », is 0"~ "2, \/ming 2,
—y/m1nz"?. By some simple calculation, (z®—2(n1+1)x+3n)(z% = 2(nao +
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1)z 4 3n3) — (z — 1)?n;nz is not equal to (z — M42242)4, thus the equality
also would not be hold. So

IE(R(G)) < (m—n)VZ+(ma—ng)\/2(r1 + 1) + 2v/3r1 +2n2y/2(r1 + 72 1 2).

Theorem 11 Let G be a semiregular graph with ny indendent vertices of
degree r; and ny indendent vertices of degree ro, where n; > ng. If the
eigenvalues of A(G) are Ay, Az, -+, A, then

Preoy = (z—r1—r2+2)™"™(z? — (3r1+ 712 — )z +71(2r1 + 72—
3))m—ma II72, ((z2 — (Bry + 12 = 2)z +71(2r1 +72— 3)) (22 — (3ra +71 — 2)z+

r2(2r2 4711 —3)) — (2 4+ 1—7)(x+ 1 -72)A})
=(x—r—re+2)" "z +1- 1'1)%(1:'{' 1 —Tz)'z'

(x*-(ar,+r2—2)z+r1@r,+r2-a) )(n, —n2)/2
2=(3rg+m=2)z+r2(2r2+11-3)

Pg( \/(12—(37‘1 +r2—=2)z+11 (27‘(;1'12:;'31)))((::;(_3’;2)+1‘1 —2)z+72(2r2+71-3) )

where m is the number of edges of G.

Proof. Since A(Q(G)) = ( 0 B )) ),

B A(L(G
pa@ = (PO 2 ) veae
_ | zI, - D(G) -B ’
Prren = ’ -Bt (x =7 —r2+2)I,, - B'B ’
3 ‘ zI, - D(G) -B 3
| -BY(z+ 1), - D(G)) (z—r1—7r2+2)]m ‘ =
zhn = D(G) - =1 BBY((z + 1)1 — D(G)) 0
—-BY((z +1)I, - D(G)) (z—r1—re+ 21, l

=(@-m-r+2)" "la(z —r1 —r2+2)I, — (22 — 1 — 2 + 3)D(G) -
(z +1)A + D(G)? + A(G)D(G)|-

™ In, 0

t
Since D(G) = ( "o ) A(G) = (; = ) then AD =
na

0 rK!
T]K 0 ’
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thus [z(x — 7 —ro +2)[, — 2z — 11— T2 +3)D(G) — (z + 1)A+ D(G)? +
A(G)D(G)| =

= (.'152 —@Bri+ro—2)x+ri(2r1 + 72— 3))"‘_n2|($2 -~ (8r1 +7r2—2)z +
™ (2"‘1 + 79— 3))(1‘2 - (31‘2 +7r — 2)2.‘ + 7”2(27‘2 +r - 3)).["2

—(z+1-7r)(z+1-r)K'K]|.

Similar to the above theorem, it follows that if Ay, -- -, Ap, are the first
ng largest eigenvalues of A(G), then A}, A, ---, A2, are the eigenvalues of
KK, thus

Py = (—r1—72+2)™ (2% - (Br1+12—2)z+ 11 (2r +72—3))™ 7™
072, ((z% = (3r1 + 72 — 2)z + 711(2r1 + 72 — 3)) (2?2 — (Brp + 71 — 2)z+
ro(2r + 71— 3)) = (z + 1 — 71 )(z + 1 —12)Af)

=(z-r -1+ 2" Mz+1-7)¥(z+1-1p)%

( 72— (3ry+ra—2)z+r1(2r14r2—3) )(m -ny)/2
22— (3ra+r—2)z+r2(2ro+r;—-3)

2 — — 7_ — —
PG(\/(a: (3ri+r2 2):z:+r1(22;—:-22*r31)))((;t+1£!i.22)+r| 2)z+72(2ra+71 3))‘

Theorem 12 Let G be a semiregular connected graph with n, indendent
vertices of degree vy and no indendent vertices of degree ro, where n; > ns.
Then

IE(Q(G)) < (m—n)yr i ¥ry -2
+(n1—n2)\/3r1 +719—2+2y/r1(2r1 + 72 — 3)+dno/ry 12 — 1.

where m is the number of edges of G.

Proof. Let z;1, T2, Ti3 and z.4 are the roots of the equation (z2 — (3r; +
ro—=2)x+71(2r1 +72—3))(z? — (Bra+71 —2)x + 12 (2ra+71 —3)) —(z+1—
r1)(x+1—-72)A? = 0, by the Cauchy-Schwarz inequality and Vita theorem,

VT + VZiz + VT + VTig < VA(zir + o + Tis +2ia) =4V +r2 = 1

Let y; and y are the roots of the equation 2 — (3r; + rp — 2)z +
71(2r1 + r2 — 3) = 0, by Vita theorem,

(Vo +v¥2)? =91 +y2 + 212 = 3r1 + 12 — 2+ 2y/r1(2ry + 72 - 3).
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By Theorem 11, L*(Q(G)) has m —n eigenvalues equal to ry + 72 — 2,
n, — ny eigenvalues equal to y1, n1 — ng eigenvalues equal to y2 and 4ng
eigenvalues: Z;;, %2, Zis, Tia (¢ =1,2,--- ,n3). Thus

IE(Q(G) S (m—n)Vri+rz—2

+(ny — ‘rlz)\/37'1 +ro -2+ 2\/1”1(27'1 + 79 —3) +4na/r1 + 72— 1.

Similar to the argument in Theorem 10, the equality would not be
hold. So

IE(Q(G)) < (m —n)y/r1 + 12 — 2+ (ng — ny)
\/3r1 72— 24 29/r(2r; + 72— 3) + dnaVFr Ty — L

Hence, we complete the proof of Theoreimn 12.

Theorem 13 Let G be a semiregular graph with ny indendent vertices of
degree vy and ng indendent vertices of degree r4, where ny > ny. If the
eigenvalues of A(G) are A1, Az, -+ +, A, then
PL*(T(G)) = (:L‘ -7 — T2+ Z)m—n((l‘ —T9 + 2)(:1: — 2’!‘1) + 'I'1)"’_ﬂ2

M2, ((x —ra+2)(z — 2r1) + m)((z — r1 + 2)(z — 2r2) + 72)

)}}((.’B;‘;’z + 2)(.’1: - 27‘1) + TI)A? et (7‘1 + 2)2)\12 - ((.’It -7+ 2)(.’21 bt 2'['2) +
T2)A; + i)

where n = ny + ng and m is the number of edges of G.
. _{ A(G) B
Proof. Since A(T(G)) = ( B AL(G)) ),

_{ 2D(G) 0
D(T(G)) = ( 0 (1 +72)Lm ), we have

p _ | zIn — A(G) - 2D(G) -B
Lr@en = —-Bt (x—ri—r2+2)In — B'B

|  =zI.—- A(G)-2D(G) -B
- ‘ -B((z+1)[,—A—-2D) (z—-r1—7r2+2)In ’

=(xz—711—-72+2)" "|((x—r1—12+2) [, — D~ A)(zI,— A-2D)— A-D|.

t
Since D(G) = ( rilm rg?m ) AG) = ( P )
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_ Tlln‘ Kt
thenA+D-—( K roln, )

thus |((c—7r1 —re+2)[,—A-D)(zl, -A-2D)-A-D|=

=(z—-2r1 —reg+2)(x—2r))"""|(z — 2ry — T2 + 2)(x - 21 )(z — 71 —
2ry + 2)(z — 2ro) 1, — (2x — 3ry — 2r2 + 2)(22 — 2r; — 3r2 + 2)KK*

+Hz—2r1 —ro+2)(z—2r ) KKt +(z—11—2r2+2)(z—2r) KK*+ KK K K|

It follows that if A;, -+, Ap, are the first ny largest eigenvalues of
A(G), then A}, A, ---, AZ, are the eigenvalues of KK*, thus

Prirey) = (@ —r1 =2+ 2)7" " ((x = 2r1 — r2 + 2)(x — 2r )M "
22, ((x — 2r1 —ra + 2)(z — 2ri )(z — 71 — 212 + 2)(x — 272)+
(.'L’ —2ry -7+ 2)(2} —_ 2’!‘1)A? - (21! —3r1 —2rq + 2)(212 —2r1 —3r2 + 2)/\?4-

(x =71 —2rp +2)(z — 2r2) A2 + 2%)

Theorem 14 Let G be a semiregular connected graph with n; indendent
vertices of degree vy and ny indendent vertices of degree ro, where ny > ng.
Then

[E(T(G)) < (m — n)yriFra=2
+(n1 - nz)\/Z'I'l +1r—-24+ 2\/?7‘11'2 —3r + 2n2\/§1'1 + 3ro — 4.

where n = ny + ny and m is the number of edges of G.

Proof. Let z;1, zi9, zi3 and x;4 are the roots of the equation
(z=2r—re+2)(z—2rm)(z—7r1—2r2+2)(z - 2r) + (x —2r, — 72

+2)(z — 2r1)A? — (2 — 3r; — 272 + 2)(2z — 2y — 32 + 2)A?
+(z — 71— 2rg + 2)(z — 2r3)A? + A¥ = 0, by the Cauchy-Schwarz inequality
and Vita theorem,

VZil+/Tiz+/Tiz+Tia < VA(zi + Tiz + Tiz + Tig) = 2511 + 5rp — 4.

By Theorem 13, L*(T'(G)) has m — n eigenvalues equal to r; +72 — 2,
n; — ng eigenvalues equal to 2ry, n; — ng eigenvalues equal to 2r; + 17y — 2
and 4n, eigenvalues: z;1, T2, Zi3, Zia (1 =1,2,--- ,ny). Thus

IE(T(G)) < (m —n)/r1 + 72 — 2+ (ny —n2)(vV2r1 + V2r1 ¥ 12 = 2)
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+2n9+/0571 + 572 — 4.

Similar to the argument in Theorem 10, the equality also would not
be hold. So

IE(T(G)) < (m —n)yr1 + 12 = 2+ (n1 — na)(v/2r1 +2r + 12 — 2)
+2n9+/6ry + 512 — 4.

The proof of Theorem 14 is completed.
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