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ABSTRACT. In this paper, we present a new approach to the con-
volved Fibonacci numbers arising from the generating function of
them and give some new and explicit identities for the convolved
Fibonacci numbers.

1. INTRODUCTION
As is well known, the Fibonacci numbers are given by the numbers in
the following integer sequnce:
1,1,2,3,5,8,13,21,34,55,89,144,. ...
The sequence F), of Fibonacci numbers is defined by the recurrence re-
lation as follows:
(11) Fp=1 F=1 F,=F_1+F,_2 (n>2), (see[1-8]).

The sequence can be extended to negative index n arising from the re-
arranged recurrence relation

(1.2) Fpnoo=F, — Fh_q, (see [1-13])
which yields the sequence of “negafibonacci” numbers satisfying
(1.3) Fop=(-1)""'F,, (see([l1,12]).

It is well known that the generating function of Fibonacei numbers is
given by

(1.4) 1—t—t2 ZF t", (see [3-6]).

The convolved Fibonacci numbers Pn (z), (n >0), are defined by the
generating function

(1.5) (1—t—t2) Z;)pn(z = (z€R).
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From (1.4) and (1.5), we note that

(1.6) ”"T(,I)—F (n>0).

In this paper, we present a new approach to the convolved Fibonacci
numbers arising from the generating function of them and give some new
and explicit identities for the convolved Fibonacci numbers.

2. CONVOLVED FIBONACCI NUMBERS AND THEIR APPLICATIONS

From (2.45), we note that
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By comparing the coefficients on hoth sides of (2.1), we obtain the fol-
lowing proposition.

Proposition 1. Forn >0, z € R, we have

n
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Let us take £ = » € N. Then, by Proposition 1, we get
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Therefore, by (2.2), we obtain the following corollary.
Corollary 2. For r € N and n > 0, we have

mo=2 5 () ()

1)=01l2=0 l,_3=0

r—1
X (n LT lr_2) (H Pu (1)) Prn—ty-lp—-=lpy (1).

lr— 1 k=1

We observe that

(2.3) (T:tl__ﬁ)z -

Therefore, by (2.45) and (2.3), we obtain the following theorem.

Theorem 3. Forn >0, r € N, we have

n

g ( )m () pact(z—7)= 3 (’,’)pn_, (pi(z—r).

1=0

Let us take £ = r + 1 in Theorem 3. Then, we have
i n
(2.4 P4 =3 (7)ot V()
=0
n
=y (I)Pn 1 (r )l'pl (W
=0

I
NE

(n)y Pt (r) Fi,

-~
Il
(=]

where (z), =z(x—1)---(z —n+1), (n21), (z)y =1.
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Corollary 4. Forr € N, n > 0, we have
p(r+1)= Zn: (n) Pn—t (r) F1.
1=0
Taking r = 1 in Corollary 4, we have
(2.5) pn(2) = Z (n);Pat (1) By

l=

I
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n—t (1
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Thus, by (2.5), we get

Pr (2)
|

(2.6) = i FFai, (n>0).
=0

From (2.6), we can also derive the following equation.

(2.7) pn(3)= Z (), Py, (2) Fiy
11—0
Pr—-1 (2)
=Y (n), (n-y)Pr=h &g
X G
n n—l;
= n! Z Z F‘I]F‘len—ll-—lz'
11=01,=0

Thus, by (2.7), we get

P _ 3~ §2
(2.8) Tl = Z Z F F, Py —y,.
: 1,=01;=0

For r = 3 in Corollary 4, we have

(2.9) Pa(4) = Z (n)ll Pn-t, (3) Fyy

1,=0

|Zpﬂ Il(3)F

Y
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n n=ln-l1-l2

=n!> Y > FF,FyFactyty-is-

11 =01;=0 I3=0
From (2.9), we note that

n n-=ljn=-l-l2

(2.10) p"(4) ZZ Z FyFi,FiyFo iy —1y—15.

1,=012=0 I3=0

Continuing this process, we have

pn(r+1)
(2.11) Lol
n n-4 n—ly—-=l._3
= Z Z te z E]Flz "'E,-Fn—lx—lg—~--—l,~$
1,=012=0 {,.=0
where 7 € N.

Theorem 5. Forr € N and n > 0, we have

n n-l n=ly——lr_y

r + 1
B ( ) Z Z Z FllFla e ﬂan—ll—lg—---—lro
1,=01=0 1,.=0
Let
(2.12) F(t,z)=(1-t—t?)""

=e* log(l—t—t"‘)

Then, by (2.12), we get

(2.13) FM (t,z) = fif (t, x)

_x(1+2t)(1—t—t2)"‘
=z(1+2t)F(t,z +1),

(2.14) F®(t,z) = %ﬁl) (t,z)
=2zF (t,z + 1)+ {z), (1 + 2t)° F (t,z + 2),
where (z), =z(z+1)---(z+n-1),(n21), (z)y =1.
From (2.14), we note that
(2.15) F® (t,z) = %;2) (t, )
=6(zx), (1+2t)F(t,z+2)
+(z)s (1 +2t)° F(t,z +3).
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(2.16) FW(t,z) =
=12(z), F (t,z +2) + 12 (), (1 + 2t)° F (t,z + 3)
+(z), 1+ 20) F(t,z +4),

(2.17)

FO (t,z) = dF (t,z)

= 60 (z)5 (1 +2t) F (t,z + 3) + 20 (z), (1 + 2t)° F (¢,z + 4)
+(z)s (1 +2t)° F (t, 2 +5)
and
(2.18)
(5)
F®(t,z) = (t,z)

=120 (z)5 F (t,z + 3) + 180 (z), (1 + 2t)> F (t,x + 4)
+30(z)g (1 + 2t)* F (t,x +5) + () (1 + 2t)° F (¢, z +6).

Thus, we are led to put

N
(2.19) F (¢, 2) = (%) F(t.z)
(%] ,
=Y ai(N) @y ; (1 +2)V"H F(t,z+ N — i)
1=0
where N € N.

Taking the derivatives of (2.19) with respect to £, we have
(2.20) FN+D (¢ )
(%]
_Za, Yy L+ 2N EED (4 2 4 N i)

[T]
+ e (N)(@)y_; 2(N - 2i) (1+ )N H Ptz + N —4)
i=0
(%] .
=Y "2(V -2 a:(N) (@) y_, (1 +2)" > Ft, e+ N —i)
=0
(%] ‘
+3 @ (N) (@) i A+ 2N Ptz + N i+ 1)
=0
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[£]+1
= > 2(N-2+2)ai-t (N)(Z)y_is1
i=1

x(1+2)V "2 Ptz + N-i+1)
(%) ,

+ ai(N) @)y i L+ 2)H P (a4 N —i+1).
=0

On the other hand, by replacing N by N + 1 in (2.19), we get
(2.21) FWN+D (¢ 1)
(5] .
= Y a(N+1)(z)y_iyy A+ 2075

i=0
xF(t,z+N—i+1).

Case 1. Let N be an even number. Then we have

4+1
> 2(N =2 +2)aisi (N) (@) y_ipy
R i=1
(2.22) x(1+2)N "2 F(t,z+ N—-i+1)

N
-T .

+ e (N) (o) iy (L2002 Ptz + N—i+ 1)
=0
le__

= a:i(N+1){(@)y_ip
=0

x(1+2)N "2 Ptz 4+ N—i+1).
Comparing the coefficients on both sides of (2.22), we get
(2.23) agp (N + 1) =ap (N) )

(2.24) a;(N+1)=2(N-2i+2)a;i—1(N)+a:(N), (ISiS -2—)

Case 2. Let N be an odd number. Then, we have
a1
> 2(N -2i+2)ain1 (N) (@) noi
i=1

(2.25) x(1+20N "2 F(t, e+ N —i+1)

Z

N-1
=z X

+ 3 ai(N) (@) oy 120V Ptz 4 N =it 1)
i=0
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g
=S a(N+1) @y i 1 +2)Y P P+ N —i+1).

i=0
Comparing the coefficients on both sides of (2.25), we have
(2.26) ag (N + 1) =ag (N), ayg (N+1)=2a%-_1 (N),
and
(2.27)

ai (N +1) = 2(N — 2 + 2 ai_; (N) +a; (N), (1 sts Nz_l)'

In addition, we have the following “initial conditions”:
(2.28) FO (t,z) = F (t,z) = ao (0) F (t,z).

Thus, by (2.28), we get ag (0) = 1.
From (2.13) and (2.19), we note that

(229) FV(t,x)=ao(1)z(1+2)F(t,z+1) =z (1+2t)F(t,z +1).

Thus, by (2.29), we see that ao (1) = 1.
By (2.14) and (2.19), we easily get

(2.30) FP (t,z) = le ai (2) (z)y_; (1 + 26" 2 F(t,z+2— 1)
i=0
=ag (2) (z)y (1 + 2t)> F (t,z +2) + a1 (2) zF (t,z + 1)
=2zF (t,z+1) + (z), (1 + 2t)° F (t,z + 2).
Thus, by comparing the coefficients on both sides of (2.30), we get
(2.31) a3 (2)=1, and a;(2)=2
In (2.19), it is not difficult to show that

(2.32) ang (N) =0, for all positive integers N.

From (2.32), we note that
(233) a) (1) = ag (3) =ag (5) =ay (7) =...=0.

By (2.32), we get

[55]
(234) FM(t,z)= 3 a(N)(@)y_, A +2)V"FF(t,z + N ~3),
i=0

where
(2.35)

ap (N 4+ 1) =ao(N), ang (N)=0, for all positive integers NV,
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and
(2.36)

i (N +1)=2(N -2 +2)ai1 (N) +a; (V) (ISis [N;”D

From (2.35), we note that

(2.37) ao(N+1)=a(N)=a(N-1)=-.-=go(1)=1.
For i =1,2,3 in (2.36), we have

N-1

(2.38) ar(N+1)=2> (N—-k)ao(N —k),
N

(2.39) a(N+1)=2) (N-2-k)ai (N k),
k=0

and
N-5

(2.40) as(N+1)=2) (N—4—k)az (N k).
k=0

Thus, we can deduce that, for 1 <i < [2£L],
N-2i+1
(2.41) e (N+1)=2 ) (N-k-2i+2)aiy (N—-k)
k=0
N+2-2i
=2 Z ka;—1 (k +2i —2).
k=0
Now, we give explicit expressions for a; (N + 1).
From (2.37), (2.38), (2.39) and (2.40), we have

N N
(242) @ (N+1)=2) kao(k)=2) Kk

k1=1 k=1

N-2 N=2ky+1
(243) a(N+1)=2) kar(ka+2)=22> " Y koky,

k, 1 ko=1k;=1

N—-4 ka+1 ka+1

(2.44)  oz(N+1)=2 Z ksaz (ks +4) =22 > )" kskoky

k3=1 k3=1ko=1k1=1

and
N—-6ks+1ka+1ka+1

(2.45) as(N+1)=2 3" 3" 3" " kakskoks.

k4=l k3=1 k2=1 klzl
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Continuing this process, we have
(2.46) a; (N +1)

Sy 3 Z<Hk) (1e<[¥2Y).

ki=1 ki_y=1 ky=1

Therefore, by (2.46), we obtain the following theorem.
Theorem 6. For N =0,1,2,..., the family of differential equations
FM (¢, z)

= (%)NF(t,x)

(5 , ,
=| 3 a @y 0 +2¥ X (-t =)V Ft,2)
=0

have a solution
F(tz)=(1-t-t3)""
where
ap (N) =1, angr (N)=0, for all positive integers N,
and
AN—2i+1 k;+1 ka+1 N
a,-(N)=2t Z Z Z (Hk,) (IS‘LS[E‘])
ki=1 ki-1=1 k=1

From (1.4), we note that

(oo}
(2.47) 1=) Ft*(1-t-¢?)
k=0
[o <]
Z ktk ZFk 1t - ZFk-gtk
k= k=1
Comparing the coefﬁcnents on the both s1des of (2.47), we have
(2.48) Fp=1 F-F=0& =FK=1,
and
(2.49) F,—F,_1—-F._,=0 ifk>2

By (1.4), we easily get

(2.50) F(t,z)=(1—t—13)" Zpk (rc) L
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and

d\V i tk
@s)  FM(a)=(g) Flo- S pean @) g
On the other hand, by Theorem 6, we get
(2.52)
FMN) (¢ )
(5] _
=5 a(N) @)y 1 +2)"VFF(t,z+ N —i)
i=0
(& N-2i tm
= ; a: (N) () y_; (1 +20)" '";pm (z+N—i) =
(4] m
= Y ai(N)(z)y_ ,Z(N 21),2 me(x+N—z)——’
i=0 =0 " m=0
[ﬁ;_] [~<] k k tk
=3 w W) @Y (Z (}) -2 2ps @4V - i)) L
=0 k=0 \1=0 )
0 [+] k tk
=X > Z ( ) (N - 2i),2'a; (N) (z) y_; Pt ( + N —3) L

k=0 =0 (=0
Therefore, by comparing the coefficients on both sides of (2.51) and
(2.52), we obtain the following theorem.
Theorem 7. For k,N =0,1,2,..., we have

[(*#£] &
pran @ = 3 3 () (V= 200 20 (N) ooy peca o+ N =),

i=0 (=0

where
a(N)=1, avg (N) =0, for all positive integers N,

ai (V) =2,-”§+1 k,-il "i‘ (f[k,) (1515 [g])

ki=1 ki—1=1 k=1

When &k = 0 in Theorem 7, we have the following corollary.
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Corollary 8. For N=0,1,2,..., we have

(4]
()= Y ai(N)(@)y_;-

i=0

Let us take z = 1 in Corollary 8. Then, we easily get

(%3] (%]
(253)  py()= D a(N)(N-l=N+ > a;(N)(N -
i=0 i=1
Thus, by (2.53), we get
, 5
(2.54) p"]’v(!l) N' Z a; (N) (N —i)!

[4] N+1-2i kitl  kgtl
RS DI oD SR S (1) [

i=l k=1 kiai=1 k=1
Therefore, by (1.6) and (2.54), we obtain the following corollary.
Corollary 9. For N =0,1,2,..., we have

1 (B N41-2i kitl kotl

-1 S IS SR 3L | O ILER

ki=1 ki_=1 k=1

Fn -1

Remark. Recently, several authors have studied special polynomials and
sequences arising from the generating functions (see [1-16]).
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