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Abstract

For any non-trivial abelian group A under addition, a graph G
is said to be strong A -magic if there exists a labeling f of the edges
of G with non zero elements of A such that the vertex labeling f+
defined as f*(v) = Y f(uv) taken over all edges uv incident at v
is a constant [4], and the constant is same for all possible values of
[V(G)|. A graph is said to be strong A-magic if it admits strong
A -magic labeling. In this paper we consider (modulo Z4,+) as
abelian group and we prove strong Z;- magic labeling for various
graphs and generalize strong Z4p - magic labeling for those graphs.
The graphs which admit strong Z4p -magic labeling are called as
strong Z,-magic graphs.
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1 Introduction

By a graph G(V, E) we mean G is a finite, simple, undirected graph. The
concept of magic labeling was introduced by Sedlacek in 1963. Kong, Lee
and Sun [4] used the term magic labeling for the labeling of edges with non
negative integers such that for each vertex v the sum of the labels of all
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edges incident at v is same for all v. In particular the edge labels need
not be distinct.

For any non-trivial abelian group A under addition a graph G is said
to be A-magic if there exists a labeling f of the edges of G with non
zero elements of A such that, the vertex labeling f* defined as f*(v) =
3" f(uv) over all edges uv incident at v is a constant. If this constant is
same for all the vertices of G, in all possible values of |V(G)|, then it is
said to be strong A-magic. Throughout this paper, we choose Z; which
is additive modulo 4 as the abelian group and we prove some graphs such
as P, x P, Cpy x Cp, MT(m,n) and S'(C,) are strong Z, -magic
graphs. At the end, we prove that they are all strong Z4,-magic graphs.
Throughout this paper by a path P,, we mean it is a path of length n—1,
and by C,, we mean it is a cycle of length n.

2 Main Results

Definition 2.1. The cross product G; x Gy has its vertex set V; x V, and
two points u = (u,u2) and v = (v1,v;) are adjacent in G1 x G, whenever
u; =v; and uz adjacent to v or us =vy and u; adjacent to v;.

Definition 2.2. The product P, x P, is called a planner grid.

Example 2.3.

31 B2) (33) (34)

1) (2R @8 (@49

(1L1) (1,2) (1,3) (1.4)

Fig.1 P; x P
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Theorem 2.4. P,, x P, is strong Z4-magic for n> 2 and m > 2.

Proof. Let (1,1)(1,2)...(1,m); (2,1)(2,2)...(2,m); ...(n, 1)(n, 2)...(n,m) be
the mn vertices of the grid.

Let (i,7) be the vertex where i denotes the row (counted from the
bottom to the top) and j denotes the column (counted from left to right).

It has mn vertices and (m(n — 1) +n(m — 1)) edges.

Let f: E(Pm x Pp) = Z4 — {0} be defined as
For a fixed i=1 and n

FG7)EF+1) =1 for j=1,2,...,(m—1)
For fixed =1 and m

(G, ) E+1,5) =3 for i=1,2,...,(n—1)
For a fixed i =2,3,...,(n—1)

f@)EF+1) =2, for j =1,2,...,(m - 1)
and for a fixed j =2,3,...,(m—1)

fGNGE+1,j)=2 for i=1,2,..,(n—1)
Now f+:V (P, x P,) > 2,4
It is easy to check that
Fr(,7) =0 (mod 4),1<i<n,1<j<m
For example

ALY = f((LDA,2) + £((1,1)(2, 1))
= (1+3) (mod4) =0.

Hence, f*(v) =0 for all vertices of P, x P,,m > 2 and n > 2.
Here, the magic constant is 0 for all possible values of m,n of P, x P,.
Hence, P,, x P, is strong Z,;-magic. m > 2 and n > 2.

Example 2.5. Strong Z4 -magic labelings are shown for Ps x P; and P3 x

Ps.
1 1 1 1

Fig. 2 Ps x P
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Flg 3 P3 X Pe

Definition 2.6. The product C,, x Cp, is called a grid on cylinder.
Theorem 2.7. C,, x C,, is strong Z4-magic for m >3 and n > 3.

Proof. Let G be C,, x C,, graph.
Then V(G) = {u?)u <i<mand1<j< n}

BG) = {ufuf1<ism-1and1<5 <npu {ulfuf’ 1 <j<n}
U{uPuf* i <j<n-t1and1<i<mlu{uPuPn<i<m}

case 1 m isevenand n >3

Let f: E(G) — Z4 — {0} be defined as

F(ufliuf) = 8, 1<i<m/2and1<j<n
Faufly) = 1, 1Si<m/2 (@ =w)eand1<j<n
FuPuf™) = 1, 1<ismandisjs<n (uf =u)
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Now f*+:V(G) - Z,
By definition

it (uﬁ")) = f (u,{’;’;u?)) +f (uS”uEi’l) +f (uﬁj)u,‘.j*‘)) +f (u,("‘”uf.")),

1<i<mand1<j<n (u§°)=u§") anduf,”:uf,j))

f* (u?’) (3+1+1+1) (mod 4) =6 (mod 4)

= 2, 1<i<mandl<j<n
case 2 m is odd, n > 3.
Let f: E(G) — Z4 — {0} be defined as
f(u)) =2 1sismand1<isn, (w2 = uf?)
f(uPuf*) =1, 1<i<mand 1<i<n. (um*? = V)

fr:V(G)— 2,

We get

f+ (uﬁ")) = f (ug-?lugj)) +f (uﬁj)ugfl) +f (ugﬂugf“)) +f (ugj-1>u§f))
7 (4?) = (@+2+1+1) (mod 4) =6 (mod 4)

= 2, 1<i<m and 1<j<n.

In both the cases f*(v) is the same constant Yve V(G) and the magic
constant is 2 for all possible values of m,n. Therefore Cy, x C, is strong
Z4 - magic graph. a

Example 2.8. Strong Z, - magic labelings with magic constant 2 are shown
for the graphs Cg x C3 and Cs x Cy.
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Fig. 5 C5 X 04

Definition 2.9. [5/ Mongolian tent is a graph obtained from Pp x P, by
adding one extra vertez u above the grid and joining every vertex of the
top row of P, x P, to the new vertez u. It is denoted as MT(m,n).

Example 2.10. The Mongolian tent of MT(5,3) is shown below.
u

@ 62 63 64 6B

2p (32) (33) (24) (2p)

(1,1) (1,2) (L,3) (1.4) (1,5
Fig. 6 MT(5,3)
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Theorem 2.11. Mongolian tent graph is strong Z4 -magic for m > 2 and
n>2

Proof. Let G be MT(m,n).

Let [V(G)|=mn+1, |E(G)=2mn—-n

As in the plannar graph, here each vertex is represented as (i,j) where i
denotes the row (counted from the bottom to the top) and j denotes the
column (counted from left to right).

The roof vertex is denoted as u.
Case 1 m be even and n > 2
Let f: E(G) —» Z4 — {0} be defined as
Forafixed i=1
£l6:3)Gd +1)] = 8, for 5 =1,2,...,(m — 1)
For a fixed i=n
flGE.NEF+1)) =1, for 5=1,3,...,(m - 1)
£1(5,3)(irj + 1)) = 3, for j =2,4,6,...(m - 2)
For a fixed j =1 and m
f[(l,])('l. + 1,.7)] = 1) i= 13233)'"$ (n - 1)
For j=2,3,..,(m-1)
For i =2,3,...,(n—1)
fl(6,9)(E,7+1)]=2,1<j<(m-1)
flw)(n,j)] =2, 1<j<m.
Now, f*:V(G) — 2,.

f+(1s 1) = fl(1,1)(1,2)]+ £, 1)(2, 1)]

(3+1) (mod 4)

0

(3+1) (mod 4)

0

fl(tn = 1), 1)(n,1)] + £[(n, 1)(n, 2)] + f{(u)(n, 1)]
(1+1+2) (mod 4)

0

frnm) = flin=1,m)mn,m)+ fl(n,m — 1)(n,m)
+£((w)(n,m)

(1414 2) (mod 4)

0

o

i

similarly f*(1,m)

frn,1)
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For a fixed j = 2,3, ..

f*G.9)

££,9)

1)

{1 | 1 | A 1 (T R 1

similarly f* (¢, m)

f*(n,3)

nom

FH(w)

(m-—1)

[ = 1,5)G, )] + FIG, ) + 1,7) + £, 1) 5 +1)]
+£1(6,5 - 1)(E9)]

(2+2+2+2) (mod 4)

0, 2<i<n-1

(L7 - D@D + FL D+ D] + £l 9)]
(3+3+2) (mod 4)

0, 2<j<m-—-1

f[(l, 1)(i’ 2)] + f[(‘L -1, 1)(7:: 1)] + f[(?" 1)(" +1, l)l
(2+1+1) (mod 4)

0, 2<isn—-1

fl@,m)G +1,m)] + [ - 1,m)(5, m)]

+f[(i,m— 1)(1’7'”7')]

(1 +1+2) (mod 4)

0, 2<i<n-1

fltn, 3)(n, 3 = D) + fl(m, 5)(m, 5 + 1))

+£[(n = 1,3)(n, )] + Fl(w)(n, 5)]

(143 +2+2) (mod 4)

0, 2<j<m-1

3 w9

i=1

(2+2+ ...+ 2) (mod 4)
(m times 2) (mod 4)

0

Hence, f*(v) is constant for all v ¢ G
Case 2 m isodd and n > 2.
Let f: E(G) —» Z4 — {0} be defined as

For i=1

fl,)3E,5+1))=3, 1<j<m-1

For i=n

fl )G +1)]=2, 1<j<m-1

For j=1 and m

flGHGE+1,5)]=1, 1<i<n-1

For a fixed 7 = 2,3, ...

’(m_l)

fl6,)E+1,5)]=2, 1<i<n-1
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For a fixed ¢ = 2,3,...,(n — 1)
f[(%])(%] + 1)] =2 1£j<m-1
f[(w)(n, 1)] = 1 = f{(u)(n,m)]
fl(w)(m,4)) =2, 2<j<m-1

Now, f+:V(G) - Z,

FALCTSY

Similarly f*(1,m)
f(n,1)

fH(n,m)

For a fixed j = 2,3,

f*G,4)

51,9

FANCSY

Similarly f*(i,m)

f*(n,3)

| | | | A I O 1/ B

f1(1,1)(1,2)] + FI(2,1)(1,1)]

(3+1) (mod 4)

0

(3+1) (mod4)=0

717 = 1,1)(n, 1] + £1(m, 1)(m, 2)) + F{(w)(m, 1)
(1+2+1) (mod 4)

0

£l(n = 1), m)(n,m)] + f(m,m — 1)(n, m) + £1()(n, m)]
(1+2+1) (mod4)=0

ey (m —1)

1 I

716 = 1,360 ) + FIG ) +1,3)] + £, ) + 1)
£ - 1))

(24+2+242) (mod 4)

0, 2<i<n-—1

£10L,3 = D]+ £ + D) + £, 5L )]
(3 +3+2) (mod 4)

0, 2<5<m-1

FIEDE2)] + (6@ - 1L,1DE D]+ fI6EDE+1,1)
(24+1+1) (mod 4)

0, 2<i<n-—1

£l m) (G + 1,m)] + £ — 1,m)(i, m))

+£16,m — 1)(G, m)]

(1+1+42) (mod 4)

0, 2<i<n-—1

£ = 1), )] + £, )y + 1]

+fln = 1,7)(, 1)) + F((w) (. 5)]

(2+2+2+2) (mod 4)

0, 2<j<m—1
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f*(w)

> Flw)n )]
j=1

(1+ (m —2) times 2+ 1) (mod 4)

0 (mod 4)=0

In both the cases f*(v), VveV(G) is the same constant and the magic
constant is O here. Therefore the mongolian tent graph is strong Z, -

magic.

O

Example 2.12. Strong Z, -magic labelings of MT(6,5) and M(7,4) are

shown below.

u
2

1 3§ 1 3 1

1 2 2
2] 2 2 2 2

1 2 2
2] 2 2 2 2

1 2 2
21 2 2 2 2

1 2 2
3 3 3 3 3

Fig. 7 Strong Z,

- magic labeling of MT(6, 5)
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1
2

2 2 2 2 2 2

! 2 2 2 2 2 1
2 2 2 2 2 2

1 2 2 2 2 2 1
2 2 2 2 2 2

] 2 2 2 2 2 1
3 3 3 3 3 3

Fig. 8 Strong Z; - magic labeling of MT(7,4)

Definition 2.13. Let G be a graph. For each point v of a graph G, take
a new vertex v'. Join v’ to those points of G which are adjacent to v.
The graph, thus obtained is called the splitting graph of G . It is denoted as
S'(G).

Theorem 2.14. S'(C,) is strong Z4 -magic for n > 3.

Proof. Let V(S'(cn)) = {vi|]l £t <n}U{v}|]l i< n} and

E(S'(Cp)) = {vivit1|1 £ 1 < n}U{vim1¥i|1 £ < n}U {vfvip|l < < n}
[Un+1 = v1 and vp = vy

Let f: E(S'(Crn)) = Zs — {0} be defined as

fuivig1) =2, 1<i<n

fvic1v)) =1 and f(vjvi) =1, 1<i<n

Now, f*:V(S'(C.)) = Z4

frw) = fluio1v) + f(vivier) + Foiogvi) + fvivig,)
(2+2+1+1)(mod4), 1<i<n

(6 mod 4)

= 2 1<i<n

n
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fr) = fwio1vi) + f(vjvig)
(1+1)(mod4) 1<i<n
2

Hence, f*(v), is constant for all veV(S5’(C,))clearly. Hence, S'(C,) ad-
mits strong Z;-magic labeling and therefore S'(C;,) is strong Z4-magic
graph. a

Example 2.15. Strong Z,- magic labelings of S'(C5) and S'(Cg) are
shown below.

Fig. 9 Strong Z; - magic labeling of 5'(Cs))
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Fig. 10 Strong Z,; - magic labeling of S'(Cjs)

Observation 2.16. In all the above theorems, if we multiply the edge label-
ing by a positive integer p, the vertez labeling remains to be a constant and
this magic constant is equal to p times the original magic constant value
we obtained. Hence all the above graphs admit strong Z4p -magic labeling.
Hence the graphs Py, X Pn,Cp X Cr, MT(m,n) and S'(C,) are all strong
Z4p -magic graphs.
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