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Abstract

For o simple graph ¢ -« (VU ), a vertex labeling ¢ : V —
{1.2....k} is called k-labeling. The weight of an edge xy in G,
denoted by e, (ey). is the sum of the labels of end vertices r and
u. e o (ary) alr) 4 o(y). A vertex k-labeling is defined to be
an edpe arregular & labeling of the graph G if for every two differ-
ent edges « and f there is w.(e) 4 w,(f). The minimum k for
which the graph ¢ has an edge irregular k-labeling is called the edge
irregularity strength of G denoted by es(G).

In this paper. deteriine the exact value for certain families of
praphs with path 12,
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1 Introduction

Labeled graphs are becoming an inereasingly useful family of Mathematical
Models for a wide range of applications. While the qualitative labelings of
graph clements have inspired research in diverse fields of human enquiry
such as conflict resolution in social psvehology. electrical circuit theory and
cnergy erisis. these Jabelings have led to quite intricate fields of applica-
tion such as coding theory problems. including the design of good radar
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location codes. svach-set codes: missile guidance codes and convolution
codes with optimal antocorrelation properties. Labeled graphs have also
been applied in determining ubiguities in X-Ray crystallographic analy-
sis. (o design commnunication network addressing systems, in determining
optimal cireuit lavouts. radio-Astronomy.. ete. More detailed discussions
about applications of graph labelings can he found in [5, 6].

Let ¢ - (V. ) be the connected. simple and undirected graph with vertex
set Voand edge set I, By a labeling we mean any mapping that carries
a set of graph clements to a set of numbers (usually positive integers),
called labels. 11 1he domain is the vertex-set or the edge-set, the labelings
are called respectively eerter labelings or edge labelings. If the domain is
VuE then we eall the Inbeling total lebeling. Thus, for an edge k-labeling
S F(CY > {1200 k} 1he associated weight of a vertex 2 € V(G) is

ws(x) = Z 3(ry).

wliere the sum is over all vertices y adjacent to . and for a total k-labeling
v VY REGY s {20 k} the associated weight of edge 2y € E(G)
is

wl ey) - o) Fe(ey) + o).

Chartrand et al. in (11} introduced edge k-labeling & of a graph G such that
ws(r) /£ ws{y) for all vertices .y € V(G) with & # y. Such labelings were
called irregular assigniments and the irregularity strength s(G) of a graph G
is known as the minimum & for which & has an irregular assignment using
labels at most. &. This parameter has attracted much attention {7, 8, 10, 12].

Motivated by these papers. Bada et al. in 9] started to investigate two mod-
itications of the irregularity strength of graphs, namely a total edge irregu-
Tarity strength. denoted by Tes(C). and a lotal vertex irreqularity strength,
denated by fes(C). Some results on total edge irregularity strength and
total vertex irregularity strengih can be found in 1, 2, 4, 15, 16, 18, 19, 20].

C'ombining both previons modifications of the irregularity strength, Marzuki,
Salinan and Miller 171 introduced a new irregular total k-labeling of a graph
G ealled totally drregular totel k-labeling, which is required to be at the
same thime vertex irregular total and also edge irregular total. They have
given an upper bond and a lower bond of the totally irregular total k-
labeling. denoted by 15(¢7). The most complete recent survey of graph
labelings is {13,

A vertex F labeling o0V > {1,200, k} is defined to be an edge irregular
k-labeling of the graph ¢ if for every two different edges e and f there is
wa(e) / ws(f). where the weight of an edge e = zy € E(G) is wy(zy) =

324



o(r) + é(y). The minimum & for which the graph G has an edge irregular
k-labeling is called the edge irreqularity strength of G, denoted by es(G).

The following theorem proved in 3], establishes lower bound for the edge
irregularity strength of a eraph G.

Theorem 1. [3) Let ¢ (V. E) be a simple graph with mazimum degree

A A, Then
es(G) > max { PIL(GQ)I + ]-‘ ,A(G)} .

In this paper. determine the exact values of the edge irregularity strength
of Cartesian product of star. cyvele with path P;, and strong product of
path £, with £,

2 The Cartesian Product

The Cartesian product G of graphs G and H is a graph such that the
vertex set of G is the Cartesian product V(G)OV (H) and any two
vertices (o) and (y.y') are adjacent in GUH if and only if either z = y
and o is adjacent with ¢ in H . or 2’ =y and x is adjacent with y in G.

Let Ay, be a star with order n4- 1 and Ps he a path of order 2. The
Cartesian product Ay ,1L1% is a graph with the vertex set V(K, ,0P;) =
{o, g, 1 <i<n}u{a y}and the edge set E(K,,0P,) = {xxi, yyi, Tiyi
1 < i< n}afey}. The Cartesian product of C,,0P, is a graph with the
vertex set V(C, 1) .y 1 < < n} and the edge set E(C,,0P;) =
{roricro w0 1 <0< ndo From the next theorems it follows that
the lower bound in Theorem 1 is tight.

Theorem 2. es(WN 1 1P%) ~ |'3-’~'2+2~| Jorn > 2.

Proof. Ky ,1JPs has 2n 4 2 vertices and 3n + 1 edges. The minimum degree
of Ky, lPy is 8(K,.,,111%) = 2 and the maximum degree is A(K, ,0P;) =
n+4 1. According to Theoremn 1 we have that es(K';,,0FP2) > max{ [3—"2;"—2],n+
1} i o prove the equality. it suffices to prove the existence of
an optimal edge irregular +#0 2 |labeling.

: An
Let oy t VN %) > {20 i"",.," 21} be the vertex labeling such that

. 3n 12,
oy Leog(y) - | ”‘2!4 o) =4, for 1<i<n.
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TR I for 1<i<nandiodd

o (y,) e 1 27 : , .
PP [yl for 1 <i<nandieven

Since e, (rg) - 1T Lwg, () ik 1 for 1 < i<,

» ~ vt bl | '21] . for 1 <i<nandiodd
ey (1) = | #2144 - [5]. for 1 <i<nandieven.
noi 14 ¥k - 45, for 1<i<nandiodd

2
2

wo, (yy,) = _— . ) ) .
nws) A R AP for 1<i<nandieven.

So the edge weights form an arithmetic sequence 2,3,4,...,2 [3—"23] . Now
clearly the edge weights are distinet for all pairs of distinet edges. Thus,
the vertex labeling oy is an optimal edge irregular [ﬁi'-;—z]-laheling. This
completes the proof. O

I the above Theorem is determined the exact value of the edge irregularity
strength of Ny, 01 for i > 2.m = 2. [ have try to find an edge irregularity
strength Ay, U1P,, for nom > 3 but so far without success. So I conclude
the following Conjecture.

conjecture 1. For the Cartesion product Ky ,,0P,,, n,m > 3,

. 2mn -~ n+m
(Rl 1) = [T SRR,

The following theorem gives the exact value of the edge irregularity strength
for Cartesian product C,71P,.

Theorem 3. cs(C %) [P0 forn >4

Proof. (', 11 has 20 vertices and 3n edges. The minimum degree of
Cyiily is o(CLiyy - 3 and the maximum degree is A(C,,0FP) = 3.
According to Theorem 1 we have that es(C,0P) > max{ ["';2"’1.[,3} =

| 301 To prove the equality, it suffices to prove the existence of an opti-
mal edge irregular |20 {-labeling. Let us distinguish four cases:

Case .m0 (mod 1)

We construet the vertex labeling oy in the following way

SN ir << and 7 odd
o) '“'.’,"”. it 0+ 1 <i<nandiodd
:.f,':. if 1 <i<wuandieven.
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drol if | <7 <nandiodd
da{1.) Yoo if 1 <i< % andieven
Yooa i 1 <i<arand i even.
The weights of edges are as follows:
i1 if <<
“'l,):g (-r/.‘/l) - o on ~
3ip 1. il 5 i1 <i<n

b1, if1<i<y-1

we, (i) 34 ). i <i<n-1
!"{".z"-l | .o i o=
3i. ifl1<i<3
e, (Yt v 1) 30 i 2. if 'l' +1<i<n—-1

|'.'!.uz|vl l 4 1. ife=mn

We can see that all vertex labels are at most [2441] and the edge weights
successively attain values 2,3....,3n -+ 1. Thus the labeling ¢ provides
the upper bound ou es{(C,U11%).

Case 2. n I (maod 1)

For n 5.9 define a suitable an optimal edge irregular labeling is defined
in Figure 1. For n > 10 construet the vertex labeling ¢4 in the following

Figure 1: T'he edge irregular labelings for Cs0P; and CoOP;.

wayv:

{.’);g(.l'l ) - b, (');;(.l").) 0. '.':’.‘4(J'1) - T (»"93(;'.1:) == 31 ¢3(yl) = 11 ¢3(y2) =
Doog(ys)  3oda{m) 7.



3('.,* L T} <i<n -1andiodd

() A 6 < i< ;b and i even
B qf )b 1 <i<no1andieven

by s <i< ;! 2and i odd

2
ox(yi) -+ :“’; Yo, o1 <i<n--2and i odd
Ay, if6<i<n - 1andieven

2
The weights of edges are as follows:
o (1) 2w, (rag2) - T wo, (rays) = 9, Wy (Tayn) = 5, wey (T122) =
Totwo, (rary) 12, “'.""*(""' 1) -l 3(:; L1+ 3wy, (ram) = 4, we, (Yays) =
15. lf',;.v;(.’/u l.’/u) ' "“.4; ! . 2. ll"/._‘(_l/,,.l/l) - 3.

3i 2. ifd<ig eyt

”’1/:;4(-"1‘.‘”) : - e | . )
Bidgl ittt b1 <i<n=1

31 1) +1. ifi=3.4

W, (ririgy) - {331 1), if 5 <i<
3Gy r2 il 1<i<n -2
201 2). if1<i<3

o (Hithri 1) ST D I PR T R R I
30+ 2). if "t <i<n-2

We can see that all vertex labels are at most [#%t] and the edge weights
successively attain values 2.3.....3n -+ 1. Thus the labeling ¢3 provides
the upper bound on es(C,11P).

Case 4. n 2 (mad )
Wo construct the vertex labeling oy in the following way:
ag(ry) Loeog(ry) ; 3“:3" l i Toog(n) = L da(ya) = [%i] s

B2 2<i < andieven

oy(x; Bkl g3 < < oand i odd

| 2
M2 1 <i<n -1 and i even
A ir2<;<n 1andieven

o (i) :“'4, Boodrg i< " and 7 odd

AL s b < <o and i odd

The weights of edges are as follows:
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wy,, () 3. Wo (40 100) - 2[3“,_,‘ . 3. W, (xpay) = I'Qﬂzi’-'l,wd,‘ (y1y2) =
Ly, (i vin) 2000 2w () = |25,

) 31 i1 <i<y
g Ul . .
ol 311 ifga1<i<n

311, if2<i<y-1
U@_,(J,J/PI) - 3(] | l)_ if ‘g’ é i < n—2

( ) 3. ifr2<i<y
o Al . e ‘
S\l 3 i B I' 5_, + 1 —< i <- w9

We can see that all vertex labels are at most [15321‘—1] and the edge weights
suceessively attain values 2,3,....3n + 1. Thus the labeling ¢4 provides
the upper bound on es(C,011%).

Case 4. n =3 (mod 1)
We construct the vertex labeling ¢5 in the following way:

AL ifa<i<n -2andieven

an(ay) - "“—'{, Dijo ifi<i< oy Land i odd
AR if ";' 4 1<i<n-1andiodd

35_,“ ol iH1<:i< ~".'_,' and 7 even
Brbgss i, 4+1<i<n-2andieven

os(yi) 30 . . .
' DLy ifl<i< 22! and i odd

IS i 41 <i<n-—-1andiodd
The weights of edges are as follows:

Wy, (ryyy) o 20w (rays) = 11, wy, (..’I.':;.l'/;;r) = 0, wp, (Tnyn) = 5, we, (T122) =
Ty, (eoiry) = 12, l{?f'»,,'(:l'f, NEE {:.’!'2i!] + 3, wys (Tnm1) = 4, we, (Yays) =
15, “":,b,r,(.'/n l.‘/n) ! '!”.;;' ! I -4 2. ll’,,‘:r.(!/u.‘/l) =3,

3iv2 i 1<i<
1y '.I ' .
w, (,4;) Bt hoif b i1<i<n-1

B r 1)1 ifi e 3
Woe (0 1) -4 BG4 1). if 5<i<my!
B2 Ml e1<i<n-2
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2t 2). if1<i<3
Wor (i) = 4 B D LS <i< g -1
3+ 2). if ", <i<n-2

We can see that all vertex labels are at most | 24£1] and the edge weights
stceessively attain values 2.3.....3n + 1. Thus the labeling ¢5 provides
the upper bound on ¢s(C,1.1%). This completes the proof. M

Although | have not found the result for edge irregularity strength of
0P, m > 30 the lower bound in Theorem 1 is considered to be an
oxact value of the parameter es, the result from Theorem 3 leads me to

suggest. the following.

Conjecture 2. Let C,ViP,, be the Cartesian product of cycle C,, and path
P,.n.m>3. Then

(s((',,?:lf)m) o "”(2"” “; 1) + 1-l ]

3 The strong product

The strong product 7y X Gy of graphs Gy and G2 has as vertices the pairs
(r.y) where o ¢ V(C) and y & V(G2). Vertices (x1,y1) and (z2,y2) are
adjacent if either -y is an edge of Gy and y; = yq or if 2y = 29 and y,y2
is an edge of Gy or il ey is anedge of Gy and yyyo is an edge of Go. Note
that the edge set of the strong product Gy ® G, is the union of the edge
sets of the Cartesian product GG and categorical product Gy x Ga, see
e.g. L.

For iutegers o and b let |a.b] be an interval of integers ¢, a < ¢ < b.
[t we consider graph ¢y as the path P, with V(P,) = {1, 22,...,2,},
(P, = {00 ¢ Jlon = 1]} and graph Gy as the path P, with
VP A{uieu.. ... Yoo b CPY = {yiyivr 17 € [1,m — 1]} then

VP, X P {(ey,y i onf. j e [1omi} is the vertex set and
E X P (g ey) i€ [Ln=1]. 5 € [1.m]}

U{Grov )i (g )t ey, ) ri € flyn =1, j € [1,m — 1]}
Ul (i u)uj) i e [Lon]o € {1om = 1]} is the edge set of P, & Pr,.

In the next theorem, determiue the exact value of the edge irregularity
strength of 2, X /2,

D
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Theorem 4. Let P, Py be a strong product of path P, and Py withn > 2.
Then ]
WY -1, if n=1 (mod 2)

{-’g'] . if n=0 (mod 2).

LV

‘,"(I)IINI-)'—’.) {

Proof. The graph 2, X % has 2n vertices, 5n — 4 edges. As every vertex
of £, 8, is also a vertex of at least one complete graph Ky. Therefore no
two adjacent vertices have the sae label. This implies that the weights of
the ecdges must be greater than 2. To prove the lower bound consider the
weight of the edges. The smallest weight among all edges is at least 3, so
the largest value among the weights of the edges is at least 5n — 2. Since
the weight of an edge is the sum of two positive integers, so at least one
label is at least |—"’”.3”‘“’.] = !’2"1 - 1.

Define the vertex labeling ég as follows:

oy ). ifl1<i<nandieven&1<j<2

2

A g ifl1<i<nandiodd&1<j<2
(':,()(("'-I' U/)) v

For edge weights we have:

we (i ) (rig 1. 42))

5i4+1, if1<i<n-1andiodd
Di. if1<i<n-—1land:even

o, (v g2}y o)) -

5, if1<i<n—1landiodd
Skl il <i<n-—1landeven

we ey ) eeg)) 5 143( Dfor1<i<n-1,1<5<2,
wo, (o)) 5i 2for 1 <0<

For n =1 (mod 2) we can see that all vertex labels are at most [5—2’-‘-] -1
and the edge weights successively attain values 3,4, ...,5n—2, i.e. the edge
weights are distinet for all pairs of distinct edges. For n = 0 (mod 2), it is
easy to sec that the that the vertex label ¢¢((2),, y2)) = [%] , if we replace
by the vertex label [ "'._j' I | then weights of the edges (z,_1,y1)(zn, y2)
and (g . 42) 0. ) are the sane. Therefore the labeling ¢g is an optimal
labeling and gives the upper bound on the edge irregularity strength with
the maxinunn vertex label ]‘”f_;’* . for i = 0 (mod 2). This completes the
])l'(mf. U

Theorem 4 is determined the exact value of the edge irregularity strength
of PP, for > 2.m .. 2. | have try to find an edge irregularity strength
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£2,X0,, for n.ne > 3 but so far without success. So I conclude the following
open problenn.

Open Problem 1. For the strong product P, ® P,,, n,m > 3, determine
the cract value of edye irreqularvity strength.

4 Conclusion

This paper introduced a new graph characteristic, the edge irregularity
strength, as o modification of the well-known irregularity strength, total
edge irregnlarity strength and total vertex irregularity strength. In this
paper determined the precise values for Cartesian product of star K, ,,
cyele €5, with Py and strong product of path P, with P,. To encourage
the researchers for further research, two conjectures and one open problem
is proposed. In fact, it scems to be a very challenging problem to find the
exact value for the edge irregularity strength of families of graphs.
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