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ABSTRACT. In this paper we define and study the k—order Gauss-
ian Fibonacci and Lucas Numbers with boundary conditions. We
identify and prove the generating functions, the Binet formulas, the
summation formulas, matrix representation of k—order Gausian Fi-
bonacci numbers and some significant relationships between k—order
Gaussian Fibonacei and k—order Lucas numbers connecting with
usual k—order Fibonacci numbers.

1. INTRODUCTION

Fibonacci numbers theory depends on a very interesting recurrence re-
lation that is F, = F,_1 + F,,_2 for n > 2 such that Fyp =0 and F; = 1.
There are a lot of generalizations of Fibonacci numbers defined and studied
by some authors. For more information one can see [11, 16].

One of the most interesting generalization is Gaussian Fibonacci num-
bers introduced by A. F. Horadam [6]. Horadam (7] defined and established
some quite general identities about Gaussian Fibonacci numbers. J. R. Jor-
dan (8] extended some relations which are known for the usual Fibonacci
sequences to the Gaussian Fibonacci and Gaussian Lucas sequences.

The Gaussian Fibonacci sequence in (8] is GFp = i, GF} = 1 and GF, =
GF,-1+ GF,_5 for n > 1. One can see that

GF, =F, +iF,, (1.1)
where F), is the usual nth Fibonacci number.

The Gaussian Lucas sequence in [8] is defined similarly to the Gaussian
Fibonacci sequence as GLy =2 — i, GL; =1+ 2i and GL, = GL,_; +
GL,,_5 for n > 1. Also it can be seen that

GL,=L,+iL,_, (1.2)

where L, is the usual nth Lucas number.
Asci and Gurel [1] defined and studied the bivariate Gaussian Fibonacci
and bivariate Gaussian Lucas polynomials. Asci and Gurel [2] defined
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Gaussian Jacobsthal and Gaussian Jacobsthal Lucas Numbers and trans-
ferred significant identities from the usual Jacobsthal numbers to the Gauss-
ian Jacobsthal numbers. Asci and Gurel [3] defined and established some
interesting identities about Gaussian Fibonacci p—Numbers and Gaussian
Lucas p—Numbers by matrix methods. Also authors in [4] defined and
studied some interesting results about Gaussian Tribonacci numbers and
Gaussian Tribonacci polynomials

Another interesting generalization of Fibonacci numbers is order—k
Fibonacci Numbers that is defined by Er [5] by the following recurrence
relation

k
gf,:Zgi_j, forn>0and1<i<k
j=1
with boundary conditions for 1 — k < n £ 0,
i 1 ifi=1-n
9 =1 0 otherwise

Kilic and Tasci in [10] extended some relationships about order—k Fi-
bonacci Numbers that were Binet formulas combinatorial representations
of order—k Fibonacci numbers. Although the definitions of order—k Fi-
bonacci Numbers by Lee et al. in {12, 13, 14| are different from above, the
authors derived a generalized Binet formula for k—generalized Fibonacci
sequence by using determinants and gave relationships between the Fi-
bonacci numbers and their associated matrices of k—generalized Fibonacci
numbers.

Generalized order—k& Lucas Numbers are defined by many authors differ-
ent from each other. Kaygisiz and Sahin (9] defined generalized order—k
Lucas numbers by the following recurrence relation

k
ben = lenej
i=1

with boundary conditions

lk,l-—k = lk,2—k =..= lk,—l = -1 and lk,O = k.

But Tasci et al. in [10, 15] defined Generalized order—k Lucas Numbers
different from these authors and gave new generalizations of order—k Lucas
number by matrix methods. Also Lee et al. in [13] generalized between
k—Fibonacci numbers and Lucas numbers by using different definitions of
these numbers

In this article, we define and study the k—order Gaussian Fibonacci and
Gaussian Lucas Numbers with boundary conditions. We identify and prove
the generating functions, the Binet formulas, the summation formulas, the
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matrix representation of k—order Gaussian Fibonacci numbers and some
significant relationships between k—order Gaussian Fibonacci and k—order
Lucas numbers connecting with usual k—order Fibonacci numbers.

2. THE k—ORDER GAUSSIAN FIBONACCI AND k—ORDER GAUSSIAN
Lucas NUMBERS
Definition 1. Let k be an integer. The k—order Gaussian Fibonacci num-
oo
bers {G’F,(.k)} 0 are defined by the following recurrence relation
n=t

n—j?’

k
GF¥*) = ZGF(") forn>0andk>2 (2.1)
Jj=1

with boundary conditions for1 -k <n <0,
1-1%, Hfk=1—n
GF® = i, ifk=2-n
0, otherwise.

It can be easily seen that
. (k
GF® = F® 4 zF,S_)l
where F,sk) is the nth k—order Fibonacci number.

For later use the first few terms of the sequence GF,(tk) can be seen in
the following table

n |k=2|k=3|k=4|k=5|k=6
-5 1-1
-4 1—1 )
-3 1-1¢ i 0
-2 113 ] 0 0
-1| 1-1 i 0 0 0
0 3 0 0 0 0
1 1 1 1 1 1
20 14¢ | 142 | 147 | 142 ] 1413
3 24¢ | 241 | 24¢ | 247 | 241
4(3+20|4+20|4+20[4+20|4+2

Definition 2. Let k be an integer. The k—order Gaussian Lucas numbers
{GL,(,k) } are defined by the following recurrence relation

n=

k
GL® =3 GLY,, forn>0andk>2
=1



with boundary conditions for1—k<n <0,

1+ (2k—-1)i fk=1-n
GL® = -1-14 otherwise
k—1 fn=0.

It can be easily seen that
Lk
GL® = L®) 4L,
where L,(,k) is the nth k—order Lucas number.

For later use the first few terms of the sequence GL¥ can be seen in
the following table

n| k=2 k=3 k=4 k=5 k=6

5 1+ 112
—4 1+0i| —1—41
—3 “1+47 | —1-3 | —1—3
) —1+5i| —1—-7 | —1—i | —-1—1

-1 -143| -1—-¢ ] -1—-¢ | -1—-7 | —1—1
0] 2—1 3—1 4-—1 51 6—1
1 14+2¢ 143 | 14+4¢ | 14+5¢ 1+ 6¢
2| 3414 341 3+1 341 341
3| 443 | T+3 | T4+3 | T+ 3 7431
4| T4+4 | 114+7 [ 154+T7 | 15+T7i | 16+ 70

3. SoOME PROPERTIES OF k—ORDER GAUSSIAN FIBONACCI AND Lucas
NUMBERS

Theorem 1. The generating function for the k—order Gaussian Fibonacci
numbers is

() = i GRE _ GFM +(GFM —GF{")t+(GF{" - GFM -GF{*))?
9\t = nt = I S Y

n=0

and for the k—order Gaussian Lucas numbers is

0o (k) k-1 (k) m (k) Y,m
GLy '+Y, ., (GL) -  GL:” )t
G[ k 0 m=1 " =
h(t) Z g‘ ' S_Z;‘;l ‘jJ — I) ’

n=0
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Proof. Let g(t) be the generating function of the the k—order Gaussian
Fibonacci numbers GF{" then

9(t) — tg(t) — ... — tig(t) = GF{ +t (GF,"" - GF(;"))
k k
+£* (GF{ - GFP - GF{)
+6 (GF{" - GE{P - GF{¥ - GF{")

oo n-1
+3 ot (GF,&") -y GF}"’)

= GF® + (GFI"" - GFé"’) t
+(GF® — GF® — GF{ye.
By taking g(t) parenthesis we get
GF{" + (GFP - GF{P) t + (GFY - GF{¥ - GF{")#*
The proof for h(t) is similar. O

g(t) =

Corollary 1. Let k = 2. Then the generating function of the usual Gauss-
tan Fibonacci numbers
oo . .
_ n_t+(1- i)t
9(t) =3 GFat" = T——~
n=0
and Lucas numbers
oo . .
2—i+ (i -1)¢
— n —
h(t) = ) GLnt" = —————
n=0
Corollary 2. [4] Let k = 3. Then the generating functions of the Gaussian
Tribonacci numbers
[e o]
t+it?
- n_
9(t) =) _GT.t" = P g
n=0

Binet’s formulas are well known and studied in the theory of Fibonacci
numbers.

Let f (M) be the characteristic polynomial of the k—order Fibonacci num-
bers and zi,zs, T3, ..., Zx_1, Tx be the different roots of the characteristic
equation of the recurrence relation (2.1). Then the Binet formula of the
k—order Fibonacci numbers are given in [12].

Now we can give the Binet formula for the k—order Gaussian Fibonacci
and the k—order Gaussian Lucas numbers.



Theorem 2. Forn >0
GF,(,") = 1z} + coxy + ... + Ckxf + 1 (clx?‘l +exf 4L+ ckz;"l)
and
GLY) = t12} + toxl + ... + tral +4 (812771 + tozp ™ + .. + tezP 1)
Proof. We have the relation
GF® = F® +iF®)

where F{¥) is the nth k—order Fibonacci number. Since the Binet formula
of the k—order Fibonacci numbers is proved in [12]. Then from above

relation it can be seen. The proof for GLs,k) is similar O
Theorem 3. For any positive integers m and n

GFY, — FOcr9 + S (G ( FO S F,st),,)

i=0 p=0
Proof. Theorem can be proved by mathematical induction on n. a
Corollary 3. Let k = 2. Then
GFuym = Foe\GFp + F,GF 1.

Corollary 4. (4] Let k = 3. Then

GTrnim =TnGTm—2+ (Tn + Ta1) GTn—1 + 101 GTrn

where T,, and GT,, are the usual Tribonacci and Gaussian Tribonacci num-
bers.

Theorem 4. For any positive integers m and n
k-1
(k) k (k) (k
GLpim = Fr(z-f-)IGLST,:) + Z(:) (GL —(k—j—1) ZF ) ) .
J=
Proof. Theorem can be proved by mathematical mductlon on n. (]

Corollary 5. Let k = 2. Then
GLn+m = n+lGLm + FoGLm—;.

Theorem 5. The sums of the k—order Gaussian Fibonacci and k—order
Gausstan Lucas numbers are given as:

Z k k k
S.F" = =g (er, - cF

+Z(k i-1) (GF¥ - GF,(,'_?J))

J=1

350



and

n
K 1 k K
Sor = (e, -
=1

k-2
+> (k—j-1) (6L - GLSQJ.)) :
J=1

Proof. By the recurrence relation of k—order Gaussian Fibonacci numbers
(2.1) we have

k-1
GF®, = GF® - GF,_;.

Jj=1
From this equality
oF®) = GF¥®) -GF® —..-GF® -G
GF® = GF®,—GF®, - .- GF® — GF®
G-Fék) = GFIS’AC-)II - GF;:)Q — = G'Fs(k) - GF4(k)
k k k k

GFrgzll = GFI£+)m—l - GFI£+)m—2 T GFrSt-l)-l - GF

GF® = GF® -GF® _ . -GF¥,-GF¥..

So we get
m
S GF® = GF®, -GF® - 26F¥ - 3¢F®
J=1

= (k=2)GF®, ~ (k - 1)GF®

m+1
~(k-2) S GF® - (k-3)GF¥),
j=k+1
k
—(k—4)GF®), —..—3GF® _, —2GF® .
—GFIEi)m—T

Adding and subtracting the following terms in the equation above

(k-2)GF® — (k- 2) GF® 4 (k- 2) GF® — (k — 2) GF
+(k=2)GF® — (k-2)GF® + .. + (k- 2)GF® — (k- 2) GF®



we get

STGF® = GFE®. +(k-2)GF® + (k-3)GF{ + ..
k=1

m
+2GFY; + G, - GFP — (k- 2) Y GF®
i=1

—(k-2)GF¥) | —(k-3)GF¥), - ...
k k k
—3GF, l§+)m—4 - 2GF, l§+)m—3 - GF, li(:+)m—2'
Finally we have
m k=2
(k-1 GF® = GFY -GFP +3Y (k-j-1)GF"

k-2 .
-3 (k-j-1)GF¥),
j=1
and

k) L *) R
;GFJ. - — (GF., - GFf

=1

k-2
=Y (k-j-1)(GFM - GF,Sf_,)_j)) :

This completes the proof.
Corollary 6. (8] For k=2

n
> GF; =GFpyp— (1+1)
i=1

and n
> GLj =GLpya— (3+1).

i=1
Corollary 7. [4) Fork=3

3 GT; = 2 (6Twss = OTuw — (149
j=1

Theorem 6. Forn >0
k-1
k . k
GLY = kGF ), - 3 (k—5)GFE ;.
j=1
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Proof. Theorem can be proved by mathematical induction on n.
Ifn=0and k=2, then GL®) =2 —i, GF{® =i and GF¥ =1 and
then
GLY =2GF® - GF{.
Also if n = 0 and & > 2, then GL((,k) = k — i. By the definition of the
k—order Gaussian Fibonacci numbers for all n € Zt, it can be easily seen
that

k-1
kGF® =" (k- )GF¥, = kGF{® - (k-1)GF{" - ... - GF{¥,
—
= k-0-0-..-0-1
= k-1
GLE.
Suppose that the equation holds for n, that is
k-1
GLE) = kGF - > (k- ) GF, ;.
J=1
Then for n + 1, by the definition of the k—order Gaussian Lucas numbers
GLY), = GLW +6L¥ +6LP,..+a6L®) _,
k—1
(kGF,i’i’, - (k-3) GF,S’fﬁl_j)
j=1

k-1
+ (kGF,gﬂ =3 (k-3) GF,‘,’i’,-)

=1

=1

k-1
+ (kGF,E’f_)I -3 (k- j)GF,S"_),_,.) + ..

k-1
k .
+ (kGF,ﬁ ok — 3 (k= 35) GF,f'i’l_k_j)
7=1
= k(GFE, +GF® + ..+ GF, )
k—1
-3 (k-3) (GF,ﬁ'_?l_j +GF®, +GFY, _; + "'GFr(t,:-)l—k—.‘i)
i=1

k—1
= kGFY, -3 (k-35)GFY, ;.

=1
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This completes the proof. O

Corollary 8. [8] Forn >0
GLn+1 = 2GFn+2 - GFn+1.

Theorem 7. Forn >0
k
, K
GLH = ZJGF7£-|-)1—3"
Jj=1

Proof. Theorem can be proved by mathematical induction on n in a similar
way to Theorem 6. O
Corollary 9. [8] Forn >0

GL, =GF,+2GF,_;.

Now we introduce the matrices Qy, R and E',(,k) that plays the role of
the Q-matrix. Let Qg, R and E,(lk) denote the & x k matrices defined as

11 1 11
1 0 0 0 0
01 0 00
N S
0 0 - -+ 00
- 0 0 10 d kxk
[ GFY, GFY, GF", GE® GF® o
GF®), GF,§§’3 GF®, ... gr® ¢ 0
GFlgi)s GFIE—)4 GF&)5 e 0 0 0
GF® GF® o ... o 0
GFl(k) 0 0 “an 0 0 ’L
0 0 0 e 0 i 1 _ i Lok
and
GF?%,—:-;I:—I GF{;::I:—Z e GF,S(.’,;)l GF,(Sk))
GFn+k—2 GFn+Ic—3 T GFn GFIc—-3
E® = : : :
GFY,  GFP .. GRY., GRY.,
GF® GFr(a—-)l . GFTE_?k+2 GF:S—)):-H ok

Then we can give the following Lemma without proof and theorem:
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Lemma 1. Letn> 1. Then

Er(zlfgl = QkEv(tk)'
Theorem 8. Letn > 1. Then

QiR. = E).

Proof. By induction method. If n = 1, then from the definition of the
matrix E,, and k—order Gaussian Fibonacci numbers,

QR = EX.
Assume that the theorem holds for n
QFR. = E.
Then for n + 1 we have
Qit'Ry = QkQRR:

Corollary 10. Let k = 2. Then
np_ 11 1]°[1 & ]_[GFu1 GF,
QR_[IO][il—i]—[GFn GFay |
Corollary 11. [4] Let k = 3. Then
f1 1 17" [1+i 1 0
Q3R; = 1 00 1 0 1
[0 1 0 0 @ 1-:1

[ GThi2 GTnyr  GTy
= GTny1 GT, GTa-1 |.

GT, GT,-1 GT,_,
4. CONCLUSION

In this paper we defined and studied the k—order Gaussian Fibonacci
and Gaussian Lucas Numbers with boundary conditions. We identified and
proved the generating functions, the Binet formulas, the summation formu-
las, the matrix representation of k—order Gausian Fibonacci numbers and
some significant relationships between k—order Gaussian Fibonacci and
k—order Lucas numbers connecting with usual k—order Fibonacci num-
bers.
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