MINIMAL ZERO-SUM SEQUENCES OF LENGTH FIVE
OVER CYCLIC GROUPS OF PRIME POWER ORDER
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ABSTRACT. Let G be a finite cyclic group. Every sequence S of
length ! over G can be written in the form S = (z19) : ... (z19)
where ¢ € G and z1,...,2; € [1,0rd(g)], and the index ind(S) of
S is defined to be the minimum of (z; + --- + x;)/ord(g) over all
possible g € G such that {g) = G. Recently the second and the third
authors determined the index of any minimal zero-sum sequence S
of length 5 over a cyclic group of a prime order where § = g2 -
(z29) - (x39) - (z49). In this paper, we determine the index of any
minimal zero-sum sequence S of length 5 over a cyclic group of a
prime power order. It is shown that if G = (g) is a cyclic group
of prime power order n = p* with p > 7and ¢ > 2, and § =
(z19) - (x29) - (z39) - (z49) - (z5g) with 1 = z2 is a minimal zero-sum
sequence with ged(n,z1,z2, x3,z4,x5) = 1, then ind(S) = 2 if and
only if § = (mg) - (mg) - (m"—'i'—lg) . (mi'{—sg) - (m(n — 3)g) where m
is a positive integer such that ged(m,n) = 1.

1. INTRODUCTION

Throughout the paper G is assumed to be a finite cyclic group of order
n written additively. Denote by F(G), the free abelian monoid with basis
G and elements of F(G) are called sequences over G. A sequence of length
! of not necessarily distinct elements from G can be written in the form
S = (z19) ... - (z1g) for some g € G. § is called a zero-sum sequence
if the sum of S is zero (i.e. Z:=1 zig = 0). If S is a zero-sum sequence,
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but no proper nontrivial subsequence of S has sum zero, then S is called a
minimal zero-sum sequence. The index of a sequence S over G is defined

as follows.

Definition 1.1. For a sequence over G
S =(x19)... - (x:19), wherel <z;,...,2; < ord(g),

the indez of S is defined by ind(S) = min{||S||y | g € G with G = (g)} where
1+ 4T

ord(g)
Clearly, S has sum zero if and only if ind(S) is an integer. There are also
slightly different definitions of the index in the literature, but they are all
equivalent (see Lemma 5.1.2 in [7]).

I151lg =

The index of a sequence is a crucial invariant in the investigation of
(minimal) zero-sum sequences (resp. of zero-sum free sequences) over cyclic
groups. It was first addressed by Kleitman-Lemke (in the conjecture (9,
page 344]), used as a key tool by Geroldinger ([6, page 736]), and then
investigated by Gao [3] in a systematical way. Since then it has received a
great deal of attention (see for example [1, 2, 4, 5, 7, 8, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21)).

A main focus of the investigation of index is to determine minimal zero-
sum sequences of index 1. If § is a minimal zero-sum sequence of length
|S| such that |S| < 3 or |S| > | %] + 2, then ind(S) = 1 (see [1, 14, 20]).
In contrast to that, it was shown that for each [ with 5 <1 < [5] +1,
there is a minimal zero-sum sequence S of length |S| = ! with ind(S) > 2
([14, 20]) and that the same is true for | = 4 and ged(n,6) # 1 ([13]). In
recent papers [10, 11, 18], the authors proved that ind(S) = 1if |S| = 4 and
ged(n,6) = 1 when n is a prime power or a product of two prime powers.
When 7 is a product of at least 3 prime powers, some partial results were
also obtained in (15, 16, 17]. However, the general case is still open.

It was mentioned in [12], in order to further investigate the index of a
general minimal zero-sum sequence of length 4, it is helpful to determine
the index of certain minimal zero-sum sequences of length 5. It is routine
to check that if S is a minimal zero-sum sequence over G of length 5, then
1 < ind(S) < 2. Let h(S) be the maximal repetition of an element in S.
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In (12], the index of any minimal zero-sum sequence S of length 5 over a
cyclic group of a prime order with h(S) > 2 was completely determined. In
this paper, we continue the investigation on the index of minimal zero-sum
sequences of length 5 over a cyclic group of prime power order. When G
is a cyclic group of prime power order n = p* with p > 7 and x > 2, and
S is a minimal zero-sum sequence over G with h(S) > 2, we were able to
determine completely the index of §. Our main result is as follows.

Theorem 1.2. Let G be a cyclic group of prime power order n = p* with
p=Tandy > 2, and S = (z19)-(229)-(739)(z49) (z59) be a minimal zero-
sum sequence over G with ged(n,xy,T2,T3,%4,%5) = 1 and 1 = x2. Then
ind(S) = 2 if and only if S = (mg) - (mg) - (m251g) - (m2E2g) - (m(n - 3)g)
where m is a positive integer such that gcd(m,n) = 1.

The paper is organized as follows. In the next section, we provide some
preliminary results. In Section 3, we state three main propositions and use
them together with some preliminary results to give a proof for our main
result. The proofs of the main propositions are given in the last section.

2. PRELIMINARIES

We first prove some preliminary results which will be needed in the
sequel. Let G = (g) be a cyclic group of order n. Suppose that § =
(z19) - ... - (mg). Let |IS||} = ord(g)l[S|ly = Si_, z:i € No and denote
by |z|, the least positive residue of £ modulo n, where n € N and z € Z.
Let mS denote the sequence (mz;g) - ... - (mzig). Since |g] = n, we
have mS = (Imz1|ng) - ... - (|mzi|ng). We note that if ged(n,m) = 1,
then the multiplication by m is a group automorphism of G and hence
ind(S) = ind(mS). Two sequences S and S’ are called equivalent, denoted
by § ~ &, if § = mS’ for some m with ged(n,m) = 1. Clearly, if $ ~ &,
then ind(S) = ind(S’). For all real numbers a < b, define [a,b] = {k €
Zla < k < b}.

From now on we always assume that G = (g) is a cyclic group of order
n=p*and § = (x19)- ... - (z19) is a minimal zero-sum sequence over
G. We remark that if ged(n,z), T2, T3, 24, T5) = p¥ > 1, let h = p¥g and
z} = z;/p* for 1 < i < 5. Then a minimal zero-sum sequence S over G can
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be rewritten as S = (z{h)- ... -(xjh), which is a minimal zero-sum sequence
over H = (h). Note that H is a cyclic group of prime power order with
|H|||G| and ged(n,z}, x5, 25,24, 75) = 1. In what follows we may always
assume that ged(n, z1, T2, T3, 74,25) = 1. Let U(n) denote the unit group
of n =p#, ie. U(n) = {m|l <m < n-1,ged(m,n) = 1}. It is well known
that 1 +ta € U(n) forany 1 < a =p* < n.

Lemma 2.1. Letn = p* withp > 5, 4 > 2 and a = -3. If v is an

integer such that 1 < v < n —1 and ged(v,p) = 1, then there exists

y=1+ta € U(n) such that |vy|, < 2.

Proof. Let v=! € U(n) be the inverse of v and v = ka + vo where 1 <
vo <a—1and k> 0. Choose y = 1+ ta with t = |[v™!(p — k)|,. Clearly
y € U(n) and we have |vyl, = [v+vv~}(p—k)a|, = vo < o as desired. O

The following proposition is a generalization of [12, Proposition 2.2].

Proposition 2.2. Let G = (g) be a cyclic group of order n = p* with
p>5 IfS=g%. (”“—{-‘-g) . (#g) - ((p* — 3)g) is zero-sum sequence over
G, then ind(S) =2.

Proof. This proposition was proved in {12] for n = p and the same proof
works for the prime power case. O

Proposition 2.3. Let G be a cyclic group of prime power order n = p#
withp 2> 5 and pu > 2, and S be a minimal zero-sum sequence of length 5.
Ifh(S) > 3, then ind(S) = 1.

Proof. 1f h(S) > 4, then we may assume that £, = 7o = 23 = 74 =
ged(n,z1). So we have that ||S]; = Z?=1 z; = 41 + 5 < 2n. Therefore
ind(S) = 1.

If h(S) = 3, then we may assume that z; = z, = z3 = ged(n, z;). If
z; =1, then 4,25 < n —4 and ||S|; = 2?:1 z; £3+2(n—4) < 2n,so
we infer that ||S||} = 3% z; = n and ind(S) = 1.

If z, = p* > 1, then ged(n,z4) = 1. Let a = p#~!. Then by
Lemma 2.1 there exists y = 1 + ta € U(n) such that {yz4], < a. Since
r) < o and y fixes 7, (i.e. |[yzy1|. = |71]a), we have ||yS|l; = [yz1|n + -+
lyzs|n < 4+ x5 < 2n, so ind(S) = 1 and we are done. O

372



By using a computer software (MATLAB), we were able to verify the
following proposition.

Proposition 2.4. Let G = (g) be a cyclic group of prime power order
n=pt withp>5andp>2, and S = g2 (39) - (T49) - (z59) be a minimal
zero-sum sequence of length 5. If n < 289, then ind(S) = 2 if and only if
S =g (2529) - (239) - ((n - 3)9)-

3. MAIN PROPOSITIONS

In this section we present three main propositions and then use them
together with some preliminary results to provide a proof for our main
theorem. In terms of Proposition 2.3, from now on we may always assume
that h(S) = 2 and z; = z2 = ged(n,z1). The following proposition takes
care of the case when z; > 1.

Proposition 3.1. Let G = (g) be a cyclic group of prime power order
n=p* withp>7andp>2, and § = (z19) - (z29) - (z39) - (z49) - (z59) be
a minimal zero-sum sequence of length 5. If x1 > 1, then ind(S) = 1.

Next we assume that z; = zo = ged(n,z;) = 1 and S = g2 (zag) -
(z49)- (zsg) such that 2+ z3+ x4+ x5 = 2n. The following two propositions
are crucial to prove the main theorem.

Proposition 3.2. Let G be a cyclic group of order n with n = p* >
289,p>7 and u > 2. Let S = g*-(cg)-((n—1b)g) - ((n—a)g) be a minimal
zero-sum sequence with 4 < a <b<c< Jandc=>b+a—-2 Then
ind(S) =1.

Proposition 3.3. Let G be a cyclic group of order n with n = p* >
289,p> 7 and u > 2. Let S = g%-(cg)-((n—10b)g) - ((n—a)g) be a minimal
zero-sum sequence with3 = a < b<b+1=c < §. Then ind(S) =2 if

£ n—1
and only if c = 25=.

We are now ready to present a proof for our main result.
Proof of Theorem 1.2.

In terms of Proposition 2.3, we may assume that h(S) = 2 and z, =
zg = ged(n,z1). If z; > 1, then the result follows from Proposition 3.1.



Next we assume r; = 2o = ged(n,z1) = 1 and S = g2 - (z3g) - (z49) - (T59)-
As discussed in [12], we may assume that S = g%-(cg)-((n—b)g)-((n—a)g)
with 3 < a < b <c< § and ¢ = a +b— 2, for otherwise, it is easy to
show that ind(S) = 1. If n < 289, the result follows from Proposition 2.4.
So we may assume that n > 289. Now the result follows immediately from
Propositions 3.2 and 3.3, and we are done.

4. ProoFrs FOR MAIN PROPOSITIONS

We now give the proofs for the three crucial propositions stated in
previous section. The proofs will be presented in the following three sub-

sections.

4.1. Proof of Proposition 3.1. .

Letz; =p°>land o’ = ;"; = x—"l We first assume that ged(n, z;) > 1

for some i = 3,4, 5, say ged(n,z3) > 1. We divide the proof into 3 cases.

Calse 1. If z; > ged(n,z3) > 1, let 25 = eyl A=y and
o = 2. Then by Lemma 2.1, we may finday = 1 + ta’ € U(n') such
n

that |yzs|.r < . Thus |yzs|, = ged(n, z3)|yzsln < ged(n, z3)a’ = 2.

Since z; > ged(n,z3), y fixes ; = z2, so by multiplying S with y, we

may assume that z,,z9,23 < 1;;. Since ged(n,z1, 22, 23,24,25) = 1, we

have ged(n, z4) = 1. Thus by Lemma 2.1, there exists y' = 1 + t% € U(n)
such that |y'z4], < %. Since y’ fixes z1,22 and z3, again we may assume
that z; < 2 for i = 1,2,3,4. Thus ||S[|y = ?=l:l‘,~ < 4—p'3 + z5 < 2n, so
ind(S) = 1 and we are done.

Case 2. If r; < ged(n,z3), then there exists u € U(n) such that
|uzs|, = ged(n,z3). So we may assume that z3 = ged(n,z3). Note that
) may not be ged(n, ;) any longer. However, as in Case 1 we may find
y=1+ta’, where o' = gﬁ(:._msi’ such that |yzi|, <o’ < %. Since y fixes
z3, we may assume that z,, 23,73 < %. Since ged(n, z4) = 1, there exists
¥ =1+1t32 € U(n) such that ly'zaln < 3. Since y' fixes z1,z2 and z3, so
we may assume that z; < % fori=1,2,3,4. Thus 2f=1 z; < %"-i—x;, < 2n,
so ind(S) = 1.
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Case 3. If z; = ged(n,z3), let 23 = n — kzy = n — w. Since S
is a minimal zero-sum sequence, we have k > 3. (Otherwise, =1 + z3 or
z) + 22 + x3 has zero-sum.) If w < %, then 2w < n and |2z3|, = n — 2w
and |2z1], = 2z;. We may replace S by the equivalent sequence S’ =
(2219)-(2z29)-((n—w')g)-(|224]n9)-(|225}ng). By repeating this process, we
may assume that w > §. As before, since ged(n, z4) = 1, we may assume
that 4 < 2. Since k > 3,p > 6 and kp—2p—-2k = (k—-2)(p—-2)—4>0,
E;_Zw-“ > %ﬂ -2 = -fj;‘;(kp—2p—2k) > 0, so we have

k-2
||S||’g=2z,- =n—(k—2)x1+x4+z5=n+z5—(Tw—$4) < 2n.
i=1

Therefore, ind(S) = 1 and we are done.

Next we assume that ged(n,z;) =1 for all : = 3,4,5. Let 23 = p* > 1
and o = 1%. As before, we may use a unit 1 +ta/{(0 < ¢t < 7 —1) to
move z3 so that z3 < o’. Thus we may assume that z3 < o/. Let 8 = 2 72
max(z;,a’). Theny; =14+ t12;'8 € U(n) and yo = 1 + 25’8 € U(n)
for ¢ty # ty € [0,p — 1] are distinct units. Note that every such y fixes z;.
Note also that |(1 + tz3'8)zi|. = |z} + (n = t'B)|n < 7! + (n — t'8) where
1<t <pand 2} = zymod B. If |(1 + t127'B)ziln # [(1 + tz.'c;lﬂ):z:,|n,
then |z} +(n—t} ,6)|,, |z} + (n—t58)|n, implying t] # t5. Thus 30_ [(1+
tz318)ziln = S0 |@i 4+ (n—t'B)|n < T+ T, (n—t'B) = Tz|+Tn—288.
We now compute the following sum

>

i=1

6

(1 +t25'B)ziln = 7o+ 722+ (23 +16) +
t=0

|1 +tz3'B)ziln < 14z + Tz3 + 218 + 72} + Tz} +

M- M-

-
1]
»
w
o
Il
o

22 —(14+8)8) = T7(2z1+x3 +z, + x}) + 14n — 354.
t=0

Since 2z; + x3 + =} + z§ < 58, we have
4t Ts

5 6
3D 1+ taz ' B)ziln < 14n + 358 — 358 = 14n.

i=1 t=0
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Then there must exist t € [0, 6] such that

5
Z (1 4tz B)zila < 2n.

i=1

So

5
311 + tz3 B)ziln = n,

i=1

and thus ind(S) = 1. This completes the proof.

4.2. Proof of Proposition 3.2. .

In this subsection we will prove Proposition 3.2 through the following
lemmas. Let s = |2]. Recall that from now on we always assume that
n > 289.

Lemma 4.1. Let S = g2 (cg)-((n —b)g)- ((n—a)g) be the same sequence
described in Proposition 3.2. If there exist integers M and k such that
ged(n, M) =1, 2 < M < %2 and Ma < n, then ind(S) = 1.

Proof. Note that

\MS|l;, = M+M+|Mcla+|M(n-b).+|M(n—a)
< M+M+ Mc-kn+ (kn— Mb)+ (n — Ma)
= n+MQ+1+c—-b—-a)=n.
We conclude that ind(S) = 1. a

Lemma 4.2. If S = g%-(cg)-((n —b)g) - ((n—a)g) is a minimal zero-sum
sequence such that 3 < a < b < c < %, then ind(S) = 1 provided that one
of the following two conditions holds:

(1) Le22m 5 9,

(2) L=t 2'2)" >land 2 <p-—2.

Proof. (1). If fﬁ"—gégh‘- > 2, then there exist two integers M, M> € [£2, 28],
so one of them, say M, is co-prime to n. Since Ma < n, by Lemma 4.1 we
have ind(S) = 1.

2). If gs;llg-_ﬂﬁ > 1, then we can find two integers M; and M,
such that M; € [¢=22 -(—’%)"-] and M, € (28, ]. We may assume that
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-(ifgl-m — My €1 and M, — 22 < 1; for otherwise, by the proof in (1) we

[+

infer ind(S) = 1. Note that

_ sn sn (s—1)n (s—1)n n
Mo~ M= My~ —)+(— —— )+ (——-M) <2+ -<p

Thus one of M) and M, is co-prime to n, so by Lemma 4.1 we have ind(S) =
1. O

Lemma 4.3. If the sequence S = g2 - (cg) - ((n — b)g) - (n — a)g) is a
minimal zero-sum sequence such that 6 <a <b<c< § and s > 4, then
ind(S) =1.

Proof. We divide the proof into the following 3 cases.

Case 1. 2 > 4. Since 272 > slcBn > (4yd)y > 2, by

Lemma 4.2 we infer ind(S) = 1.
Case 2. 3 < 2 < 4. Then {=he=fin 5 LoEEAR > (4)(4)3 > 1,
Since 2 < 4 < p -2, it follows from Lemma 4.2 that ind(S) = 1.

Case 3. 2 < 2 <3 If2 <3< %, then 3a < n and thus by

Lemma 4.1 ind(S) = 1. So we may assume that 2 < 2 < 2 < 3. If
s > 7, then L=l@=2n 5 (-NE=Bn > (6)(4)) = 1. By Lemma 4.2
ind(S) = 1. f4<5<6,n<3 < 3s+1ac< 2lg soa > 14.
Again, (3_1)¢E:~2)” > He-l)a=2) 5 (2)(43)2 > 1. By Lemma 4.2 we infer

(s+1)a =
ind(S) = 1.

O

Lemma 4.4. If S = (g) - (9) - (cg) - ((n — b)g) - ((n — a)g) is a minimal
zero-sum sequence such that6 < a <b<c< Z apds <3, thenind(S) = 1.

Proof. We divide the proof into two cases.

a—2 -
Case 1. 2 > 5. If s > 2, then o o n 5 sle=2n (2)(3)5 > 2, s0

(s+1)ac
by Lemma 4.2, ind(S) = 1.
Next assume that s = 1. If 2 > 6, then ﬁ“%Lf" > L";ﬂ—zc)" > 2, so again
we infer ind(S) =1. If 5 < 2 < 6,then3a—3>c¢c> %, s0a > 18. Thus
a=2)n 5 (ooBn > (18)5 > 2, s0 ind(S) = 1.

2ac

Case 2. Z < 5. We may assume that m < 2 < 3 < m + 1(«) with
m € [2,4] (for otherwise, it is easy to show that ind(S) = 1).
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Subcase 2.1. s = 1. If m > 3, we have

_n_ (a—2)n S 3(a—-2) >1,
c be 2a

<ol 3

giving a contradiction to (*).

Next assume m = 2. If b < 2a — 4, then § — 2 = g“—ff# >3 >1,
giving a contradiction. If b > 2a — 3, then n > 2¢+ 1 = 6a — 9. Since
n _2n _ 2Aecn 4("_2) > 1, we have 2 < 5 < 22, Note that
b c = be = 2a-1 c b
3a-3>c> %,s0a >34 Thus5a < 6a—-9 < n, so by Lemma 4.1
ind(S) = 1.

Subcase 2.2. s =2. If m = 2, then 2 < 2 < 3 < 3 and thus
a>}%>32 Sincez—;‘-—-"’c—"=3(°b—:2)32%(z—:?>l,wehave27"<5<2T",
implying ind(S) = 1.

Nextassumem—3 Thusa>§>%>24.$o2 2">-i"—--?-lﬁ>

3ac
%%)TZ = Uz 12 > 38 then 4—6—2 esn - 9, implying ind(S) = 1. Next
assume that LS :1“15 Then Sn < 108 < 10. Since 32 3n, > g%a:)n > 1.

We have 32 < 10 < 3. We next show that 10a < n and thus ind(S) =1
(by Lemma 4.1). Note that 3 < 2 < 3 < 4anda > 24. Then e <

Ha-2)< H-b< 24(2 - 2) = £, 50 10a < 7n as required.

If m = 4, then a > 20 and thus 2(11_;022 > g«;;_z) > 2. By Lemma 4.2
ind(S) = 1.

Subcase 2.3. s =3. If m > 4, then 3" > J%M > 2. It follows
from Lemma 4.2 that ind(S) =1. If m = 3, then -2 W > 1,
so by Lemma 4.2 ind(S) = 1.

Next we assume that m =2 and 2 < 2 < 3 < 3. If b < 4a - 8, then
Zn_2n > 32:22:>1 so ind(S) = 1. Now assume that 4a—7 < b < da—1.
Thusc>5a—9,s0n>2c+12>10a—17 > 9a (as a > {5 > 24). Since
3—;‘-—-3’6—">ﬂ‘;—;§>1,wehave6<3"<M<3"<9 If M = 8, since
8a < n, we have ind(S) = 1. Sowe may assume 6 < 3 < 7 < 3 < 8.
Thus 27" < l:f <5 If £ 2" < 5 < £, since 5a < n, we have 1nd(S') = 1.

Thus4<2‘:1 2"<5 Smce—g-—-—>lwehave8< <9< ¥ <10
Recall that 9a < n, so by Lemma 4.1 ind(S) = 1 and we are done.

0
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Lemma 4.5. If S = g% (cg)-((n—b)g) - ((n—a)g) is a minimal zero-sum
sequence such that a € [4,5], a < b < c < 5 and s < 10, then ind(S) = 1.

n

Proof. Note that b < sa+4andc < (s+1)a+2. If s <3, then Z >

G385 > % > 13 Thus dep2n > Lalecd) > 13x2 5 9. If s > 4, then

289 289 s(a—2)n _ Ss(a-2 5x4x2 _
%Zm2?>5. ThUSJ—E‘Z-> “TDa Z“-s——“——Q.IthHOWS

from Lemma 4.2 that ind(S) = 1. O

Lemma 4.6. If S = g2-(cg) - ((n—b)g) - ((n — a)g) is a minimal zero-sum
sequence such that a € [4,5], a <b<c < § and s > 11, then ind(S) = L.

Proof. We divide the proof into two cases according to a = 5 and a = 4.

Case 1. a = 5. In terms of Lemma 4.2, we may assume that ﬁi_lza: <

3 n 10(s+1 120 . (s—1){(a—=2)n
2. Thusﬁ% 52,50;5-—(33—25ﬁ-<4<p—2. Slnce—ubc—L>

(’?}_)F(f);f)" > 19x3x2 = 1, by Lemma 4.2 we have ind(S) = 1.

Case 2. a = 4. In terms of Lemma 4.2, we may assume that %gﬁ% <

8(s+1) . 96
2. Thus 2 < 23~ < B <5<p-2.

If 2 >3, then {e=li{e=2n 5 He_On 5 2x10x3 5 1, by Lemma 4.2 we

have ind(S) = 1. Next as before we may assume 2 < Z < 2 < 3.

Since 2 < % < 3, we have b > § > 96 and b > 97. Assume that

n=2+7=2b+j+4. If j > 17, we have 26> + (5 — 10)b— 7(j +4) — (2b% +

4b) = (j—14)b-7(j +4) =j(b-T7)-14(b+2) = (j —14)(b-T7)—-14x 9 >
3x90-14x9=144 > 0 and

(s=1)n (s—1)n _ 2(s—1)n > b-7)2b+5+4)
b c be - 2b(b + 2)
262 + (j — 10)b — 7(j + 4)
- 262 + 4b

> 1.

By Lemma 4.2 we have ind(S) = 1.
Next assume that j < 15 (jisodd asnisodd). Letn = (j+3)t+n,7 €
[0,7+2].

First we claim that r < t. Since t = [;35] 2 [{5] = 16 and r <17,
Ifr=17=t+ 1, we have n = 18 x 16 + 17 = 305, which is not a prime
power. If r = 17 = ¢, then n = 18 x 17417 = 17 x 19, which is not a prime
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power. If r = 16 = ¢, then n = 18 x 16 + 16 = 16 x 19 , which is not a
prime power. Hence our claim holds.

Subcase 2.1. If j =1, let n = 5/ + k with k € [1,4], so [ > 57 and
ged(n,l) = 1. Then

©)-(@)- (g (B E24) ((n - 0)9)

(29) - (29)- (( —1)g) - (59) - ((n — 8)g) (multiplied by 2)

(4lg) - (4lg) - (3L + k)g) - ((51 — k)g) - (4 + 4k)g)(multiplied by 2!)

~ ((L+k)g) - (L +FK)g) - ((L—k)g) - (I + 3k)g) - (L — 3k)g)
(multiplied by n — 1).

S

2

2

Since (I + k) + (I + k) + (I — k) + (1 + 3k) + (I — 3k) = 5l + k = n, we have
ind(S) = 1.

Subcase 2.2. If j = 3, let n = 7+ k with k < 6, then [ > 41 > k and
ged(n,l) = 1. If k > 0, then

©)-(0) - (“5L0) (“ELE2g) - ((m ~ )9)

(29) - (29) - ((n = 3)g) - (7g) - ((n — 8)g) (muiltiplied by 2)

(6lg) - (6lg) - (5L + 2k)g) - (71 — 2k)g) - (4l + 4k)g)
(multiplied by 3!)

((L+k)g) - (L + K)g) - (2L — k)g) - (3kg) - (3L — 3k)g)
(multiplied by n — 1).

S

2

2

2

Since ({ + k) + ({+k)+ (2l — k) + 3k + (31 — 3k) = 7l + k = n, we have
ind(S) = 1.
If k =0, then n is a power of 7.

s = (g)-(g)-(n g) (n+]+49)~((n—4)g)

~ (29)-(29)- ((n 3)9) - (7g) - ((n — 8)g) (multiplied by 2)

~ (6(L=1)g)- (6(L—1)g) - (51 +9)g) - (7L — 21)g) - ((4L +24)g)
(multiplied by 3({ - 1))

((t+6)g) - ((L+6)g) - (2L —9)g) - (219) - (3L — 24)9)
(multiplied by n — 1),

2
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where 31—24 = 3({—8) > 0. Since ({46)+({+6)+(2{—9)+21+(31-24) =
7l = n, again we have ind(S) = 1.

Subcase 2.3. If ged(n,t) =1 and j > 5, we have

s = 0@ 5o (g (n- 99)

~ (29)-(29)- ((n—7)g) - ((7 +4)g) - ((n — 8)g) (multiplied by 2)
~ (2tg) - (2tg) - (Bt +1)g) - ((t —7)g) - (((7 — B)t +7)g)
(multiplied by t).

Since 2t +2t + (3t +7)+(t—7)+ ((j —5)t+7) = (7 +3)t +r = n, we have
ind(S) = 1.
If ged(n,t) > 1 and j > 5, we have

§ = (9)-(g)-(n;jg)-("+;+4g)-((n—4)g)

~ (29)-(29) - ((n=34)g) - ((j +4)g)- ((n—8)g) (multiplied by 2)
~ (2t+1)g) 22 +1)g) - (Bt+r—7)g)-((t—r+7+4)g)-
(((G—5)t+7—8)g) (multiplied by (¢ + 1)),

where (j —5)t+r—9>t+7r—-9>0. Since 2(t +1)+2(t +1) + (3t +r —
HN+E—-r+i+4)+((j—5)t+r—8=(j+3)t+r =n, we infer ind(S) = 1.
If ged(n,t) > 1 and j = 5, we have

@@ (529 (29 (0 - 99)

(29)- (29) - ((n— 7)g) - ((F + 4)g) - ((n — 8)g) (muiltiplied by 2)
~ (2(t-1)g)- 2t -1)g)- (Bt +r+])g)-(t—7—7—4)g)-
({( — B)t +r+8)g) (multiplied by (t — 1)),

(n

%)
]

2

wheret—r—35—-9 > t+r—9> 0. Since 2(t—1)+2(t—1)+(3t+r+7)+(t—r =
j—4)+((j =5t +7r+8=(j+3)t+r =n, again we infer ind(S) = 1.
0O

Now Proposition 3.2 follows immediately from Lemmas 4.3, 4.4, 4.5
and 4.6.
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4.3. Proof of Proposition 3.3.

In this subsection, we will provide a proof for Proposition 3.3. In
terms of Proposition 2.2, from now on we may always assume that S =
g% (cg) - ((n—b)g)((n—3)g) wherea =3 < b< ¢ < 252 and n = p* > 289
with p > 7 and p > 2 and show that ind(S) = 1.

Lemma 4.7. If S is a minimal zero-sum sequence such that % > 4, then
ind(S) = 1.

Proof. If 2 > 8, we have =2 T(%l)c > 2 (for if s £2,2 > 12), so by
Lemma 4.2 ind(S) = 1.

Next we assume that 4 < 2 < 8. We divide our proof into two cases.

Case 1. Z < m < % for some integer m < 8. If ged(m,n) = 1, by
Lemma 4.1, ind(S) 1. If ged(m,n) > 1, since m < 8, we must have
m=p="7s0n> 7 = 343. Ifﬁ<6 we may take m = 6 and thus
ind(S) = 1. Thus we may assume 2 <7 < 3. Since n < 7c < 21(s + 1),
we have s > 16. Since 32 > ;1 3(s+1) > 2 5 9, it follows from Lemma 4.2
that ind(S) = 1.

Case 2. m < 2 < 2 <m+1withme [4,7. If £2 > 2, By

[
Lemma 4.2 we have ind(S) = 1. So we may assume that 2 < 2. Since
kn

s212,wehave—b— T>"(m7> s+1 >1fork=s—1,s. Thus
there exist two mtegers M,y e [{=2r f=ln) ang M, € (42, 42]. Note
that [M, — M,,| < 2442 - (=1n — 9 (cooin ‘C"”‘ <24 4n <9 gy dn o

6 + y5; < 7. We conclude that at least one of M,_,, M is co-prime to n.
Since M,a < n, it follows from Lemma 4.1 that ind(S) = 1. g

13
A

In terms of Lemma 4.7 and its proof, we may assume that m < 2
3 <m+1withm € [2,3].

Lemma 4.8. If S is a minimal zero-sum sequence such that 3 < 2 < % <
4, then ind(S) =
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Proof. Suppose that n = 3c+jandn=3b+j+ 3, where1 <j<b-4
and ged(4,3) = 1. If 7 > 17, as in Case 2 of Lemma 4.6 we have
kn kn _ kn > (b—5)(30+ 7+ 3)
b c be ~ 3b(b+1)
for k = s - 1,s. By Lemma 4.2 we have ind(S) = 1.

> 1,

Next assume that j < 16. Note that

s = @6 CFle g -30)

~ (39)-(39)- ((n—3)g) - ((5 +3)9) - (n—9)g) (multiplied by 3).
Let S’ = 3S. Next we show that ind(S) = ind(8') = 1.
Case 1. 8 < j < 16. Let n = (§+ 1)t + r with r € [0,5]. Since
21232 =17, we have t > 17 > j > r. If ged(n, t) = 1, we have
S~ (3tg)-(3tg)- (2t +1)g) - ((t—7)g)- (((F — 8)t +7)g)
(multiplied by t).

Since (3t) + (3t)+ (2t +7r)+(t—-7)+((F—-8)t+7)=(+ 1)t +7=n, we
have ind(S) = 1. If ged(n,t) > 1, we have

S~ (3(t-1)g)-(3(t-1)g) - ((t+r+35)g) - (2t —7—j—3)g)-
(((F —8)t+7r+9)g) (multiplied by ¢t —1).

Note that t > 17> j+1 > r +2. We always have 2t — 7 — 5 — 3 > 0 for
all j € [8,16]. Again, we have 3(t —1)+3(t=1)+(t+r+7)+ (2t -7~
i=-N+((F-8)t+r+9)=(+1t+7r=mn,so0ind(S)=1.

Case 2. =7 Letn=9t+r withr €[1,8. Thent > 32> r If
ged(n,t) = 1, we have

S’ ~ (3tg)-(3tg)-((2t+7)g)- ((t —7)g) - (rg) (multiplied by t).
Since (3t) + (3t) + (2t +7) + (t —7) + 7 =9t +r = n, we have ind(S) = 1.
If ged(n,t) > 1, then ged(n,t — 1) = 1. So we have
S' o~ (3(t—1)g)-(3(t —1)g)- (2t +7 +T7)g) - ((t —r — 10)g) - (v + 9)g)
(multiplied by t — 1).

Since (3(t—1))+(3(t—1))+(2t+r+7)+(t—7—-10)+(r+9) =% +r =mn,
we again have ind(S) = 1.
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Case 3. j =5. Let n = 5t + r with r € [1,4]. Then ged(n,t) =1 and
t > 57 > 3r. We have
S~ ((t=1)g)- ((t—7)g) - (2rg) - ((t — 3r)g) - (2t + 47)g)
(multiplied by 2¢t).
Since (t —7)+ (t —7)+ (2r) + (¢t — 3r) + (2t + 4r) = 5t + r = n, we have
ind(S) = 1.
Case 4. j = 4. Let n = 7t + 7 with r € [0,6]. If 7 # 0, we have
ged(n,t) =1
S' ~ (6tg)-(6tg)-((6¢+2r)g) - ((7t —7)g) - ((3t + 3r)g)
(multiplied by 2t)
~ ((t+7)g) - ((t+7)g)-((t—7)g)- (2rg) - (4t —27)9)
(multiplied by n — 1 =7t +r — 1).
Since (t+7)+(t+7r)+(t—r)+(2r)+ (4t —2r) =Tt +r =mn, ind(S) = 1.
If r =0, we have p = 7 and ged(n,t —1) =1
§' ~ (6(t—1)g)-(6(t —1)g) - ((6t +2r +8)g) - (7t —r — 14)g) -
((3t +3r +18)g) (multiplied by 2(¢t — 1))
~ ((t+7+6)g) - ((t+7+6)g) ((t—7—8)g) ((2r +14)g) -
((4t —2r — 18)g) (multiplied byn —1 =7t +r —1).
Again, we have ind(S) = 1.
Case 5. j = 2. Let n = 5¢ + r with r € [1,4]. Then ged(n,t) =1. We
have
S~ (tg)-(tg)- ((t+r1)g) (5t —r)g) - ({2t +2r)g)
(multiplied by 2t)
~  (4tg) - (4tg) - ((4t + 4r)g) - (5t — 4r)g) - ((3t + 7r)g)
(multiplied by 4)
~ ((t+7)g)- ((t+7)g) - ((¢ —3r)g) - ((47)g) - (2t — 6r)g)
(multiplied by n — 1 =5t +r —1).

Since (t+7)+ (t+7)+(t —3r)+ (4r) + (2t — 6r) =5t +7 = n, ind(S) = 1.
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Case 6. j = 1. Let n =4t +r with r € [1,3]. Then ged(n,t) = 1. We
have

S~ (3tg)-(3tg)- ((8t+r1)g)-((4t)g) - ((3t + 3r)g)
(multiplied by t)
~ ((t+7)g)- ((t+1)9) - (tg) - (rg) - ((t — 2r)g)
(multiplied by n — 1 = 4t +r — 1).
Since (t+7)+(E+7)+t+r+(t—2r) =4t+r =n, we have ind(S) =1. O
Lemma 4.9. If S is a minimal zero-sum sequence such that 2 < 2 < ¢ <
3, then ind(S) = 1.

Proof. We will show that there exist integers z,y € [1,|§]] such that

Bc2+Ecn,

< |y

Then (2y + z)a < ¥3 < n. If ged(2y + z,n) = 1, then by Lemma 4.1
ind(S) = 1 and we are done.

Suppose n = 2b + by, where 1 < by < b— 1. Since n is prime power
ande=b+1< 231 =b+@2'—1, we infer that

bo =1 (mod 2) and by > 3.
It suffices to show there exist z,y € (1, | §]) such that

%’;—12 <E< b and ged(2y + z,n) = 1.

If it is not easy to determine whether or not ged(2y + z,n) = 1, we
will show that there exist two more integers z,w € [1, | 2]] such that

lczc® andl<|(2y+2)-(Quw+2)|<p-1

Thus either ged(2y + z,n) = 1 or ged(2w + y,n) = 1, again we have
ind(S) = 1. We divide the proof into three cases.

Case 1. b = 0 (mod 3). Since n is prime power, we infer that by # 0
(mod 3). Suppose b = 3s.

385



Ifbo = 3t+1, thenlet z =t and y = 5. We infer that §37} < £ < %1,
Since n = 2b+bo = 3(2s+1¢)+1 = 3(2y+z)+1, we have ged(2y+z,n) =1

and we are done.

Ifbp =3t+2 let z =tand y =s. Then 335 < £< £42 . Since
n=2b+bp = 3(2s+1t)+2 = 3(2y + z) + 2, we have ged(2y +z,n) =1 and

we are done.

Case 2. b=1 (mod 3). Since n = p* with a prime p > 7, we infer that
bop # 1 (mod 3). Suppose b =3s + 1. Since 289 <n < 9s 43, s > 32.

Subcase 2.1. by = 3t. Since bp =1 (mod 2) and by > 3, t > 3.

Ifs<2t—-2 letz=t—-1,y=s. Then% < § < 3s3—_:_1 Since
n = 2b+by = 3(2s+t) +2 = 3(2y +z) + 5, we have ged(2y +z,n) = 1 and
we are done.

Next assume that s > 2t — 2. Choose y = s — [’—g—?;‘%ﬁ] andx=t-—1.

Theng—ﬁ;—g<§<33_:_l. Ifs>3t+1,letw=y—-1,2z=1¢-1, then

% < Zc< 3—3_—1 and [(2y + z) — (2w + z)| = 2, so we are done. Now

assume that

2W-2<5<3t.

Since 32 < s <3t,t > 11 Ifs < 1@,1&3}:3—[’;—3}_;&] =s-1
and z =t — 1 as before. Let w =s— [#:-245] =s—-3and z =t - 2.
Then 32 < £, 2 < 327 and |(2y + 7) — (2w + 2)| = 5, so we are done.
IfL(;:-Q<s§3t,lety:s—?,x=t~l,w=s—4andz=t—2. Then

P22 < 2,2 < 580 and |(2y +2) - (2w + 2)] = 5, s0 we are done.

Subcase 2.2. by =3t+2. Let z =t and y = s. We infer that ;35 <
2 < 342 Sincen = 2b+bo = 3(25 +¢t) + 4 = 3(2y + z) + 4, we have
ged(2y + z,n) = 1 and we are done.

Case 3. b= 2 (mod 3). Since n = p* with a prime p > 7, we infer that
bo # 2 (mod 3). Suppose b =3s + 2. Since 2890 <3b -1 =9s+5, s > 32.

Subcase 3.1. by =0 (mod 3). Suppose by = 3t. Recall that b =3t =1

(mod 2) and by > 3, we infer that t > 3 and t =1 (mod 2).
Ifs< 34 thenletz=t-l,y=s2=t-2,w=s-1 We

infer that g—:;—g <EfI<iL 333_:_2 and |(2y + z) — (2w + 2)| = 3, so we
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are done. Next assume that s > 354, If s < 3¢t — 3, then ¢t > 13. Let
z=t—-ly=s2=t—-2,w=s-—2 Then%< £,L <afﬁand

|(2y + z) — (2w + z)| = 5, so we are done.

If s >3t —3, choose y = s — [5244] and = = t — 1. Then 322 <

§ < 3’34‘,2. Let w = y — 1,2 = t — 1. Note that if s < 3t then ¢t > 11.

Thus we have either s > 3t or t > 9. Therefore, g:;g <ic 3;’12. Since
|(2y + =) — (2w + z)| = 2, we are done.

Subcase 3.2. bo = 1 (mod 3). Suppose bp = 3t + 1. Recall that
bop=3t+1=1 (mod 2) and by > 3. Hence £ =0 (mod 2) and thus ¢ > 2.

Ifs>5t+1,letx=ty=sz=t,w=s-1 Then ¥ < £ <
2 < 344 and |(2y + z) — (2w + z)| = 2, so we are done. Hence we may
assume that s < 5¢ 4+ 1.

If s > 3t -2, letx=z=t—1,y=s—[3’§%‘lﬁ],w=y-—1. If
t > 10, then %:—';:—13- <E£2< —g—:% and |2y + ) — Qw + 2)| = 2, so we
are done. Hence we may assume that { < 9 and 3t — 2 < s < 5t + 1.
Note that t = 0 (mod 2) and s > 33. Hence t = 8 and then 33 < s < 41.
Letz=2=t-1l,y=s-3,w=s5—-4. Theni"—1<i,§<-§f}éand

3543
[(2y + z) — (2w + 2)| = 2, so we are done.

If2A<s<3t—-—2,letz=¢ty=s,2z=t—1,w =s~1. Then

:3’:;:1, <i i< %1—; and |(2y + z) — (2w + z)| = 3, so we are done.

Hence we may assume that s < 2¢. Note that t > § > 925’:, sot>17.

If s < 6‘5'7, let z =t-1,y=3s82z=%t-2,w=s~-—1 Then

S < £ < Z < ¥4 and |(2y+17) - (2w+ z)| = 3, so we are done. Hence

we may assume that s > %=1,

Ifs<32letz=t—1,y=s82=t-2 w=s— [2:343] Then
%;_T_—; <E&Hi< gﬂ:—; and 1 < |(2y + =) — (2w + 2)| < 5, so we are done.
Hence we may assume that s > 3‘—.;9

Next assume that 1‘-5’—3 <s<2t

Let  =t—1and y = s — 1. We infer that 3=} < =} < 3.
—3t43 3t—1 3t+1
Letz=t-—2,w=s—|’«5isz:‘—i"—'|. Then§S—H<-f;,§<3—;‘;—2and1$

(2y + =) — (2w + z)| < 5, so we are done. ]
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Now Proposition 3.3 follows immediately from Lemmas 4.7, 4.8, 4.9
and Proposition 2.2.

Our main result (Theorem 1.2) together with the main results in [12]
provides a complete characterization of the index of all minimal zero-sum
sequences S of length 5 with h(S) > 2 over finite cyclic groups of order p* for
¢ > 1 below. As mentioned early, we may always assume that S = (z19) -
(z29) - (z39) - (T49) - (z5g) With 21 = 2 and ged(n, z1, T2, T3,T4,25) = 1.
If u = 1, in addition, we may assume that z; =12 =l and 2 < z3 <24 <
zs <p-—3.

Theorem 4.10. Let G be a cyclic group of prime power order n = p* with
1 >1 and S be a minimal zero-sum sequence of length 5 over G. Then

(I. If . > 2 and p = 7, then ind(S) = 2 if and only if S = (mg) - (mg) -
(m251g) - (m2§3g) - (m(n — 3)g) where m is a positive integer such that
ged(m,n) = 1.

(II). If u =1, then ind(S) = 2 if and only if one of the following holds.

(1) p>11 and S = 92 (B529) - (BF39) - (P - 3)9).

(2) p=17 and S = g° - (8¢) - (11g) - (13g).

3) p=19, and S = 9 -(6g)- (14g) - (16g) or S = g*-(9g)-(129) - (15g).
(4) p=123, and S = g -(11g)-(159)- (18g) or S = ¢*-(9g)- (159)-(20g).
(5) p=29 and S = g2 - (14g) - (19g) - (239).

We remark that the case when h(S) = 1 is much more complicated
and ind(S) is not yet determined (even when n = p is a prime number).
We conclude the paper by listing this case as an open problem.

Open Problem. Let S be a minimal zero-sum sequence of length five over
a cyclic group of order n. Determine ind(S) when the height h(S) = 1.
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