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Abstract

A graph G = (V(G), E(G)) is even graceful and equivalently graceful, if
there exists an injection f from the set of vertices V(G) 10 {0,1,2,3,4, ... ,2|E(G)|}
such that when each edge uv is assigned the label /f(u) — f(v)|, the resulting
edge labels are 2,4,6, ...,2|E(G)|. In this work, we use even graceful labeling to
give a new proof for necessary and sufficient conditions for the gracefulness of
the cycle graph. We extend this technique to odd graceful and super Fibonacci
graceful labelings of cycle graphs via some number theoretic concept, called a
balanced set of natural numbers
Keywords: Graph labeling; Graceful; Odd graceful; Even graceful; Super
Fibonacci graceful.
Mathematics Subject Classification: 05C78.

1. Introduction

Labeling of graphs appeared in the late sixties of the last century with the paper of
Rosa [1]. Now, there is a huge number of graph labeling techniques which are
interesting from a mathematical point of view. Moreover, some of these labelings
proved to have real life applications including crystallography, cryptography and
experimental design [11].

A graph G = (V,E) consists of V = V(G), its set of vertices and E = E(G), its
set of edges. The order of G is |V] and the size of G is |E|, where | X| denotes the
cardinality of the set X. Here we deal with simple finite non directed graphs. One
can refer to [10] for definitions of these graph theoretic terms.

The path graph P, has vertices vy, V3, , ¥, and edges v,V,, VU3, ", Un—1Vp ;
nz2

The cycle graph C, consists of P, and the additional edge v,v,; n = 3.
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The study of graceful labeling of a graph is an active research area in graph
theory. The graceful labeling problem is to determine which graphs are graceful.
The graceful graphs and graceful labeling methods originated with the study in
[1], the author called such a function a § —valuation of the graph. Golomb [13],
subsequently called such labeling graceful. A function f is called graceful
labeling of graph G of size q if f:V - {0,1,2, ...,q} is injective and the induced
function F:E = {1,2,3,...,q} defined by f*(uv) = |f(u) — f(v)] is bijective, a
graph which admits graceful labeling is called graceful graph, see [14]. There are
few general results on graceful labeling including some cycle related graphs e.g.,
wheels [9], gears [4], helms [3], webs [7] and double wheels [11].

There is a number of variants of graceful labeling of graphs including odd, even,
Fibonacci and super Fibonacci graceful labeling of graphs.

Definition 1.1 [15,6] A graph G with p vertices and q edges is odd graceful, if
there exists an injection f from V(G) to {0,1,2,3, ... ,2q — 1} such that, when each
edge uv is assigned the label [f(u) — f(v)|, the resulting edge labels are
1,3,5,...,2g — 1.

In [8], the author proved that the cycle graph C, is odd graceful if and only if n is
even. In this work, we study the even gracefulness of cycle graphs using balanced
sets of natural numbers and apply a similar method to odd graceful and super
Fibonacci graceful labeling of cycle graphs.

Definition 1.2 [14] A graph G of size n is even graceful, if there exists an
injection f from V(G) to {0,2,4, ... ,2n} such that, when each edge uv is assigned

the label /f(u) — f(v)|, the resulting edge labels are 2,46, ...,2n.

Definition 1.3 [52) Let /i, =1 ,F, =1 ,F, =F,_y + F;_,;i = 3. A graph G of
size F, is Fibonacci graceful, if there exists an injection f from V(G) to
{0,1,2,--- , F,} such that, when each edge uv is assigned the label /f(u) — f(v)|,
the resulting edge labels are Fy, F,, ..., F,.

Definition 1.4 [12) Let F, = 0,F, = 1,F, =2 ,F; = Fi_; + F_5;i = 3. A graph
G of size F, is super Fibonacci graceful, if there exists an injection f from V(G) to
{Fo, F1, Fy,-++ , F,} such that, when each edge uv is assigned the label /f(u) —
f ()], the resulting edge labels are Fy, F,, -, F,.

Definition 1.5 Let H be a finite subset of the set of natural numbers N =
{1,2,3,-+ ). A graph G of size |H| is H-graceful, if there exists an injection f from
V(G) to {0,1,2,---,max (H)} such that, when each edge uv is assigned the label
[f(w) — f(¥)|, the resulting edge labels are the elements of H.

Definition 1.6 Let H be a finite subset of the set of natural numbers N =
{1,2,3,--}. H is a balanced set if there exist two subsets H,, H, of H satisfying
H = Hl U Hz, H1 n Hz = w, al’ld ZyEH1y = Zyeuzy.
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2. Main results
Lemma 2.1: If C,, is H-graceful graph, then H is a balanced set.

Proof. Let b;; be the label of the edge v;v; ,i = 1,2,-,n;j =i+ 1(modn). It
is clear that
H={by;;i=1.2,+,nj=i+1(modn)}and the following equations hold
f) = fiey) = 8- by, i=2,,1
f(1) = f(vn) = 8ypbypn , where §;; = §;; € {-1,1}.
Summing up these equations we get
O1n bin + 2?511 Oii+1 bii+1 = 0.
Let Hl = {b‘-_i;é},j = 1} and HZ = {b(,];si,] = —1}
Therefore, H = Hi UH,, H NH,; = @, and Yyey, ¥ = Xyen, ¥ and hence the
lemma.
Theorem 2.2 The following conditions are equivalent.
1. C,isodd graceful.
2. Theset{1,3,--- ,2n — 1} is a balanced set.
3. nisaneven number.
Proof. If C, is odd graceful, then by Lemma 2.1 C, is H-graceful, where
H={13,---,2n— 1} is a balanced set. This proves that 1.=> 2. It is well
known that Y,y x = n? and this sum is even if and only if n is even. Therefore,
if H is a balanced set then n is even. This proves that 2. = 3.
The following two cases proves that 3. = 2,
Casel:n=0(mod 4) i.e.,n=4m.
H={135,---8m-38m—1}
LetH, = {1,5,--,4m—3;4m +34m+7,--- 8Bm — 1},
Hy={37,--4m—1;4m+14m+5,---,8m - 3}.
Clearly, H=H, UH, ,HyNH, =@and Xyen, ¥ = Xyen, ¥-
Case2:n=2(mod 4) ie.,n=4m+2,m=1.
Claim: 3 H,,H, < H,satisfying [H,| = 2m, |H,| = 2m + 2, for
H ={1,3,579,11,--,8m + 3}, m = 1 satisfying
H= Hl UH, H N Hy, = @ and erylx = erﬂzx.
Proof of claim . By induction, the initial step is clear when m = 1, as
H = {1,3,5,7,9,11} and the sets
H, ={11,7}, H, = {9,5,3,1} satisfy the claim. For the inductive step, assume
the claim is true for somem = 1. i.e.,
H = {1,3,---,8m + 3} is balanced set for some partition H = H, U H,.
For m + 1 the underlined sets will be
H* =Hu{8m+5,8m+7,8m +9,8m + 11}
Hf = H, U {8m + 5,8m + 11} and
Hy =H,u{8m + 7,8m + 9}.
It is obvious that the assertion of the claim is true for m + 1 and hence by the
principle of mathematical induction the claim follows.

41



The last part of the proof is to show an odd graceful labeling of C,, when n is

even, see [8] for such a labeling.
Lemma 2.3: The set {2,4,---,2n} is a balanced set if and only if n is congruent

to 0 or 3(mod 4).

Proof. Assume H = {2,4,--,2n} is a balanced set.

It is well known that Y ey x = n(n + 1).

Let S = in(n + 1). We will study the following cases.
1. n=0(mod4)ie,n=4m ,meN.

S = 2m(4m + 1) which is an even number. In this case
H={24,-,8m} = H; UH, where

H, = {2,6,---,4m — 2,4m + 4,-- ,8m — 4,8m}

and H, = {4,8,-- 4m,4m + 2,---,8m — 6,8m — 2} .

we see that |H,| = |H,| = 2m.

These sets satisfy: Hy N H, = @ and Xy, ¥ = Xyen, ¥- This proves that H is a
balanced set.
2. n=1(mod4)ie, n=4m+1,meN.

§$=(@m+1)(2m + 1) which is an odd number. This is impossible as all
elements in H are even, and hence H is not a balanced set in this case.
3. n=2(@mod4)ie,n=4m+2,meN.

§ = (2m + 1)(4m + 3) which is impossible as in the previous case and hence
H is not a balanced set in this case as well.
4. n=3(mod4)ie,n=4m+3,meN.

S = (4m+ 3)(2m + 2) which is an even number.
H={24,8m+ 6} = H, UH, where

H ={8m+68m+2,: 4m+6; 4m,4m —4,--- 4}
and H, = {8m + 48m,-- 4m + 4; 4m + 2,4m — 2,--+ 2},
we see that |H,| = 2m + 1 and |H,| = 2m + 2.

These sets satisfy the conditions for H being a balanced set.

Theorem 2.4 The cycle graph C,, is even graceful for every n = 0(mod4).

Proof. Let n = 0(mod 4) and V(C,) = {vy,v,,v3,--, 1}, where V(C,) is the
vertex set of the cycle graph C, see Fig(1). The labels of the vertices:

vy, V3, V3, ..., U, are defined as follows:

f(v) =i—1 wheniisodd

fw)=2n-(i—2) wheni < 2 iseven
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fv)=2n-i wheni> Z iseven.

Applying Definition 1.2, we get the edge labeling function [ as follows:
I(v,v;) =2n, l(vov3) =2n-2, l(vyv,) =2n—4,

l(vyvs) =2n -6, l(vgvg) =2n -8, l(vgv,) =2n-10,..,

l(vg_1 v§)=n+4,l(vgv_r2,x_“)=n+2,

l(v;n LI® ) =n-2, (W) =2,1(v, ) =n.

—?in+2
2

—+2 & ng VL'_:, L £_4
W ¢ 6
v, & 21-4
v, e 4
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Then the edge labels using this rule are as follows:
2n,2n—2,2n-4,2n—-6,..,.n+4n+2,n-2,n—-4n-—6,..,2,n

Hence C,, & even graceful if n = 0(mod4) and the proof is complete.

For example, Cg, see Fig(2) admits even graceful labeling where the vertex labels
are given by
fw)=0, flw)=16, f(v)=2  f(v)=14,

f(vs) =4, f(ve) =10, f(v;) =6, f(vg) =8 and the corresponding edge
labels are

(vyv,) = 16, l(v,v3) = 14, W(vav,) = 12, l(v,vs) = 10,
l(vsvﬁ) = 6, 1(176177) = 4,!(”7173) = 2, l(ngl) = 8.

Fig (2): even graceful labeling of cg



Theorem 2.5 The cycle graph C,, is even graceful for every n = 3(mod4).

Proof. Letn =3 mod 4 and V(C,) = {vy, v, v3,++,v,}, where V(C,) is the
vertex set of the cycle graph C,, see Fig(3). The even labels of the vertices
V3, V3, V3, *++, Yy, are given by

f(w) =i—1 wheniisodd

f()=2n-(i—2) wheni <X iseven

(of course i = 222 is even as n = 3(mod4))

f(vi)=2n—i wheni>22 iseven.

Applying the Definition 1.2, we get the edge labeling function { as follows:
I(vv,) =2n,l(v,v;) =2n-2,

l(v3v,) = 2n — 4, l(vyvg) = 2n—6,

l(vsvg) = 2n — 8, l(vev;) =2n—10,-,

l(vn_-s vm)=n+5,l(v§2vm)=n+l,
z z 3 3

l(vy_s_v;s)=n—3,l(vn_;§1hnzi)=q—5,-",

nis
Z

(Vn_gVn-t ) =4 Wy, ) =2, 0(0 vy ) =n—1.
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Fig(3):even graceful labeling of ¢, n = 3(mod4)

Then the edge labels using this rule are as follows:
2n,2n—-2,2n—-4,---,n+5n+3,
n+1,n-3,n-5,--,4,2,n— 1. This completes the proof.

As an illustration, C,, see Fig(4), has the following vertex labels:

f(vl) = Or f(v2) = 14! f(v3) = 2: f(v4) = 12:



f(vs) =4, f(vg) =8, f(v;) = 6 and the corresponding edge labels are
(viv,) = 14, l(vyv3) =12, (v3v,) = 10, l(v,v5) =8,

l(vsvg) = 4, l(vgvy) =2,l(v;v,) =6

4 8
4

14

Fig (4): even graceful labeling of ¢,

Combining Lemma 2.3, Theorem 2.4 and Theorem 2.5, we conclude the following
characterization.

Theorem 2.6 The following conditions are equivalent.

1. €, is graceful .

2. C,iseven graceful.

3. Theset {2,4,... ,2n} is a balanced set.
4. n=0or3(mod4).
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Applying the technique adopted previously in odd graceful cycle graphs and even
graceful cycle graphs for super Fibonacci cycle graphs we get the following
results.

Lemma 2.7 The set H = {F,Fp, - ,F,}where F, =1, F, =2, fF=F_; +

Fi_,; i = 3 is balanced if and only if n = 0 (mod3).

Proof. By straight forward induction, one can easily verify that
1. F,is aneven number ifand only if n = 2 (mod3).

2. Y Fi=Fp2—2;, n21

3. Yxen X is an even number if and only if n =0 (mod3).

The rest of the proof is to show a partition of H which satisfy requirements in
Definition 1.6, in the case n = 0 (mod3). Therefore, n = 3m for some natural
number mz=1, it is clear that H=H, UH, where
Hy = {FI'FZ'F'#'FS"" 'F3m-21F3m-1}'H2 ={F3,Fe,* , F3m} .

These sets satisfy: Hy N H, = @ and ¥ycy, ¥ = Xyen, ¥ and hence the proof is
complete.

Theorem 2.8 The following conditions are equivalent.

1. G, is super Fibonacci graceful.
2. Theset {Fy, F,,--- ,F;} is a balanced set.
3. n=0 (mod3).
Proof. From Lemma 2.1, if C, is super Fibonacci graceful, then it is H-graceful,
where H = {F,, F,,--- ,F;} and hence 1. =2,
From the previous Lemma 2.7, we have equivalence between conditions 2. and 3.
The rest of the proof is to show that 3. =1,
Ifn = 0 (mod3), then we can label the vertices of C, by the sequence
Fo, s P2, Fn—1, - 1 Fno3jy Fpe3j-2 s Frogjo1, W Fg , Fy  Fs  F3 , Fy .
j=01, :»m— 1 ,where n = 3m for some natural number m = 1. The

corresponding edge labels are Fi, --- , F,,. which completes the proof.



3. Conclusion
We have introduced the concept of balanced finite set of natural numbers with

respect to addition. This concept was used in relation to different types of graceful
labelings of graphs. Necessary and sufficient conditions for odd graceful, even
graceful and super Fibonacci graceful labelings of graphs are deduced. This
concept may be studied for other sets and applied to different types of graceful
labeling and. It may be used to study special systems of equations over finite sets
of natural numbers.
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