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1. Introduction

The goal of coding theory is to design codes that can transmit data with a high level of accuracy
and efficiency by selecting codes with the greatest possible minimum distance, given constraints on
the length of the code. This ensures that the code can correct as many errors as possible during
transmission over a noisy channel.

Let R be a finite commutative ring, and let n be a positive integer. A A-constacyclic code is a
submodule C of R" satisfying

(ag,...,an-2,a,-1) € C = (Aay_i,ag,...,a,-) € C.

The A-constacyclic code C is called a cyclic code when 4 = 1, and C is called a negacyclic code
when A = —1. Each codeword a = (ag,ay,...,a,-1) is customarily identified with its polynomial
representation a(x) = ag+a; x+. . .+a,_; x""!, and the code C is identified with the set of all polynomial
representations of its codewords. Then in the ring R[x]/{x" — 1), xc(x) corresponds to a A-constacyclic
shift of c(x). From this, the following fact is straightforward:

Proposition 1. A submodule C of R" is A-constacyclic over R if and only if C is an ideal of R[x]/{x" —
A).

In the case where R = F,, F,[x]/{x" — A) is a principal ideal ring. Thus, A-constacyclic codes
correspond precisely to the ideals (g(x)) such that g(x) divides x" — 1. However, in general, there
is no known method to determine the ideals of the ring R[x]/{x" — A). The structure of these ideals
depends on the choice of the unit A, the positive integer n, and the structure of R. If the length n is
coprime with the characteristic of the ring, the structure of cyclic and negacyclic codes of length n
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and their duals over a finite chain ring R is determined by Dinh and Lépez-Permouth in [3]. Later,
Kiah et al. [4] classified all repeated-root cyclic codes of length p* over Galois rings GR(p?, m) (a
special finite chain ring). The structural properties and dual codes of (1 + wy)-constacyclic codes of
arbitrary length over chain rings are given in [5], where 7y is a generator of the maximal ideal and w is
a unit of R.

Consider the finite commutative ring R = Fu[ul/(u*) = Fpn + uFn + u?F,n, where u® = 0. This
ring R is a finite chain ring with a maximal ideal (x) and nilpotency index 3. The units of R are of the
following form:

A =0 +pu+6u’, where o € Fy, and 8,6 € Fppr.

The structure of constacyclic codes over R has been extensively examined in various publications.
In the case where 8 # 0, Dinh et al. demonstrated in [6] that the ring R[x]/{x”" — A) is a chain ring
whose ideals are

(D2 a=12-2(x=D"") 2((x = D7) = (0),

where y”' = 0. When 8 = 0 and 6 # 0, Sobhani [7] determined the structure of (6 + au?®)-constacyclic
codes of length p* over Fmlul/ (u?). When g = 6§ = 0, Liu and Xu [8] studied the structure of
constacyclic codes of length p® over R. However, such classification is incomplete, since there are
some intersections between their types of codes. Later, Laaouine et al. [1] completely solved this
problem and gave the classification of such codes, which categorizes them into 8 distinct types, but
the classification is only complete by determining the values of parameters L, Ly, U, V, and W.
However, the values of V and W are not well calculated, as shown in Examples 1 and 2, and this error
impacts the determination of the Hamming distance of some types of these codes. Therefore, our
objective in this article is to resolve these problems.

2. Cyclic Codes of Length p° Over R

In this section, we review some structural results presented in [1]. Consider the ring
R =Fpn + uFpn + 0’Fpn = Fpu[ul /(u®),

where p is a prime number and m is a positive integer. Define R’ as the ring R[x]/{(x”" — 1), where s is
a positive integer. According to Proposition 1, cyclic codes of length p* over R are ideals of R’. Let
K =Fpmlxl/ (x*" — 1) and define u : R — K as the map that sends f(x) to f(x) mod u. For an ideal
Cin R, and 0 < i < 2, we define the i-th torsion code of a code C as

Tor/(C) = u({f(x) € K | u' f(x) € CY),
which is an ideal of the ring K. Clearly, we have
Toro(C) C Tor;(C) C Tor,(C). (D)
Therefore, there exist integers To(C) > T1(C) > T»(C) such that
Tory(C) = ((x = D™}, Tory(C) = {(x= D), and Tory(C) = {(x - H").
The following Theorem is a variation of Theorem 2 and Lemma 3 in [1].

Theorem 1. Cyclic codes of length p® over R, i.e., the ideals of R’, are classified into 8 types as
follows:

e Type 1. (0), (1). For this type, we have
To((0)) = T1({(0)) = T>(K0)) = p°,
To(K1)) = T\(1)) = T>((1)) = 0.
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e Type 2. C, = <u2(x - 1)T>, where 0 < v < p* — 1. For this type,
To(C) =Ti(Cr) =p’, TaCr) =1

e Type 3. C3 = <u(x— 1) + u?(x - 1)’h(x)>, where 0 < L <6 < p*—1,0 <t < L, and h(x) is
either O or a unit in K, and

L:min{kluz(x— 1) eC3}. )

For this type, we have
To(C3) = p’, Ti(C3) =06, T»(C3) =L

o Type 4.
Cy = <u(x —1)° + 1(x = D'h(x), *(x — 1)‘") ,

where 0 < w < L<6<p*—1,0<1t<w, either h(x) is 0 or h(x) is a unit in K, and L is defined
as in (2). For this type, we have

To(Cs) =p*, Ti(Cs) =0, TrCs)=w.

o Tipe 5. Cs = ((x = D) + u(x = 1)1y (x) + 12(x — 1)2hy(x)), where 0 < V < U < a < p* - 1,
0<H<U 0 <V, and

U = min {k | u(x — " + u’g(x) € Cs} (3)
and
V = min {k | 1*(x - 1) € Cs}. )

For this type, we have
To(Cs) =a, Ti(Cs)=U, TyCs)=V.

o Type 6. Co = ((x = 1) + u(x = 1)y (x) + u2(x = 1)2hy(x),1u>(x = 1)), where 0 < ¢ < V < U <
a<p'—1,0<t,<U0<t<c andfori=1,2, hix) is either O or a unit in K. U and V as
defined in (3) and (4). For this type, we have

Ty(Cs) =a, Ti(Ce)=U, TiCs)=c.

e Type 7. C7 = <(x — D%+ u(x = D"hy(x) + 1> (x = 1D)2hy(x), u(x — 1P + 1P (x - 1)’3h3(x)>, where
0<W<b<U<as<sp’-1,0<t1<b,0<t, <W,0<t;3 <W,andfori=1,2,3, hi(x) is
either 0 or a unit in K. U as defined in (3), and

W = min {k | *(x— 1) € Cs}. (5)

For this type, we have
To(C7) =a, Ti(C7)=b, T2C7)=W.

e Type 8. Cg = <(x — D*+ ulx = D"hy(x) + u?(x = 1)2h(x), u(x = 1)° + 1> (x = 1) h3(x), u?(x — 1)C>,
where 0 < c < WL <b<U<as<sp'-1,051<b0<1t<c 0=t <c and for
i=1,2,3, hi(x) is either 0 or a unit in K. U and W as defined in (3) and (5), and

Ly = min {k | «’(x = D! € (u(x = 1) +1(x = DPhs(x))].

For this type, we have
To(Cs) =a, Ti(Cs)=b, Tr(Cs)=rc.
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Proposition 2. [1] Let L, L, and U be as above, then we have

L {5, if h(x) = 0,
min {0, p* — o +1t}, ifh(x)#0.
L {b, if ha(x) = 0,
min{b, p’ - b+ 13}, ifhs(x) #0.
U {a, if hn(x) = 0,
min{a, p* —a+t;}, if hi(x)#0.
Remark 1. In Propositions 7 and 8 of [1] it is claimed that
a, if hi(x) = ha(x) = 0,
V=9min{a, p’ —a+t}, ifh(x)=0andhy(x)#0, (6)

min{a, p’ —a+t}, ifh(x)#0.

b, if hi(x) = hao(x) = h3(x) = 0,
or hi(x) # 0 and h;(x) = 0,
W = min{b, p* —a + 1}, if hi(x) = h3(x) = 0, hy(x) # 0, 7
min{b, p* — b + 3}, if hy(x) = hy(x) = 0,h3(x) #0
or hi(x) # 0 and h3(x) # 0,
min{b, p* —a+t,p' —b+1t3}, ifh(x)=0,h(x)#0,h3(x)#0.

This claim is not true in general. To be more precise, in the following, we present a counter-example.

Example 1. Let R = F> + uF, + u’F,. Consider the cyclic code Cs = {(x — 1) + u) of length 2 over R.
Here,a=1,1 =0, hj(x) = 1, and hy(x) = 0. Since u> = [(x — 1) + u][(x = 1) + u], we have u* € Cs.
This implies that V = 0. By (6), we see that min{a, p* —a + t|} = 1. Hence V # min{a, p* — a + t;}.

Example 2. Let R = Fs + uF; + u’Fs. Consider the cyclic code C7 = ((x — 1)* + u, u(x — 1)) of length
3overR. Here,a=2,b=1,1 =0, hj(x) =1, and hy(x) = h3(x) = 0. We have

W =ul(x— 17 +u| - (x= Dux- D] €Cr.
This implies that W = 0. By (7), we see that W = b = 1, which is not true.

In the following Theorem we provide a correction of Propositions 7 and 8 of [1].

Theorem 2. Let V be as defined in (4), then we have

a, if hi(x) = ha(x) = 0,
min{a, p* — a + t,}, if hi(x) = 0 and hy(x) # 0,
min{a, p* — 2a + 2t,}, if hy(x) #0,hy(x) =0anda < p* —a + 1y,
Ve min{a, p* —a+ t,, p* —2a +2t1}, ifhi(x) #0,hh(x) #0,a<p’—a+t and?2t) # a+ 1y, 8)
min{a, p* —a + t, + @y}, ifhi(x) #0,h(x) #0,a< p*—a+t and2t; = a+t,
t, if hy(x) #0,hy(x) =0anda > p* —a + 1y,
min{t;,a + t, — 41}, ifhi(x) #0,h(x) #0,a>p° —a+t and 2ty # a + 1y,
min{p*+1t, —a,t; + a,}, ifhi(x) #0,h(x) #0,a>p*—a+ 1t and 2t = a + 1,
where

@, = max {0 <k < p*| (x= 1" divides hy(x) - hz(x)hl(x)_l}.
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Proof. Since u*(x—1)" € Cs, there exists F(x) = go(x)+ug,(x)+u’g,(x), where go(x), g1(x), g2(x) € K
such that

Px— 1Y =F(x) ((x — )+ u(x = D"y (x) + uP(x — 1)’2h2(x))
=(x — 1)?go(x) + u ((x — 1)"h1(x)go(x) + (x — 1)?g1(x))
+1* ((x = 1)2ha(x)go(x) + (x = 1)%ga(x) + (x — 1)!"hy(x)g1(x)) -

This equation can be represented as a system of equations:

(x = Dgo(x) = 0, (9a)
(x = D"hy(x)go(x) + (x — 1)"g1(x) = 0, (9b)
(x =17 = (x = D?ha(x)go(x) + (x — 1)?g2(x) + (x = 1)t (x)g1 (x). (9¢)

Equation (9a) can be rewritten as go(x) = (x — I)Ps‘“gé(x), where g((x) € K. Substituting this into the
system (9), we obtain:

(x = 1 "Ry (0)g(x) + (x = 1)°g1(x) = 0, (10a)
(= 1Y = (x = D" "2 hp(0)gh(x) + (x = 1Dga(x) + (x = DMy ()81 (x). (10b)
We will now consider the four possible cases:
o If h1(x) = hh(x) = 0, we have that Cs = ((x — 1)*), and V = a.
o If h;(x) = 0 and h,(x) # 0O, then equation (10b) can be simplified to:
(x=1)" = (x = P *2hp(x)gh(x) + (x = 1)ga(x).
Therefore, it follows that V > min{a, p* — a + t,}. Conversely, when we consider
g1(%) = gp(x) = 0,82(x) = 1, and g{(x) = hy(x)~!, g1(x) = g2(x) = 0,

we can deduce that u?(x — 1)%, u>(x — 1)?’~**2 € Cs. This implies that V = min{a, p* — a + t,}.
e If 1(x) # 0 and a < p* — a + t,. Then from (10a) we have,

(x = 1P 1y (0g0(x) + 8100 = (x = D ~ga(),
for some g4(x) € K. Then from (10b),
(= 1Y =(x = D7 " hy(x0)gh(x) + (x = 1)*ga(x) + (x = D' Ay (x)g1 (x)
=(x = 1/ "2 hy(x)gh(0) + (x = 1)ga(x)
(= 1Ry () (= 1P ga(x) = (x = 1P 72y (x)g(x))
=(x = 1)"ga(x) + ((x = 1P ™2 hy(x) = (x = 1) 2 1y (x)) g (x)
+ (x = 1Py (x)ga(x)
=(x = 1)"ga(x) + (x = DY fi(0)gh(x) + (x = 1 "y (x)ga (),
where

max{k | (x — 1)* divides (x — 1) *2h,(x) — (x — 1)P" "2+ by (x)?}
p’—2a+2t, if hy(x) = 0,
min{p® —a + t,, p* —2a +2t;}, if hy(x) # 0and 2t #a+1,,

B

ps—a+t2+a/1, ifhz(x);thndZtl =a+1,,
and fi(x) a unit of K such that
(x= P h(x) = (r = DY 292y () = (x = 1P A0,

Then V > min{a, B, p* —a + t;} = min{a, 8;}. Conversely if we take
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g4(x) = gi(x) = 0,82(x) = 1, and g(x) = fi(x)", ga(x) = g2(x) = 0,

we obtain respectively u?(x — 1), u*(x — 1)’ € Cs. So

min{a, p* — 2a + 21}, if hy(x) =0,
V =min{a,B} = {minf{a, p* —a + t,, p* —2a + 2t;}, ifhy(x)#0and2t #a+1t, (11)
min{a, p* —a + t + a1}, if hp(x) # 0and 2t; = a + 1.

e If hy(x) #0and a > p* — a + t,. Then from (10a), we have,

R (0)go(x) + (x = DX 7P gy (x) = (x = D" gs(),
for some gs(x) € K. This implies that, from (10b),

(x = 1Y =(x = 1)'g2(x) + (x = P " hy(x)gh(x) + (x = 1) 7y (1)g1(x)
=(r = 1)"ga(x) + (x = P ((x = D*1gs(x) = (x = ™7 7121 (0)) ha () ()™
+ (= D' (g1 (x)
=(x = 1)"ga(x) + (x = P iy (1) ()™ g5(x)
(= D) = (= Dy (0h (07 g1(x)
=(x = 1)"ga(x) + (x = D™ iy () ()7 g5(x) + (x = 1Y fo(x0)g1 (%),

where
B> = max {O <k < p*|(x—1)Fdivides (x — 1)"hy(x) — (x — 1)“*’2"‘h2(x)h1(x)‘1}
t, if hr(x) =0,
= min{t;,a+t — 11}, ifhy(x) #0and 2t # a + 15,
H+ap, if hy(x) #0and 2t; = a + 1y,

and f>(x) a unit of K such that

(x = 1"y (x) = (x = D2 By (0 (07! = (x = 12 fo().

Similarly to the previous case, we have:

— If hp(x) = 0, then V = min{a, B} = ;.
— If hy(x) # 0, then

min{t;,a +t, — t;}, if 2ty # a + 1,

V:min{a,ps+t2—t1,,82}: . ]
min{p*+t —a,t; +a,}, if2t;=a+1t.

Theorem 3. Let W be defined as in (5). Then we have:

b, if hi(x) = ha(x) = h3(x) = 0,
min{b,a — b + 53}, if hi(x) = hy(x) = 0 and h3(x) # 0,
min{p°® — a + t,, b}, if ho(x) # 0 and hy(x) = h3(x) = 0,
W =<{min{p’ —a+t,,b,a—b+1t3}, ifh(x)=0,hy(x)# 0andhs(x)+0,
t, if hi(x) # 0 and hy(x) = h3(x) = 0,
min{p® —a + t, 11}, if hi(x) # 0, hy(x) # 0 and h3(x) =0,
min{Bs, B4, b, p* — b + t3}, if hy(x) # 0 and h3(x) # 0,
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where
pi—a+t;—-b+ts, if ho(x) =0,

Bz = (min{p*—a+t,p'—a+t,—-b+1t3}, ifh(x)#0andt, # t, — b+ t3,
p’—a+t,—b+1t;+as, ifhy(x) #0andt, = t, — b + t3,
min{t;,a—b+ 13}, ifty #a—b+ts,

Ps = {t1+a/4, ifty =a—->b+t;,

a3 = max|0<k<p'|(x— 1 divides hy(x) — hl(x)h3(x)} ,

a; = max{0<k<p*|(x— 1) divides hy(x) - h3(x)}.

Proof. Since u*(x — 1)V € C5, then there exist F(x) and F»(x) in R’ such that
WP(x — DY =F,(x) ((x — 1) + ux — D"y () + P (x — 1)f2h2(x)) + Fy(x) (u(x — 1+ P (x - 1)f3h3(x)) .
Write F(x) and F,(x) as:

Fi(x) = (x = )P go(x) + ugi(x) + u’ga(x),

and
Fy(x) = g4(x) + ugs(x),

where, go(x), ..., g5(x) € K. Then

= 1Y = (= DPT Ry (0)go(x) + (x = 1)°g1(x) + (x = 1) ga(x)
= 1((x = 1P hy(x)go(x) + (x = 1)*ga(x) + (x = 1) Ay ()1 ()
+ (= 1)g5(x) + (x = 1) hs(x)ga()).

We must have,
(x = DP " Ry (x)go(x) + (x — 1)g1(x) + (x — 1)’ga(x) = 0. (12)

e If h1(x) =0, then
(x = 1)Pgi(x) + ga(x) = (x = 1)” gg(x),

for some g¢(x) € K. Hence

(x= DY = (x = DP "2 hy(x)go(x) + (x = 1)*g2(x) + (x — 1)’g5(x)
+(x = 1) h3(x)ga(x)
= (x = 1P "2 hy(x)go(x) + (x = 1)g2(x) + (x — 1)’gs(x)
+ (x = DY B hy(x)ge(x) — (x = D"y (x)g1 (x).
— If hy(x) = h3(x) = 0. Then W = min{a, b} = b.
— If hp(x) = 0 and h3(x) # 0. Then W = min{a, b, p* — b + t3,a — b + t3} = min{b,a — b + t3}.
— If hy(x) # 0 and h3(x) = 0. Then W = min{p® — a + 15, a, b} = min{p°® — a + t,, b}.

— If hy(x) # 0 and h3(x) # 0. Then W = min{p’ —a + t,,a,b,p’ — b + t3,a — b + 3} =
min{p* —a + t,,b,a — b + t3}.

o If h;(x) # 0, since b < U then by Proposition 2, p* —a + t; > b. From (12),
(x = 1P = hy(x)go(x) + (x — D*Pg1(x) + ga(x) = (x — D Pgq(x),
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for some g7(x) € K. Hence

(x = DY = (x = DIy (x)g0(x) + (x = 1)ga(x) + (x = D'y (0)g1(x) + (x = DPgs(x)

+ (x = 1)y (x)ga(x)

= (x = D7 TRy (x)go(x) + (x — 1)ga(x) + (x — 1)y (0)gi(x) + (x — DPgs(x)
+ (x = 1) ((x = )P Pga(x) = (x = 1P ™Ry (x)go(x) = (x = 1)*Pg1(x)) ha(x)

= ((x = P hy(x) = (x = 1P =170 Ry (x)h3(x)) 8o(x)
+ (= 1)7ga(0) + ((x = D'y (x) = (x = D"y (x)) g1(x)
+ (x = 1)’gs(x) + (x = D" hs(x)g7(x).

— If h3(x) = 0, then

(x = D" = (x = D" hy(x)go(x) + (x = Dga(x) + (x = D11 (g1 (x) + (x = 1)7g5(x).

min{a, 1, b} = 11, if hy(x) =0,

min{p® —a + t,a,t;,b} = min{p® —a + t,,1;}, if hy(x) #0.
- If h3(x) #0 . Let

Then W =

By = max{0<k<p*|(x—1)Fdivides (x — )P "**2hy(x) — (x = P =170y (x) g ()

pi—a+t — b+t if hy(x) =0,
= min{ps—a+t2,ps—a+t1 —b+t}, ifh(x)#0andt, # t; — b+ t3,
p“'—a+t1—b+t3+a3, if hh(x) #0and 1, = t; — b + t3.

Ba max {0 < k < p* | (x = D divides (x = 1)1y (x) = (x = )"y (x)}

{min{tl,a —b+ty), ifty2a-b+t,

H+ ay, ifti=a—->b+ts.
And f;(x) a unit of K such that
(x = P "2y (x) = (x = DP Ry (0hs(x) = (x = 1P f3(x).
And f;(x) a unit of K such that

(x = D"y (x) = (x = D" hy(x) = (x = 1 fi(x).
Which means that
(x = DY =(x = P fi(x)go(x) + (x = 1)"g2(x) + (x = 1) fy(x)g1(x)
+ (x = 1’gs(x) + (x = D " hs(x)g7(x).
Then W = min{Bs, B4, b, p* — b + 13}.

3. Hamming Distance and MDS Codes

The Hamming weight of a codeword w is represented as wty(w) and is calculated as the cardinality
of the set {i | w; # 0}. The Hamming distance of a code C is denoted by dy(C) and is defined as the
minimum value of wtg(w) for w # 0, where w € C.

In 1998, Norton et al. [9] introduced the Singleton bound for a linear code C of length n over a

finite chain ring R with respect to the Hamming distance dy(C). This bound is expressed as [C| <
|R|n—dH(C)+1 .
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Definition 1. Let C be a linear code of length n over a finite commutative ring R. C is said to be a
Maximum Distance Separable (MDS) code with respect to the Hamming distance if |C| = |R|"~%(©)*1,

In [2], the Hamming distances and MDS codes in the family of cyclic codes of length p* over R
have been established. However, for certain types of these codes, both the Hamming distances and
MDS codes depend on the values of V and W. This indicates that the Hamming distances and MDS
codes provided by [2] are not correct. In the following, we will present the necessary corrections. We
begin with a key theorem.

Theorem 4. [10, Theorem V.1.] Let C be a cyclic codes of length p°® over R. Then the following hold.
1. dy(C) = d;, (Tor,(C)).

2. The code C is an MDS code if and only if Tory(C) = Tor,(C) and Tor,(C) is an MDS code of
length p* over F .

As for any cyclic code C of length p* over R, Tor,(C) is a cyclic code of length p® over F,», its
Hamming distance is completely determined by the following theorem.

Theorem 5. [11, Theorem 4.11.] Let C be a cyclic codes of length p°®, then C = <(x - 1)i> c
Fn[x]1/{p* = 1), fori €{0,1,..., p*}. The Hamming distance d; of C is determined by

1, ifi=0,
B+2, ifpp ' +1<i<(B+1)p~ ! where 0SB < p-2,
di=c@+Dpk, ifp =pF+@-Dp T+ 1<i<pt—pF4ipHh!
where l <t<p-1,and1 <k<s-1,
0, ifi=p’.
Next, we will identify all MDS cyclic codes of length p* over R. It is clear that Tory(C) = Tor,(C)
if and only if C = (1) or C 1s of type 5 with V = a. Additionally, it is evident that C = (1) is an MDS

code. Subsequently, our focus will be on the determination of all MDS cyclic codes of length p* over
R of type type 5.

Lemma 1. [12, Theorem 3.2] Let C = ((x — 1)) be a cyclic code of length p* over Fm, for a €
{1,...,p°* —1}. Then C is an MDS cyclic code if and only if one of the following conditions holds:

o [fs=1,thenl <a<p-1. Inthiscase, d,(C)=a+ 1.
o Ifs>2, and a = 1, In this case, d), (C) = 2.
o I[fs>2 anda = p* — 1. In this case, d;, (C) = p°.

Theorem 6. Let Cs = ((x — 1)*) be a cyclic code of length p*® over R, fora € {1,...,p* —1}. Then Cs
is an MDS cyclic code if and only if one of the following conditions holds:

o I[fs=1,thenl <a<p-1. Inthis case, d,(Cs) =a+ 1.
o I[fs>2 anda =1, In this case, d, (Cs) = 2.
o I[fs>2 anda = p*— 1. In this case, d, (Cs) = p°.

Proof. Just notice that Tory(C) = Tor,(C) = a and we apply the previous lemma. O

Theorem 7. Let Cs = <(x — D + uP(x - 1)’2h2(x)> be a cyclic code of length p* over R, of type 5 (as
defined in Theorem 1), where hy(x) # 0. Then Cs is an MDS cyclic code if and only if one of the
following conditions holds:

o I[f s =1, then max {2a — p*,0} < t, <a < p— 1, in such case, d, (Cs) = a + 1.
o Ifs>2, then
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— Cs ={(x = 1) + uhy) where hy € F,,., in such case, dy (Cs) = 2.
—a=p'—1, 1, =p° -2, insuch case, d;(Cs) = p*.

Proof. According to equation (8), it is required that a = min{a, p* —a + t,}, which can be expressed as
2a—- p* < t,. Consequently, by Lemma 1, Cs is an MDS cyclic code if and only if one of the following
conditions holds:

o If s =1, then max{2a — p*,0} <t <a<p-—-1.
o If s > 2, there are two possibilities:
— When a = 1, then £, = 0, resulting in Cs = {(x — 1) + uh,), where h, € P;;
— Whena =p*—-1,thent, <a < p’—a+t. Itfollowsthatt, =a—-1=p* - 2.
]

In the following, we examine the case where 4;(x) is a unit. Since Tory(C) = Tor,(C), it follows
from (1) that @ = U. This implies a < p* — a + t; according to Proposition 2. Then, from (11), we
have that V = a if and only if:

a < p’—2a+2t, if hy(x) =0,
a<p’'—-a+tanda < p®—2a+2t, ifhyx)+#0and2t #a+t,
asp'—a+h+a, if hy(x) # 0and 2¢; = a + 1,.

This is equivalent to:

max {3“;’?, 0} <t, if hy(x) =0,
max {2a — p*,0} <t and max {3520} <1, if hy(x) # 0 and 26, # a + 1y, (13)
2a < pf+ 1 +a, if ho(x) #0and 2t = a + 1.

Therefore, we have the following Theorems.

Theorem 8. Let Cs = <(x — D"+ u(x — D" hy(x) + u*(x — 1)’2h2(x)> be a cyclic code of length p over
R, of type 5 (as defined in Theorem 1), where hi(x) # 0. Then Cs is an MDS cyclic code if and only if
one of the following conditions holds:

o If hy(x) = 0, then max {*2,0} < 1;.

o If ho(x) # 0.and 2ty # a + 1y, then max (2a — p,0) < 1, and max {*52,0} < 1.
o [fhh(x)#0and?2t, =a+1t),then2a < p+1t +a.

In all cases, d, (Cs) = a + 1.

Theorem 9. Let Cs = <(x — D+ u(x = D"hy(x) + u?(x — 1)‘2h2(x)> be a cyclic code of length p* over
R, of type 5 (as defined in Theorem 1), where hi(x) # 0 and s > 2. Then Cs is an MDS cyclic code if
and only if one of the following conditions holds:

o C5 = <(x - 1) +uh + u2h2> where hy, hy € F,n and hy # 0. In this case, d;(Cs) = 2.
ea=p'—1,hhx)#0, 2ty =a+t, and 2a < p* + t, + a;. In this case, d,(Cs) = p°.

Proof. According to Lemma 1, a = 1 ora = p* — 1. In the case where a = 1, (13) is always
satisfied. In the case where a = p° — 1, (13) is satisfied if and only if hy(x) # 0, 2¢; = a + t,, and
2a < p*+ 1 +a. O

Remark 2. Consider o € F,,. It follows that o”" = o. By utilizing the Division Algorithm, we

can find nonnegative integers o, and o, such that s = o,m + o,, where 0 < o, < m — 1. Let
_ _P(U'q+l)m—s _ _pmfo'r ps _ _p((rq+l)m _ —1

oo =0 =0 . Consequently, o, = o =0
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Let A be the map A : R[x]/{x"" —1) — R[x]/{xP" — ), given by f(x) — f(oox). It is easy to verify
that A is a ring isomorphism and it preserves the Hamming weight.

Specifically, A is a cyclic code of length p* over R if and only if B = A(A) is a o-constacyclic code
of length p* over R, and furthermore d,(B) = d,(A). Moreover, B is an MDS code if and only if A is
an MDS code. Thus, our results about the Hamming distance of cyclic codes of length p* over R can
be correspondingly carried over to o-constacyclic codes of length p* over R via the isomorphism A.
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