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1. Introduction

For a graph G and a positive integer A4, G(A) is the graph obtained from G by replacing each
of its edges by A parallel edges. Let C; denote the cycle of length k. The complete graph on m
vertices is denoted by K, and its complement is denoted by Em. If H,, H, ..., Hy are edge-disjoint
subgraphs of a graph G such that E(G) = Uf:l E(H)), then Hy, H,, ..., H, decompose G; we write it
asG = H @& H, @ ... ® H. If each H; = H, then G has an H-decomposition and we denote it by
H|G. A graph G has a Ci-decomposition or a kcycle decomposition whenever Cy | G.

For two graphs G and H their wreath product, denoted by G o H, has vertex set V(G) X V(H)
in which two vertices (g, /1) and (g2, h,) are adjacent whenever g,g, € E(G) or, g1 = g> and h h, €
E(H); see Figure 1. Clearly, if G = HH® H, ® ... ® H;,thenG o E,, = H, OE,I @ H, OE,I D...8
H, o K,. It can be observed that K,, o K, is isomorphic to the complete m-partite graph in which
each partite set has n vertices. For graphs G and H, and x € V(G), x X V(H) = {(x, v)|v € V(H)}
is called the layer of vertices of G o H corresponding to x.

A latin square L of order n is an n X n array, each cell of which contains exactly one of the symbols
in {0, 1, 2, ..., n— 1}, such that each row and each column of the array contains each of the symbols
in {0, 1, 2, ..., n— 1} exactly once, see [1]. A quasigroup of order n is a pair (Q, *), where Q is a set
of size n and * is a binary operation on Q such that for every pair of elements a, b € Q, the equations
a * x=bandy * a = b have unique solutions. We consider a quasigroup is just a latin square with a
headline and a sideline, see [1].

Let G be a bipartite graph with bipartition (X, Y), where X = {x0, x1,
X2, ooy Xpm1}, Y o= {y0, Y1,¥2, ..., Yua1); if G contains the set of edges Fi(X, Y) = {x;y;:|0 <

J < n—1, where addition in the subscript is taken modulo n}, 0 < i < n— 1, then G has the I-factor
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Figure 1. The Graph P; o K.

of distance i from X to Y. It is important to note that for 0 < i <n -1, Fi(X, Y) = F,_i(Y, X). An
edge e € Fi(X,Y) is an edge of distance i from X to Y or it is an edge of distance n — i from Y to X.
Clearly, if G = K, ,, then E(G) = Uz Fi(X, Y).

We denote the graphs of Figure 2 by H;, 1 < i < 4 and Cs. For all i such that 1 < i < 4,
H; has the vertex set {a, b, c,d, e}. The graph H; with the edge set {ab, bc, ca, bd, ce} is denoted by
((a,b,c); bd, ce) or (C;bd, ce), where C denotes the cycle (a, b, ¢); the graph H, with the edge set
{ab, bc, ca, cd, ce} is denoted by ((a, b, ¢); cd, ce) or (C; cd, ce), where C denotes the cycle (a, b, ¢); the
graph H; with the edge set {ab, bc, ca, cd, de} is denoted by ((a, b, ¢); cd, de) or (C; cd, de), where C de-
notes the cycle (a, b, c); the graph H4 with the edge set {ab, bc, cd, da, de} is denoted by ((a, b, ¢, d); de)
or (C;de), where C denotes the cycle (a, b, ¢, d) and the cycle Cs with the edge set {ab, bc, cd, de, ea}
is denoted by (a, b, c,d, e).

In the future, for 1 < i <4, H;, stands for the graphs in Figure 2.

d a e a d a e b c
e - €
b
b € b ¢ b c d a d d c
H, H, H; Hy Cs

Figure 2

Decomposition of a graph into a specified subgraph is an interesting area of research in graph
theory. In particular K;-decomposition of K,, (BIBD) has received much attention, see [2]. The
K5-design of order n is known as the Steiner triple system. Decompositions of K, into complete
subgraphs, complete bipartite graphs, complete equipartite graphs, linear forests have been studied,
see [3—6]. Decomposition of (K, o K,)(1) (GDD) into K (resp. Kjy) is studied in [7,8]. Cycle
decompositions of the graphs K,,(1), K,, — F, where F is a perfect matching of K,,, K, ,,(1) and (K,, o
K,)(2) are considered in [9-13].

Bermond et al. [14] studied the decompositions of complete graphs into isomorphic subgraphs with
five vertices. Further, Bermond and Schonheim [15] obtained G-decompositions of K,,, where G has
four vertices or less. Moreover, in [16], Huang obtained decompositions of the complete equipartite
graphs into connected unicyclic graphs of size five. Here we obtain decompositions of the A-fold
complete equipartite graphs into connected unicyclic graphs of size five, whenever the necessary
conditions are satisfied. This generalizes a result of Huang [16].

The main result of this paper is the following:

Theorem 1. Ifm and n are at least 3, then for 1 < i < 4, H;|(K,, o K, if and only if 5 | Anm(m—1).
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2. Decompositions of 1-Fold Complete Equipartite Graph Into Unicylic Graphs

In this section, we prove that every simple connected unicyclic graph on five vertices decomposes
the graph (K, o K,)(1), whenever the necessary conditions are satisfied.

Lemma 1. Ifn > 3 and H;|G, 1 <i < 3, then H; decomposes the graph G o K,,.

Proof. Consider the graph G o K,=Ho®H & - ®H)oK,=HioK,®H; oK, ®---®H, o K,.
We need to prove that for all i such that 1 <i <3, H;|H; o K,. Let (L, %) be a quasigroup of order n,
where L = {0, 1,2,...,n — 1}. Let the vertices of H; be as shown in Figure 2 and let the vertex set of
K,be{0,1,2,...,n—1}. Let {(a, /);0 < j < n—1}Dbe the layer of H; o K, corresponding to the vertex
a in V(H;). Then the graphs in {(((a, {), (b, k), (c, € * k)); (b, k)(d, ©), (c, € = k)(e,€))| Y €,k € L}, each
one of them is isomorphic to H;, decompose the graph H, o K,, the graphs in {(((a, £), (b, k), (c, € *
k)); (c,€ = k)(d, ), (c,€ = k)(e,€))|VY €,k € L}, each one of them is isomorphic to H,, decompose the
graph H, o K, and the graphs in {(((a, £), (b, k), (c, € * k)); (c, € * k)(d, €), (d, £)(e, k)) |V €,k € L}, each
one of them is isomorphic to H3, decompose the graph Hs o K,,. O

Lemma 2. Ifn > 2 and H, |G, then H, decomposes the graph G o K,.

Proof. Consider the graph G o En =(H;®H;®---®Hy)o En =H,o En ®H,0K,®..®Hyo0K,.
We need to prove that Hy | Hy o K,.Let(L, *) be a quasigroup of order n, where L = {0,1,2,...,n—1}.
Let the vertices of Hy be as shown in Figure 2 and let the vertex set of K,be{0,1,2,...,n—1}. Let
{(a, j);0 < j < n— 1} be the layer of Hy o K, corresponding to the vertex a in V(H,). Then the
graphs in {(((a, {), (b, k), (¢, €), (d, k)); (d,k)(e, € = k)) |V £,k € L}, each one of them is isomorphic to
H,, decompose the graph H; o K,,. O

Lemma 3. K, \ {e}| K4(5), where e is an edge of K,.

Proof. Let V(Ky) = {a,b,c,d}. A K, \ {e} decomposition of K,(5) is given by the edge
induced subgraphs (bc, cd,da,ac,bd), {ab,cd,da,ac,bd), {ab,bc,da,ac,bd), {ab,bc,cd,ac,bd),
{ab, bc, cd, da, bd), {ab, bc, cd, da, ac). O

Lemma 4. Fori € {1, 3,4}, H; decomposes the graph (K, o ?,,)(5).

Proof. Let V(K4) = {a,b,c,d} and let V(fn) =1{0,1,2,...,n— 1} B_y Lemma 3, K4 \ {e}| K4(5);
hence it is enough to prove that for i € {1,3,4}, H;|(K; \ {e}) o K,. Let the edge e = aﬁ. Let
(L, *) be a quasigroup of order n, where L = {0,1,2,...,n — 1}. We have V((K; \ {e}) o K,) =

n—1

U{(a, s (D, j), (c, j),(d, j)}. Then the graphs in {(((a, 0), (b, k), (c, L * k)); (b, k)(d, ), (c, € * k)(d, L +
j=0

1))|V ¢,k € L}, each one of them is isomorphic to H;, decompose the graph (K \ {e}) o K,, the graphs
in{(((a, ©), (b, k), (c, £xk)); (c, {xk)(d, 0),(d, O)(b, k+ 1))|V ¢,k € L}, each one of them is isomorphic to
Hj;, decompose the graph (K; \ {e}) o K, and the graphs in {(((a, {), (b, k), (d, £ % k), (c, k)); (¢, k)(D, k+
1))|V ¢,k € L}, each one of them is isomorphic to Hy, decompose the graph (K; \ {e}) o K,,. O

For the rest of the paper, we fix the layers of the graph G o K, as follows: let V(G) =
{a,b,c,d,...,w,x} and let V(K,,) = {0,1,2,...,m — 1}. Then V(G o K,,) = V(G) x V(K,) =
{a X V(Em)} U {b x V(fm)} U {c X V(Em)} U---U{xx V(Em)}. For convenience, we write A =
a x V(K,) = {(a,0),(a,1),(a?),...,(am-1} = {ay,a,a,...,a, 1}, where for all i such that
0 <i <m-1, a;, denotes the vertex (a,i). Similarly, B,C, ..., X are defined. A, B,C,..., X are the
layers of G o K,,, see Figure 1.

Lemma S. Forn > 2, the graph (K, o K,)(5) has an H,-decomposition.
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Proof. We complete the proof in two cases.
Case 1. nis odd.

Let V(K,) = {a,b,c,d} and let V(K,) = {0,1,2,...,n—1}. By Lemma 3, K, \ {e}| K4+(5) and hence
it is enough to to prove that H, | (Ky \ {e}) o K,. Let the edge e = ad. Let o be the cyclic permutation
0,1,2,3,...,n—1)on{0,1,2,...,n— 1}.

Subcase 1.1. n = 3.

Let H) = ((ap, bo, ¢0); coaa, codr), Hy = ((ag, b1, 2); bay, bidp) and H; = ((bo, 2. dy): dycy,diby)
be. three .edge—disljoint copies of H, in (K; \ {e}) o K;. Then the graphs in {o-O(Hé) =
Hj, o'(H)), o*(H;)|1 < j < 3}, each one of them is isomorphic to H,, decompose the graph
(K4 \ {e}) o K3, where o acts on the subscripts of the vertices of Hé
Subcase 1.2. n > 5.

For all i such that 0 < i < (n — 3)/2, let Hé = ((ag, b;, €21); C2iAp-1, C2id3i41); fori = (n — 1)/2, let
H, = ((ao,b%,cn_l);b%a%,b%d%); fori = (n+1)/2, let H; = ((bo, c%,dl);dlcl,dlbl) and for
all i such that (n + 3)/2 < i < n—1, let Hy, = ((by, ¢;, d»); boai_%, bodsi_,-1), where the subscripts
are taken modulo n, see Figure 3. Then the graphs in {a"(Hi) |0 <i,j < n— 1}, each one of them is
isomorphic to H,, decompose the graph (K4 \ {e}) o K,. The (base) graphs H;, 0<i<n-1are
described in Figure 3.

] p—1

d:ii+l

The graph Hj;, for 0 <i < (n—3)/2 The graph Hj. for i = (n —1)/2

"{'Ex'

d2:—n—l

The graph 173, for i = (n +1)/2 The graph I}, for (n+3)/2<i<n-1

Figure 3. The Labels on the Edges of the Graphs Denote the Distances of the Respective
Edges in the Bipartite Subgraphs (A U B), (B U C), (A U C), (B U D) and (C U D) of
(K4 \ {€}) o K,; in Each of the Graphs, the Distances Are Computed from A to B, B to C,
Ato C, Bto D and C to D. From the Union of These Graphs, It Is Clear That the Edges of
Distance i, 0 <i<n-1,fromAto B, BtoC,AtoC, BtoD and C to D are all Present
Exactly Once. Consequently, When We Apply the Permutation ¢, to the Above Bipartite
Graphs Yield a Required Decomposition

Case 2. n is even.

The graph (K, o K,)(5) = (K4 o K») o E%)(S) = (K4 o Kp)(5) o E%. We shall prove
that H, | (K4 o ?2)(5) and apply Lemma 1. Let V(K;) = {a,b,c,d} and let V(Ez) = {0, 1}. Let
o = (0, 1) be a permutation on {0, 1}. Let H, = ((a, by, ¢1); boco, body), H5 = ((bo, co, d1); boao, boay),
Hy = ((ay,co,do);doao,doby), Hy = ((ao, by, do)iapcr,aody), Hy = ((ag,co,dy); dyay,diby),
HS = ((a1,bo, do); arco,ardy), Hy = ((a1,bo,c1);crao,c1do), Hy = ((bo, c1,do); cray, eidy), H) =
((b1,co,dy); bray, bicy), HyYY = ((bo, co, do); doar,doby), Hy' = ((ag, bo, co); cobi, codo) and H,> =

Ars Combinatoria Volume 160, 73-83



Decomposition of the A-Fold Complete Equipartite Graph into Unicyclic Graphs of Order Five 75

((Clo,Co., do);ao'bo,aobl') be twelve edge-disjoint copies of H, in (K4 o fz)(S). Then the graphs in
{c°(H;) = H}, o'(H))|1 < j < 12}, each one of them is isomorphic to H,, decompose the graph
(K4 o K2)(5). m

Lemma 6. Forn > 2, the graph (K5 o K,)(5) has an H, -decomposition.

Proof. We complete the proof in two cases.
Case 1. nis odd.

Let V(K3) = {a,b,c} and let V(K,) = {0,1,2,3,...,n — 1}. Let o = (0,1,2,3,...,n — 1) be
a permutation on {0,1,2,3,...,n — 1}. For 0 < i < n -1, let Hi = ((ag, b, ¢2)); aobis1, bia,—2);
for 0 < i < n—1,let H* = ((a9,bi, ¢2); bicair1, C2ibpusiy—2) and for 0 < i < n — 1, let H" =
((ao, bi, €2i); apcaira, C2ia,-1), where the subscripts are taken modulo n, see Figure 4. Then the graphs
in {O’i(H{) |0<i<n-1,0<j<3n-1}, each one of them is isomorphic to H;, decompose the graph
(K3 o K,)(5), where o acts on the subscripts of the vertices of H{ . The (base) graphs Hi, totally 3n
in number, with the distances of their edges are shown in the graph of Figure 4.

Iy An—2 ap [277) 1

C2i G2l Co;  C2i42

Hi,0<i<n-1 H™M 0<i<n-1 HF ' 0<i<n-—1

Figure 4. In the Union of the Above Graphs Each Edge of Distance i, 0 < i < n — 1, from
Ato B, Bto C and A to C Occurs Exactly Five Times

Case 2. n is even.

The graph (K3 o K,)(5) = (K3 o K3) o K:)(5) = (K3 o K3)(5) o Ky. We shall prove
that H, | (K5 o K,)(5) and apply Lemma 1. Let V(K3) = {a,b,c} and let V(K,) = {0,1}. Let
o = (0, 1) be a permutation on {0, 1}. Let H{ = ((ag, by, ¢1); boco, aoh1), H = ((ai, by, ¢o); coao, boch),
H? = ((ag, b1, co);apcr,brar), HY = ((ao,bo,co); boar, apby), H} = (a9, by, co); cob1, bocy) and
H? = ((ao, by, cp); apcy, cpar) be six edge-disjoint copies of Hy in (K3 o K5)(5). Then the graphs
in {o-i(H{ )]0 < i < 1,1 < j < 6}, each one of them is isomorphic to H;, decompose the graph
(K3 o K3)(5). o

Lemma 7. Forn > 2, the graph (K5 o K,)(5) has an H,-decomposition.

Proof. We complete the proof in two cases.
Case 1. nis odd.

Let V(K3) = {a,b,c} and let V(K,) = {0,1,2,3,...,n — 1}. Let o = (0,1,2,3,...,n— 1) be a
permutation on {0,1,2,3,...,n — 1}. For 0 < i < n -1, let Hé = ((ay, b;, ¢2;); agbis1, apbiyr); for
0<i<n- 1, let H;H = ((Cl(),bi,CZi);bi02i+1,biC2i+2) and for 0 < i < n - 1, let H%’H'i = (((10, bi,
C2i); C2i0n—2, C2iGy-1), Where the subscripts are taken modulo n, see Figure 5. Then the graphs in
{ai(Hg)lO <i<n-1,0 < j < 3n- 1}, each one of them is isomorphic to H,, decompose the
graph (K3 o K,)(5), where o acts on the subscripts of the vertices of Hé The (base) graphs H,
totally 3z in number, with the distances of their edges are shown in the graph of Figure 5.

Case 2. n is even.

The graph (K3 o K,)(5) = (K3 o K3) o K3)(5) (K3 o K>)(5) o Ky. We shall prove
that H, | (K3 o K,)(5) and apply Lemma 1. Let V(K3) = {a,b,c} and let V(K,;) = {0,1}. Let
o = (0, 1) be a permutation on {0, 1}. Let H% = ((agp, by, ¢1); apco, aphy), H% = ((ay, by, co); boay, bocy),
H; = ((ag, b1, co); cobo, coar), Hy = ((ao,bo,co);aobi,apct), Hy = ((ao, by, co); boar, bocy) and

[l
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o aop Qo Op—2 Ap_1

Coi  C2i+1 Coiqa C2i

Hi,0<i<n-1 Hyt 0<i<n-—1 HIM 0<i<n-—1

Figure 5. In the Union of the Above Graphs Each Edge of Distance i, 0 < i < n — 1, from
Ato B, Bto C and A to C Occurs Exactly Five Times

Hg = ((qo,bo,co);coal,cobl) be six edge-disjoint copies of H; in (K3 o K>)(5). Then the graphs
in {o'(H;)|0 < i < 1,1 < j < 6}, each one of them is isomorphic to H,, decompose the graph
(K3 o K2)(5). o

Lemma 8. Forn > 2, the graph (K5 o K,)(5) has an Hs-decomposition.

Proof. We complete the proof in two cases.
Case 1. nis odd.

Let V(K3) = {a,b,c} and let V(K,) = {0,1,2,3,...,n— 1}. Let & = (0,1,2,3,...,n — 1) be
a permutation on {0,1,2,3,...,n — 1}. For 0 < i < n -1, let Hg = ((ag, bi, ¢2;); aobis1, biz1a,-1);
for 0 < i < n—1,let Hi" = ((ao, b, ¢2); bicai1, Coiabizy) and for 0 < i < n — 1, let H3"™' =
((ao, bj, €2i); C2ian-1, an-1C2i11), Where the subscripts are taken modulo 7, see Figure 6. Then the graphs
in {O’i(Hg) |0<i<n-1,0<j<3n-1}, eachone of them is isomorphic to H3, decompose the graph
(K; o K,)(5), where o acts on the subscripts of the vertices of H; . The (base ) graphs Hé, totally 3n
in number, with the distances of their edges are shown in the graph of Figure 6.

Hi,0<i<n-1 Hyf 0<i<n-1 H" " 0<i<n-1

Figure 6. In the Union of the Above Graphs Each Edge of Distance i, 0 < i < n — 1, from
Ato B, Bto C and A to C Occurs Exactly Five Times

Case 2. n is even.

The graph (K3 o K,)5) = ((K3 o K;) o Ki)©S) (K3 o K3)(5) o Ku.
We shall prove that H;|(K; o K>)(5) and apply Lemma 1. Let V(K3) = {a,b,c}
and let V(Ez) = {0,1}. Let ¢ = (0,1) be a permutation on {0,1}. Let H; =
((ao, bo, c1); agby, bicy), Hy = ((ai,bo,co);boci,crao), Hy = ((ao,bi,co);coar,aibo), Hi
((ao, bo, co); aoby, bray), H; = ((ag, by, co); boci,c1by) and H3 = ((ag, by, co); coar, aicy) be six
edge-disjoint copies of H; in (K3 o K>)(5). Then the graphs in {0"(H§)|O < i < 1,
1 < j < 6}, each one of them is isomorphic to H3, decompose the graph (K3 o K,)(5). O

[l

Lemma 9. Forn > 2, the graph (K5 o K,)(5) has an H,-decomposition.

Ars Combinatoria Volume 160, 73-83



Decomposition of the A-Fold Complete Equipartite Graph into Unicyclic Graphs of Order Five 77

Proof. We complete the proof in two cases.
Case 1. n is odd.

Let V(K3) = {a, b, c} and let V(K,) ={0,1,2,3,...,n— 1}.

Leto =(0,1,2,3,...,n— 1) be a permutation on {0, 1,2,3,...,n— 1}.
Subcase 1.1. n» = 3 (mod 4).

For all i such that 2 < i < (n— 1)/2, let H™® = ((bi, o, buir @) aohy), H} ' =
((Bis Cos bu-is a0); aoby), Hy ™2 = ((cmiy o, Cis bo)s boc)s Hy' 2™ = ((eumis o, 15 bo); bocy), Hy ™ =
((n-i» bo, ai, co); coar) and HY™* = (@i bo, ai, co); coa,), Where

i+1 ifi # (n—-1)/2, n—i—1 1ifi # (n—-1)/2,
2 ifi=m-1)/2. Y n—72 ifi=m-1)/2.
and the subscripts are taken modulo n; let H}"® = ((ag,bi,ai,by);boc)), H"™® =
((ao, by, ar, bo); boca—1), H" = ((bo,c1, b1, co); coar), H"™° ((bo, c1, b1, co); cotn-1), HY"™ =
((co, ar, c1,a0); aoby), HY"™ = ((co,ar,c1,a0); aobu-r), H"™ (b1, ao, by_1, co); cobo), HY' > =
((bo, Cu-1, ag, c1); cray) and H;"™' = ((ay, co, an-1, bo); boao). Then the graphs in {o*(H})|0 < i <
n—1,0 < j < 3n- 1}, each one of them is isomorphic to H,, decompose the graph (K3 o K,)(5),
where o acts on the subscripts of the vertices of Hi.

The (base ) graphs H., totally 3n in number, with the distances of their edges are shown in the
graphs of Figure 7 and Figure 8 of the appendix. In the union of the graphs of Figure 8, the edges
with distances in {2,3,4,...,n—3,n — 2} from A to B, B to C and A to C appear exactly five times.
In the union of the graphs of Figure 7, the edges with distances 0, 1 and n — 1 from A to B, B to C and
A to C appear exactly five times.

Subcase 1.2. n = 1 (mod 4).

For all i such that 3 < i < (n— 1)/2, let H"™ = ((bi, o, buir a); aohy), HJ' "' =
((br, €0s bu-ir @o); aoby), Hy ™" = ((cais a0, ¢, bo)s bocy), Hy' ' = ((camis @0, ir bo); bocy), Hy' > =
((n-i» bo, ai, co); coar) and Hy' ™ = (@i bo, ai, c); coa,), Where

i+1 ifi # (n-1)/2, n—i—1 ifi # (n—-1)/2,

3 ifi=m-1)/2. = n—-3 ifi=m-1)/2.
and the subscripts are taken modulo n; let H;"' = ((by,ai, by, ao);aobr), H" '
((bo, a1, by, ao); agbn—), H)"™° = ((co, b1, c1,bo); boca), HY"™'* = ((co, b1, c1,bo); bocu—s), H"™ 1
((ao, co, ar, ¢1); cran-1), H' ' = ((ao, co, a1, c1);c1a3), HY"™® = ((by, o, bu-1, co); cobo), H"™®
((bo, a1, a0, 1) crar), H™' = ((a, co, an-1,bo); boao), H;"™® = ((ba, co, bua, ag); aohy), Hy"™ =
(b2, €0, bu-2, a0); aobn-1), H}"™ = ((¢a2» a0, €2, b0); boc1), Hy" ™ = ((ca-2, @0, €2, bo); bocu-1), HY' > =
((an-2, bo, a2, co); coar) and H}"™' = ((an-2, bo, a2, ¢o); coay—1). Then the graphs in {o(H})|0 < i <
n—1, 0 < j<3n- 1}, each one of them is isomorphic to Hy, decompose the graph (K3 o K,)(5).

The (base) graphs H}, totally 3n in number, with the distances of their edges are shown in the
graphs of Figure 9 and Figure 10 of the appendix. In the union of the graphs of Figure 9, the edges
with distances in {3,4,...,n—4,n — 3} from A to B, B to C and A to C appear exactly five times. In
the union of the graphs of Figure 10, the edges with distances 0,1,2,n — 1 and n — 2 from A to B, B
to C and A to C appear exactly five times.

Case 2. n is even.

The graph (K3 o K,))(5) = ((K3 0 K») 0 K3)(5) = (K3 0 K>)(5) o K. We shall prove that Hy | (K3 o
Ez)(S) and apply Lemma 2. Let V(K3) = {a, b, c} and let V(Ez) = {0, 1}. Let o = (0, 1) be a permuta-
tion on {0, 1}. Let H, = ((bo, a1, b1, ap); aoco), Hy = ((bo, ao, b1, ar); aico), Hy = ((co, b1, c1, bo); boay),
H} = ((co,bo, c1,b1); brag), Hy = ((ao, ¢1,a1,¢0); cobo) and Hy = ((ai, co, ao, ¢1); c1bp) be six edge-
disjoint copies of Hy in (K5 o K;)(5). Then the graphs in {O'i(Hi) |0 <i<1,1<j< 6}, eachone
of them is isomorphic to H,, decompose the graph (K3 o K»)(5). O

We use the following two theorems and a lemma in the proof of Theorem 1.
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Theorem 2. (see [2]). Forn > 3, K, can be decomposed into K3, K4, K5, K¢ and K.

Theorem 3. [16]. If m and n are at least 3, then for 1 <i <4, H;|K,, o K, if and only if 5| mn(m—1).

Lemma 10. [17] For1 < i < 4, H;| K3(5).

Observation 4. It is clear that if A, |A and G(A,) has an H-decomposition, then G(A) also has an
H-decomposition.

Proof of Theorem 1. The proof of the necessity is obvious and we prove the sufficiency in two cases.
Case 1. g.c.d(1,5) = 1.

The result follows by Theorem 3 and Observation 4.
Case 2. g.c.d(4,5) = 5.

First we prove this case for 4 = 5. By Theorem 2 and the tensor product is distributive
over edge-disjoint union of subgraphs, it is enough to prove that for m € ({3,4,5,6,8} and
for 1 < i < 4, H|(K, o K,)5). If m € {3,4}, then the result follows by Lemmas 4, 5,
6, 7, 8 and 9 and if m € {5,6}, then the result follows by Theorem 3. If m = &, then
(Kg o K,)5) = Ks(5) o K, = H o K, ® H o K, ® ... ® H; o K,, by Lemma 10 and for
1 <i < 4, H|H; o K,, by Lemmas 1 and 2. If 4 > 5, the result follows by Observation 4.

]

Theorem 5. [12]. If m and n are at least 3, then Cs | (K, o K, if and only if A(m — 1)n is even
and 5| Am(m — 1)n.

Combining Theorems 1 and 5, we obtain a complete solution to the decomposition of the A-fold
complete equipartite graphs into any simple connected unicyclic graph of order five.
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Appendix
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Figure 7. In the Union of the Above Graphs Each Edge of Distance in {0, 1,n — 1} from A
to B, Bto C and A to C Occurs Exactly Five Times
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ff::n_:! ‘U\;ln_z _”-.Iin—l

Figure 8. In the Union of the Above Graphs Each Edge of Distance in {2, 3,4,...,n — 3,
n — 2} from A to B, B to C and A to C Occurs Exactly Five Times
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Figure 9. In the Union of the Above Graphs Each Edge of Distance in {3,4,...,n—4,n-3}
from A to B, B to C and A to C Occurs Exactly Five Times
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An=1
— Gn-2
ppin—% H HI

Figure 10. In the Union of the Above Graphs Each Edge of Distance in {0, 1,2,n—1, n -2}
from A to B, B to C and A to C Occurs Exactly Five Times
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