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abstract

A new series of four-associate class partially balanced incomplete block designs in two

replications has been proposed. The blocks of these designs are of two di�erent sizes.

The blocks can be divided into two groups such that every treatment appears in each

group exactly once, and any two blocks belonging to two di�erent groups have a constant

number of treatments in common, i.e., these designs are a�ne resolvable.
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1. Introduction

Partially balanced incomplete block (PBIB) designs form an important class of block

designs. If the experimenter is constrained of resources, PBIB designs with higher as-

sociate classes in minimum replications are an alternative to the more popular class of

block designs, i.e., balanced incomplete block (BIB) designs or two-associate class PBIB

designs. Furthermore, it is advisable to opt for a resolvable block design for situations

where experimentation is to be done, one complete replication at one location/season,

� Corresponding author.
E-mail addresses: cini.varghese@icar.gov.in (Cini Varghese).

Received 8 September 2019; accepted 16 October 2020; published 31 December 2024.

DOI: 10.61091/ars161-07
© 2024 The Author(s). Published by Combinatorial Press. This is an open access article under the CC

BY license (https://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.61091/ars161-07
https://www.combinatorialpress.com/ars
mailto:cini.varghese@icar.gov.in
https://doi.org/10.61091/ars161-07
https://creativecommons.org/licenses/by/4.0/


90 Jha et al.

considering spatial/temporal variations. Some distinguished classes of resolvable PBIB

designs are available in the literature (Rao [3]; Williams et al. [5]; Kageyama [2]; Varghese

and Sharma [4]; Agrawal et al. [1]). Again, equally sized blocks may not always be fea-

sible in every experimental situation. Hence, it might be of interest to the experimenters

to have resolvable PBIB designs in fewer replications with unequal block sizes.

We de�ne a new association scheme in Section 2. A general method of constructing

resolvable PBIB designs in unequal block sizes based on this association scheme is given

in Section 3. In Section 4, an outline of the analysis of these designs is given.

2. Association Scheme

Let the number of treatments be v = 2mt(t-1) where, m ≥ 1, t ≥ 3. Arrange these

treatments in a rectangular array consisting of t-1 groups, each group containing t rows

and two columns and each row-column intersection having m treatments is shown in Table

1.

For any given treatment θ appearing in the i th row of any group, remaining treatments

appearing in the same row of the same group are �rst associates, treatments appearing

in all other rows of the same group are second associates, treatments belonging to the

i th row of the other groups are third associates and the rest are fourth associates. The

parameters of the association scheme are derived as follows:

v = 2mt(t− 1), n_1= 2m− 1, n_2= 2m(t− 1), n_3= 2m(t− 2), n_4= 2m(t− 1)(t− 2),

P1 =


2(m− 1) 0 0 0

0 2(t− 1)m 0 0

0 0 2(t− 2)m 0

0 0 0 2(t− 1)(t− 2)m

 ,

P2 =


0 2m− 1 0 0

2m− 1 2(t− 2)m 0 0

0 0 0 2(t− 2)m

0 0 2(t− 2)m 2m(t− 2)2

 ,

P3 =


0 0 2m− 1 0

0 0 0 2(t− 1)m

2m− 1 0 2(t− 3)m 0

0 2(t− 1)m 0 2(t− 1)(t− 3)m

 ,

and

P4 =


0 0 0 2m− 1

0 0 2m 2(t− 2)m

0 2m 0 2(t− 3)m

2m− 1 2(t− 2)m 2(t− 3)m 2(t− 2)(t− 3)m

 .

Example 2.1. Let m = 2 and t = 4, resulting in v = 48 treatments. Arrange these

treatments in a rectangular array having three groups, each group containing four rows

and two columns, and each row-column intersection has two treatments (see Table 2):
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Groups Rows Columns: Set 1 Columns: Set 2

1

1 2 · · · m 1 + tm 2 + tm · · · m+ tm

1 1 2 · · · m 1 + tm 2 + tm · · · m+ tm

2 1 +m 2 +m · · · 2m 1 + (t+ 1)m 2 + (t+ 1)m · · · (t+ 2)m
...

...
...

...
...

...
...

...
...

t 1 + (t− 1)m 2 + (t− 1)m · · · tm 1 + (2t− 1)m 2 + (2t− 1)m · · · 2tm

2

1 1 + 2tm 2 + 2tm · · · m+ 2tm 1 + 3tm 2 + 3tm · · · m+ 3tm

2 1 + (2t+ 1)m 2 + (2t+ 1)m · · · (2t+ 2)m 1 + (3t+ 1)m 2 + (3t+ 1)m · · · (3t+ 2)m
...

...
...

...
...

...
...

...
...

t 1 + (3t− 1)m 2 + (3t− 1)m · · · 3tm 1 + (4t− 1)m 2 + (4t− 1)m · · · 4tm
...

...
...

...
...

...
...

...
...

...

t− 1

1 1 + 2t(t− 2)m 2 + 2t(t− 2)m · · · m+ 2t(t− 2)m 1 + [2(t− 1)− 1]tm 2 + [2(t− 1)− 1]tm · · · m+ [2(t− 1)− 1]tm

2 1 +m+ 2t(t− 2)m 2 +m+ 2t(t− 2)m · · · 2m+ 2t(t− 2)m 1 + [(2(t− 1)− 1)t+ 1]m 2 + [(2(t− 1)− 1)t+ 1]m · · · m+ [(2(t− 1)− 1)t+ 1]m
...

...
...

...
...

...
...

...
...

t 1 + (t− 1)m+ 2t(t− 2)m 2 + (t− 1)m+ 2t(t− 2)m · · · tm+ 2t(t− 1)m 1 + [(2(t− 1)− 1)t+ t− 1]m 2 + [(2(t− 1)− 1)t+ t− 1]m · · · 2t(t− 1)m

Table 1.

Groups Rows Columns 1 Columns 2

A B C D

1 1 1 2 9 10

2 3 4 11 12

3 5 6 13 14

4 7 8 15 16

2 1 17 18 25 26

2 19 20 27 28

3 21 22 29 30

4 23 24 31 32

3 1 33 34 41 42

2 35 36 43 44

3 37 38 45 46

4 39 40 47 48

Table 2. Improved Table with Symmetric Entries

Di�erent associates of selected treatments, say, treatment 1, 20 and 40, are listed in

Table 3.

Treatments First Associates Second Associates Third Associates Fourth Associates

1 2,9,10 3,4,5,6,7,8,11, 12,13,14,15,16 17,18,25,26,33,34,41,42 19,20,21,22,23,24,27,28,29,30,31,32,35,36, 37,38,39,40,41,42,43,44,45,46,47,48

20 19,27,28 17,18,21,22,23,24,25,26,29,30,31,32 3,4,11,12,35,36,43,44 1,2,5,6,7,8,9,10,13,14,15,16,33,34,37,38,39,40,41,42,45, 46,47,48

40 39,47,48 33,34,35,36,37,38,41,42,43,44,45,46 7,8,15,16,23,24,31,32 1,2,3,4,5,6,9,10,11,12,13,14,17,18,19,20,21,22,25,26,27, 28,29,30

Table 3. Di�erent associates of treatments

The method of construction is summarized below:

3. Method of Construction

The �rst b1 = t-1 blocks of size k 1 = 2mt can be obtained by treating the t-1 groups of

the above array as blocks. The i th block of remaining b2 = t blocks of size k 2 = 2m(t-1)

can be obtained by appending the i th (1 < i ≤ t) row of each group of the above array

one after another. This will yield a class of a�ne resolvable block designs having unequal
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block sizes with parameters:
v = 2mt(t− 1), b1 = t− 1, b2 = t, r = 2,

k1 = 2mt, k2 = 2m(t− 1),

λ1 = 2, λ2 = 1, λ3 = 1, λ4 = 0,

n1 = 2m− 1, n2 = 2m(t− 1), n3 = 2m(t− 2), n4 = 2m(t− 1)(t− 2).

(1)

Here, the blocks of the design can be divided into two groups such that in each group,

every treatment appears precisely once, and any two blocks belonging to two di�erent

groups have k1k2
v

= 2m treatments in common. These designs are partially variance

balanced with an underlying association scheme de�ned above.

It has been veri�ed that all the parametric relationships of the association scheme and

designs are satis�ed for the above class of designs.

1.
4∑

i=1

ni = v − 1,

2.
4∑

k=1

pijk = nj − δij, δij =

{
0, i ̸= j = 1, 2, 3, 4,

1, i = j = 1, 2, 3, 4,

3. nip
i
jk = njp

j
ik = nkp

k
ij, i, j, k = 1, 2, 3, 4,

4. vr =
2∑

j=1

bjkj, j = 1, 2, 3, 4,

5.
4∑

i=1

niλi =
2∑

l=1

(kl − 1).

(2)

Example 3.1. To form the design corresponding to Illustration 1, treatments belonging

to the �rst group are taken together to form the �rst block and those of the second group as

the second block. The third block of size 12 can be obtained by combining the treatments

of the �rst row of each of the three groups. Similarly, the remaining blocks of size 12

can be obtained by taking together the treatments appearing in the corresponding rows

of each group. Hence, the resultant resolvable design for 48 treatments, each replicated

twice in three blocks of size 16 and four blocks of size 12, is obtained (see Table 4):

Replications Blocks Treatments

I

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

ii 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

iii 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

II

iv 1 2 9 10 17 18 25 26 33 34 41 42

v 3 4 11 12 19 20 27 28 35 36 43 44

vi 5 6 13 14 21 22 29 30 37 38 45 46

vii 7 8 15 16 23 24 31 32 39 40 47 48

Table 4.
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4. Outline of Analysis

The analysis of these designs may be carried out using the same approach as PBIB designs.

However, as the proposed designs are resolvable, the following nested model is appropriate

for a set-up of v treatments in b (=2t-1) blocks where t-1 blocks are of size 2mt and t

blocks are of size 2m(t-1):

yijm = µ+ τi +Rm + βj(m) + eijm. (3)

Here, yijm is the response on plot i (i = 1, 2, . . . , v) in block j (j = 1, 2, . . . , b), nested

within the mth (m = 1, 2, . . . , r) replication. µ is the general mean, τi is the e�ect of the

ith treatment, Rm is the e�ect of the mth replicate, βj(m) is the e�ect of the jth block

in the mth replicate, and eijm are independent random errors normally distributed with

mean zero and variance σ2.

Solving the normal equations, obtained by minimizing the residual sum of squares, will

lead to the following general expressions for variances of elementary contrasts between

two estimated treatment e�ects:

Var(τ̂i − τ̂i′) =


v1 = σ2, if i and i′ are �rst associates;

v2 =
2m(t−1)+1
2m(t−1)

σ2, if i and i′ are second associates;

v3 =
2mt+1
2mt

σ2, if i and i′ are third associates;

v4 =
2mt(t−1)+2t−1

2mt(t−1)
σ2, otherwise.

The average variance of elementary contrasts between two estimated treatment e�ects

is then calculated as:

V̄ =
n1v1 + n2v2 + n3v3 + n4v4

n1 + n2 + n3 + n4

=
2(mt2 −mt+ t− 2)

2mt2 −mt− 1
σ2.
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