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ABSTRACT

An hourglass Ty is the graph with degree sequence {4,2,2,2,2}. In this paper, for integers
J > > 1, the bull B; ; is the graph obtained by attaching endvertices of two disjoint paths
of lengths 7, j to two vertices of a triangle. We show that every 3-connected { K 3, g, X }-
free graph, where X € {Bs12, By 10, Bss}, is Hamilton-connected. Moreover, we give an
example to show the sharpness of our result, and complete the characterization of forbid-
den induced bulls implying Hamilton-connectedness of a 3-connected {claw, hourglass,
bull}-free graph.
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1. Introduction

In this paper, we basically follow the most common graph-theoretical terminology and
notation and for concepts not defined here we refer the reader to [1]. By a graph we always
mean a simple finite undirected graph G = (V(G), E(G)); whenever we admit multiple
edges, we always speak about a multigraph. For a set X, the cardinality of X is denoted
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by |X|. We write |G| for |V(G)|. For a family of graphs F, we say that G is F-free if
G does not contain an induced subgraph isomorphic to a member of F, and the graphs
in F are referred to in this context as forbidden induced subgraphs. If F = {F'}, then we
simply say that G is F-free. Here, the claw is the graph K ;.

Several further graphs that will be used as forbidden subgraphs are shown in Figure 1
(specifically, the vertex of degree 2 in the triangle of the bull B; ; will be called its mouth
and denoted (B, ;)). When listing vertices of an induced subgraph F' = B, ;, we will
always list first u(F'), and then vertices of the two paths, starting (if possible) with the
shorter one. In addition, let P; and C; denote the path and cycle with ¢ vertices.

——
1 > 0 edges

K173 FO FZ
)—o—0—o0- - - -0 q ce-®
i > 1 vertices i > 1 vertices
ce @ )
N——
i > 1 vertices 7 > 1 vertices
)—0—0—o0- - -0 L )
- : S——
j > 1 vertices k > 1 vertices
Z; - .
! B Nijk

Fig. 1. The graphs Kl’g, Fo, Fi, Zi, Bi,j and Ni,j,k

In this paper, we will consider these questions in 3-connected and claw-free graphs. A
graph G is hamiltonian if G has a spanning cycle. The hamiltonian problem is generally
considered to be determining conditions under which a graph contains a spanning cycle.
To determine whether a graph is hamiltonian is very basic and popular problem. There are
many results on hamiltonian properties of graphs in classes defined in terms of forbidden
induced subgraphs. We first summarize some known results.

Theorem 1.1. Let G be a 3-connected K, 3-free graph. Then

(1) (Fujisawa [7]) if G is Zg-free, then either G is hamiltonian, or G is isomorphic to
the line graph of the graph obtained from the Petersen graph by adding one pendant
edge to each vertex.

(2) (Hu and Lin [8], Xiong et al. [23]) if G is N, j -free with positive integers i+j+k < 9,
then G is hamiltonian.

(3) (Du and Xiong [6]) if G is B, j-free with positive integers i + j < 9, then G is
hamiltonian.

In 2002, Brousek [3] start to consider a triples of forbidden subgraphs for a graph to be
Hamiltonian. Ryjacek et al. [19] and Du and Xiong [6] continue in this direction by show-
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ing that Theorem 1.1 can be substantially strengthened under an additional assumption
that G is ['p-free, and it shows that these results of Hamiltonicity are sharp.

Theorem 1.2. Let G be a 3-connected { Ky 3,To}-free graph. Then if G is

(1) (Ryjacek et al. [19]) Zis-free, or
(2) (Ryjacek et al. [19]) Nojojon-free with positive integers i +j +k <9, or

(3) (Du and Xiong [6]) Ba;o;-free with positive integers i +j <9,
then G is hamiltonian.

Theorem 1.2 adds the condition that G is hourglass-free on the basis of Theorem 1.1.
Ryjacek and Vréana [17] give the following result.

Theorem 1.3. (Ryjacek and Vrana |17]) Let G be a 3-connected { K 3, Z7}-free graph of
order n > 21. Then G is Hamilton-connected.

In 2018, Ryjacek et al. [19] start to consider a triples of forbidden subgraphs for a
graph to be Hamilton-connected. Recently, Liu and Xiong [12] also considered a triples
of forbidden subgraphs for a 3-connected graph to be Hamilton-connected, this result on
Hamilton-connectedness are sharp.

Theorem 1.4. Let G be a 3-connected { K 3,To, X }-free graph, where
(1) (Ryjacek, Vrana and Xiong [19]) X = Py, or
(2) (Liu and Xiong [12]) X = Pi.
Then G is Hamilton-connected.

Theorem 1.5 lists known result on pairs of forbidden subgraphs implying Hamilton-
connectedness of a 3-connected graph.

Theorem 1.5. (Ryjacek and Vrana [18]) Let X € {Big, Bas, B3}, and let G be a 3-
connected { K, 3, X }-free graph. Then G is Hamilton-connected.

By adding the condition “I'p-free” to Theorem 1.5, we further prove that every 3-
connected, {claw, hourglass, bull}-free graph is Hamilton-connected.

Theorem 1.6. Let X € {Bs 12, By10, Bss}, and let G be a 3-connected {K 3,1y, X }-free
graph. Then G is Hamilton-connected.

Proof of Theorem 1.6, consisting in direct case-distinguishing, is postponed to Section 3.
In Section 2, we collect necessary known results on line graphs and on closure operations.
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2. Preliminaries

In order to state results clearly, we further introduce the following notation. We denote
by Ng(v) (or simply N(v)) and dg(v) (or simply d(v)) the neighborhood and the degree of
a vertex v in G, respectively. For each integer i > 0, define V;(G) = {v € V(G) : d(v) = i}.
Let N[v] = N(v) U{v}. Let S C V(G), the subgraph with S as the vertex set and all
the edges with both end-vertices in .S as the edge set is called the subgraph induced from
the vertex set S (or simply induced subgraph), denoted by G[S]. Let S’ C E(G), the
subgraph with S’ as edge set and all the end-vertices of S’ as vertex set is called the
subgraph induced from edge set S” (or simply edge induced subgraph), denoted as G[5'].

A vertex-cut (edge-cut, respectively) X of a multigraph G is essential if G — X has
at least two nontrivial components, and G is essentially k-connected (essentially k-edge-
connected, respectively) if every essential vertex-cut (essential edge-cut, respectively) of
H is of size at least k. Let '(G), ¢(G) denote the edge connectivity and the circumference
of G, respectively.

In Subsections 2.1-2.3, we summarize some facts that will be need in our proof of
Theorem 1.6.

2.1. Line graphs of multigraphs and their preimages

The line graph of a given G, denoted by L(G), is a graph with vertex set E(G) such
that two vertices in L(G) are adjacent if and only if the corresponding edges in G are
incident to a common vertex in G. The induced sub(multi)graph on a set M C V(G),
denoted by G[M].

The multigraph H will be called the preimage of a line graph G and denoted H =
L7Y(G). We will also use the notation a = L(e) and e = L™1(a) for an edge e € E(H)
and the corresponding vertex a € V(G).

A vertex x € V(G) is eligible if G[N(z)] is a connected noncomplete graph, and we use
VEeL(G) to denote the set of all eligible vertices of G. The local completion of G at a vertex
x is the graph G obtained from G by adding all edges with both vertices in N(z) (note
that the local completion at = turns z into a simplicial vertex, and preserves the K s-free
property of G). The closure cl(G) of a K; 3-free graph G was defined as the graph obtained
from G by recursively performing the local completion operation at eligible vertices, as
long as this is possible(more precisely: cl(G) = Gy, where Gy,..., Gy is a sequence of
graphs such that G; = G, Giy1 = (G;): for some x € Vg (G;),1 € 1,...,k — 1, and
Ver(Gr) = 0). We say that G is closed if G = cl(G). The closure cl(G) of a K 3-
free graph G is uniquely determined, is the line graph of a triangle-free graph, and is
Hamiltonian if and only if so is G. However, as observed in [2], the closure operation does
not preserve (non-)Hamilton-connectedness of G. It is a well-known fact that

Fact 2.1. A line graph G is k-connected if and only if L™Y(G) is essentially k-edge-
connected.

We recall that if G = L(H), then a graph F' is an induced subgraph of G if and only if
L~Y(F) is a subgraph (not necessarily induced) of H.
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The core of H is the multigraph H, obtained from H by deleting all the vertices of
degree 1, and replacing the path zyz by the edge zz for each y of degree 2, and denoted
co(H).

Obviously, if G is K s-free, then so is . Note that in the special case when G is a line
graph and H = L™(G), G* is the line graph of the graph obtained from H by contracting
the edge L™!(z) into a vertex and replacing the created loop(s) by pendant edge(s). The
following results show some properties of eligible vertexs.

Lemma 2.2. (Ryjacek et al. [19]) Let G be a K 3-free graph such that every induced
hourglass in G is centered at an eligible vertex, and let v € Vg (G). Then every induced
hourglass in G}, is centered at an eligible vertex.

The following theorem was proved in [1], [5].

Theorem 2.3. (Brousek and Ryjacek [1, 5|) Let G be a {K;3,T0}-free graph, and let
x € Vgr(G). Then G is {Ky3,To}-free.

A multigraph H is strongly spanning trailable if for any edge e1,es € E(H) (possibly
e; = e3), the multigraph H(ey,es), which is obtained from H by replacing the edge e;
by a path ujv.,v; and the edge e; by a path uyve,ve, has a spanning (v, , ve, )-trail. The
following theorem establishes a correspondence between a IDT in H and a hamiltonian
path in L(H).

Theorem 2.4. (Liet al. [10]) Let H be a multigraph with |E(H)|> 3. Then G = L(H) is
Hamilton-connected if and only if for any pair of edges e1,es € E(H), H has an internally
dominating (ey, ey)-trail.

W, is the family of multigraphs obtained from the Wagner graph Wy by subdividing
one of its edges and adding at least one edge between the new vertex and exactly one of
its neighbors (see Figure 2).

wg w1

wry w2

We w3

Ws Wy

Wi Wo

Fig. 2. The graphs Wg and W

Theorem 2.5. (Liu et al. [13]) The following statements should be true.

(1) Every 2-connected 3-edge-connected multigraph H with c¢(H) < 8 other than Wy is
strongly spanning trailable.
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(2) Every 3-edge-connected multigraph H with |V (H)|< 9 other than a member of WU
W s strongly spanning trailable.

Theorem 2.6. (Shao [20]) Let H be an essentially 3-edge-connected multigraph. Then
the core Hy of H satisfies the following.

(1) Hy is uniquely defined and r'(Hy) > 3,
(2) V(Hy) dominates all edges of H,
(3) if Hy has a spanning closed trail, then H has a DCT,

(4) if Hy is strongly spanning trailable, then L(H) is Hamilton-connected.

2.2. SM-closure

For a given K s-free graph G, a graph GM, as introduced in [9], is defined by the
following construction.

(a) If G is Hamilton-connected, we set GM = cl(G).

(b) If G is not Hamilton-connected, we recursively perform the local completion oper-
ation at such eligible vertices for which the resulting graph is still not Hamilton-
connected, as long as this is possible. We obtain a sequence of graphs G, ..., G
such that

1

2) Gip1 = (Gy);, for some x; € Vi (Gy), i =1,...,k — 1,

3) Gy has no hamiltonian (a,b)-path for some a,b € V(Gy),

1) ¢
(2) ¢
(3)
(4)

4) for any = € Vg1 (Gy), (Gg)% is Hamilton-connected,

and set GM = G4.

A resulting GM is called a strong M-closure (or briefly an SM-closure) of the graph
G, and a graph G equal to its SM-closure is said to be SM-closed. Note that for a
given graph G, its SM-closure is not uniquely determined. As shown in [15] and [9], if
G is SM-closed, then G = L(H), where H does not contain a subgraph(not necessarily
induced) isomorphic to any of the graphs in Figure 3.

For z,y € V(G), a path (trail) with endvertices x,y is referred to as an (z,y)-path
((z,y)-trail), a trail with terminal edges e, f € E(G) is called an (e, f)-trail, and Int(7")
denotes the set of interior vertices of a trail 7. A set of vertices M C V(G) dominates
an edge e, if e has at least one vertex in M, and a subgraph F' C G dominates e if
V(F) dominates e. A closed trail T is a dominating closed trail (abbreviated DCT) if
T dominates all edges of GG, and an (e, f)-trail is an internally dominating (e, f)-trail
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(abbreviated (e, f)-IDT) if Int(7") dominates all edges of G.

1 2 3

Fig. 3. The diamond Mj, the multitriangle M, and the triple edge M3

The following results show some properties of the SM-closure.

Theorem 2.7. (KuZel et al., [9]) Let G be a K, 3-free graph and G™ be the SM-closure.
Then
(1) V(G) =V (GM) and E(G) C E(GM).

(2) GM is obtained from G by a sequence of local completions at eligible vertices.
(3) G is Hamilton-connected if and only if GM is Hamilton-connected.

(4) if G is Hamilton-connected, then GM = cl(G).

(5) if G is not Hamilton-connected, then either

(A) Ver,(GM) =0 and GM = cl(G), or
(B) Ver,(GM) # 0 and (GM)? is Hamilton-connected for any x € Vi, (GM).

(6) GM = L(H), where H contains either

(A) at most 2 triangles and no multiedge, or

(B) no triangle, at most one double edge and no other multiedge.

(7) If GM contains no hamiltonian (a,b)-path for some a,b € V(G™) and

(A) X is a triangle in H, then E(X)N{Lgy(a), Loy (b)} # 0.

(B) X is a multiedge in H, then E(X) = {Lgn(a), Loy (b)}.

We will also need the following lemma on SM-closed graphs proved in [16].

Lemma 2.8. (Ryjacek and Vrana [10]) Let G be an SM-closed graph and let H =
L7Y@G). Then H does not contain a triangle with a vertex of degree 2 in H.

Lemma 2.9. (Ryjacek et,al. [19]) Let G be a K, 3-free graph and let GM be its SM-
closure, and let H = L™Y(GM). Then v € Vg (GM) if and only if e = L7(v) is in a
triangle or a multiedge in H.

Theorem 2.10. (Li et al. [10]) Let H be a multigraph with |E(H)|> 3. Then G = L(H)
is Hamilton-connected if and only if for any pair of edges e1,e5 € E(G), H has an (e, es)-
IDT.
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2.3. Closure operations and bull-free graphs

The concept of SM-closure can be further strengthened by omitting the eligibility
assumption in the local completion operation. Specifically, for a given K s-free graph G,
Liu et al. [11] constructed a graph GV by the following construction.

(a) If G is Hamilton-connected, we set GV = Kjy(g).-

(b) If G is not Hamilton-connected, we recursively perform the local completion opera-
tion at such vertices for which the resulting graph is still not Hamilton-connected,
as long as this is possible. We obtain a sequence of graphs G, ..., G such that

(1) G

(2) Gip1 = ( i)y, for some z; € V(Gy), i =1,....k — 1,

(3) Gj has no hamiltonian (a, b)-path for some a,b € V(Gg),
(4) for any = € V(Gy), (Gg)% is Hamilton-connected,

and set GM = G,.

A resulting GY is called a ultimate M-closure (or briefly an UM -closure) of the graph
G, and a graph G equal to its UM-closure is said to be UM-closed. When applying
closure techniques to {claw, Ty, bull}-free graphs, the main problem is that a closure of
a {Ki3,T0, B;j}-free graph is not necessarily { K 3,1, B; j }-free (i.e., in the terminology
of [14], the class of {K 3, g, B; j}-free graphs is not stable under the closure operation).
Unfortunately, this is the case with all the closure operations mentioned in the previous
subsections.

We say that a vertex = € V(G) is simplicial if the subgraph induced by G[N(x)] is
complete graph, and we use Vs;(G) to denote the set of all simplicial vertices of G.

It turns out that this difficulty can be overcome by working in a slightly larger class
of graphs which contains all the requested { K 3,1, B; j}-free graphs but is stable under
the closure. Ryjacek and Vrana [18] defined the class B;; as follows, and they proved the
following properties.

e For any positive integers i, j, B;; is the class of all K s-free graphs G such that
every induced subgraph F' C G, F ~ B, ;, satisfies u(F') € Vg (G).
Clearly, every { K 3, B; ; }-free graph is in B, ;.

Theorem 2.11. (Ryjacek and Vrana [18]) Let G be a {K\ 3, B;;}-free graph for some
i,7 > 1, and let GY be a UM-closure of G. Then GY € B; ;.

3. Proof of Theorem 1.6

We will always write the list such that integers 1 < ¢ < j and 1+ j = 7, we use
S12it+1,2j41 to denote the graph obtained from K3 by subdividing two of its edges 2i
and 2j times, respectively, where the labeling of vertices as in Figure 4, and the vertex
o will be called the center vertex. Tt is easy to observe that L™*(T) is the unique graph
with degree sequence 3,3,1,1,1,1 and L™ (Ba;2;) = S1.2i+1.2j+1- We will use the notation
S14(0,a1,b01by .. biyer ... ¢j) (St C S(o,a1,b1by .. by, ey ... cjr) with integers ' > ¢ and
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j' > j) to denote the subgraph S;; ;. Now, we present the proof of Theorem 1.6.

a1
by by by by

1 Ca C3 C2{+1

L~YT) Stait1.2j41 = L7 (Baigj)
Fig. 4. The graphs L= (T'o) and L™!(Ba; 2;)

Proof of Theorem 1.6. Let G be a 3-connected {K; 3,1y, X }-free graph, where X €
{B212, B110, Bss}, and suppose, to the contrary, that G is not Hamilton-connected. By
Theorems 2.3 and 2.11, we can assume that G is UM-closed and G' € By 12U By 10 U Bg s.
Obviously, G is also SM-closed, implying that G is a line graph and H = L7!(G) has
special structure (contains no diamond, no multitriangle and triple edge), and let Hy be
the core of H. By Theorem 2.6 (4), Hy is not strongly spanning trailable. By Lemma 2.2,
every induced hourglass in G is centered at an eligible vertex. By Theorem 2.7, H has at
most two triangles or an multiedge. Hence, we may let

Eq be the edge set of two triangles or the multiedge in H.

By Theorem 2.6 (1),
K (Hy) > 3. (1)

For any edge e € E(Hy)\Eo, L(e) is not an eligible vertex in G by Lemma 2.9, i.e., the
edge e cannot be a central edge of an L~1(T'y) for some induced hourglass 'y of G. Thus
we have

each edge of E(Hy)\Fy should be subdivided by a vertex of degree 2 in H.  (2)

It suffices to show that H contains all possible subgraphs S} 2;+1.2;+1 € {51,313, 51,511, 51,79}
where positive integers 1 +j = 7.

Claim 3.1. c¢(Hy) > 9 and |V (Hy)|> 10.

Proof. Assume, to the contrary, that ¢(Hy) < 8 or |[V(Hp)|< 9. By Theorem 2.5,
Hy € {Ws} UW)y. Then Hj has a 8-cycle wyws ... wsw;y or 9-cycle wyws . .. wgwow, with
{wiws, wews, wzwy, wyws} C E(Hy) and wow; is multiple edge. By (2), each edge w,,w,
of Hy should be subdivided by a vertex w,,,, of degree 2 with integers 0 < m < n < 8.
Then H contains subgraphs

51,3,13(101, W15, w1,8(w0>w8w4,8a w1,2w2w2,3w3w3,4w4w4,5w5w5,6w6w6,7w7w7,8):

51,5,11 (w1, W1 5, w1,8(w0)w8w7,8w7'w3,77 w1,2w2w2,3w3w3,4w4w4,5w5w5,6w6w6,7)
and

51,7,9(w1, W15, W1,8 (wo)wswzsw?wﬁjwﬁwzﬁ, w1,2w2w2,3w3w3,4w4w4,5w5w5,6)7
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a contradiction. This proves Claim 3.1. O]

Therefore ¢(Hy) > 9 and |V (Hy)|> 10. Throughout the proof, we use the following
notation:

o Cory) = V1V2 - - . Ue(Hp)v1 always denotes a longest cycle of Hy, and C' = PIy(Ceny));

o Set m™ = |Ey N E(Ceny))l;
e Set Dy, = V(Hp) \ V(Cemy));
o Let By be the set of all edges between Cyg,) and Dy,. Then |Ep |> 3;

By (2), Cy(n,) has at least ¢(Hy) —m™ edges that should be subdivided by ¢(Hy) —m!
vertices of degree 2 in Hy, then |V (C)|= 2¢(Hy) — m*°. For integers 1 < r < s < ¢(H,),
we use vy, to denote the vertex subdivide edge v,vs in Cegpyy. An edge v,v, € E(Cyy))
is a [-chord if the shortest one of the two subpaths of C¢(p,) determined by v, and v, has
[ internal vertices.

Claim 3.2. For a pair of vertices  and y in Cyn,), and a path PHO\CC(HO)(x, y) with x,y
as its end vertices and their internal vertices are not in Ce(g,). Let PCC(HO)(m, y) be the
subpath of Ce(r,). Then |Pe,, (2, 9)[= |Pro\c,on,, (T: y)]-

Proof. Suppose Claim 3.2 false, |PCC<HO>(x0,y0)|< |PHo\CC(H0)($Ov Yo)| for some xq, yo sat-
isfying the hypothesis Claim 3.2. Then

C'= HO[(E(CC(H0)> U E<PH0\CC(HO) (xOv yO)) \ E(PQ:(HO) (xt), yO)]

is a cycle of length at least ¢(Hy) + 1, which contradicts the choice of Cy,). This proves
Claim 3.2. O

Claim 3.3. V(Eo) N V(Cc(HO)) #* 0.

Proof. Assume, to the contrary, that V(Ey) NV (Cypy)) = 0. Then [V(Dy,)|> 2 and
Ey, N Ey=0. By (2), |V(C)|= 2c(Hy) > 18. Moreover, there is at least one edge in Ey
with v;, as its end-vertex should be subdivided by a vertex z, of degree 2 in H,. Then H
contains all subgraphs S} 2;41.925+1 € H[V(C)U{x0}] with its center vertex v;,, for positive
integers ¢ + j = 7, a contradiction. This proves Claim 3.3. O]

Claim 3.4. Hj has no multiple edges.

Proof. Assume, to the contrary, that Hy contains multiple edges. By Theorem 2.7 (6),
Hy contains at most two mutiple edges and no other multiple edge. Let {e},e,} C E(Hy)
be a pair of multiple edges, with uy, us as their end-vertices.

Suppose first that |V (Hp)|= c¢(Hp). Then T = v €\ vig11 ... Viy€hvi+1 is an (€], €h)-
IDT in H with {uy,us} = {vy,, viy+1}, contradicting Theorem 2.7 (7). Now suppose that
|V (Hy)|> c(Hy). Firstly, suppose that mf° = 2 but then ¢(Hy) = 2, contradicting
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¢(Hop) > 9. Then, suppose that m"> = 0. By Claim 3.3, {u1,u2} N V(Cemy) # 0. If
Hu1,us} NV (Comy))|= 2 and wyus ¢ E(Cyny)), since H is triangle-free, e} is a k-chord
in Cy(py) with k& > 2, then I'y C L™ (H[uy, uf, uy, us, ug , uy]), a contradiction; otherwise,

{ur, ug} NV (Corgy) = {ur } = {wip }( say vi, € V(Cey))) and uy is not in Coy), by (2),

|V(C)|=2¢(Hp) > 18. Then H contains all subgraphs S} 2;1+1,2j+1 € H[V(C)U{us}| with
its center vertex wuy, and positive integers ¢ + 7 = 7, a contradiction. Finally suppose that
mto =1, say €] = v,vig11 € E(Cetmy))- By (2), [V(C)|= 2¢(Hy) — 1 > 17. Moreover,
there is at least one edge in Ep with vj, as its end-vertex that should be subdivided a
vertex xo of degree 2 in H. Then H contains all subgraphs Si 2i+12j11 € H[V(C) U {zo}]
with its center vertex vj,, for positive integers i + j = 7, a contradiction. Thus H, has no
multiple edges. This proves Claim 3.4. m

By Claims 3.3 and 3.4, we can get that H is simple graph.
Claim 3.5. Hj is not triangle-free simple graph.

Proof. Assume, to the contrary, that Hy is a triangle-free simple graph. By (2), |V(C)|=
2c¢(Hy) > 18. Since w/'(Hy) > 3, there is a vertex xg € Ny (vy,) and g ¢ V(Ceny)). Then
H contains all subgraphs S 2i+12j41 € H[V(C) U {zo}] with center vertex at V(C), for
positive integers ¢ + j = 7, a contradiction. This proves Claim 3.5. O

By Claims 3.4 and 3.5, Hy contains at least one triangle.

Claim 3.6. Let ujususu; be a triangle of Hy. Then
(1) day(w1) = day (u2) = dpy (uz) = 3.
(2) m*o € {2,4} if Hy contains at least one triangle.

Proof. (1). By Lemma 2.8, suppose to the contrary that dg,(ui) > 4. Since dg,(u3) >
3, To C LY (Hl[uy,uf,uy,us,ui,uz]), a contradiction. Then dp,(u;) = 3. Similarly,
dp,(uz) = 3. If dg,(uy) > 4, then Ty C LY (H[uy,ul, uy,us,ug,us]), a contradiction.
We have that dg,(us) = 3.

(2). Firstly, suppose that m° = 3, but then c¢(Hy) = 3, contradicting c(Hy) > 9.
We can easily get that m ¢ {3,5,6}. Then, suppose that mfo = 0. By Claim 3.3,
{ur, ug, us} N V(Coray)) # 0. Then for some vertex ug € {u, u2, us}, du,(uo) > 4, which
contradicts dy, (ug) = 3, a contradiction. Finally, suppose m™® = 1, and ujuy € E(Cepy))-
By Claim 3.2, ug € V(Cemp))- Then dp,(u3) > 4, a contradiction. Therefore mo € {2,4}.
This proves Claim 3.6. m

If mfo = 2, then H, has exactly one triangle and C,(p,) contains exactly three vertices
of the triangle, where the vertices of the triangle are pairwise adjacent in Hy,. Without
loss of generally, we denote the triangle by vjvsvzv;. Choose a shortest path P™* C
H[E(Dpy,) U Ey,] with two vertices v,,v; € V(Cqpy)) as its end-vertices, respectively,
where the edges incident with vertices v, and vs in P™® are denoted by € s and e’

7,87

respectively. For edge e, ¢ Egand e, e;, € By, by (2), they should be subdivided

7,87 T‘S
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by two vertices of degree 2 in H, say z! ., x5 € V(H), respectively. Let P’ be the set of

r,8) V1.8

all path P™* satisfying integer 1 <, s < ¢(Hy).
Claim 3.7. If ¢(Hy) > 9 and |V (H,)|> 10, then mfo #£ 2.

Proof. Assume, to the contrary, that m = 2. Then Ey, NEy, =0. By (2), [V(O)|=
2¢(Hy) — 2 > 16. For any path P € P’ if r = s, then H contains a subgraph
S12i412j41 € S(Ur, Vpy1, P50 \Us, Up—1,7Ur1 . .. Upg1,042), & contradiction. Therefore in-
teger 1 < r < s < ¢(Hp) in P™*. Since x/(Hy) > 3, there is at least a vertex 20 €
Ny (ve)\{vr—1,vp41} for all v, € V(Coyy)\{v1, vs}

Case 1. G € By 9.

Suppose that z¥ ¢ V(Cyn,)) and 22 € V(P’). Then H contains a subgraph S; 315 C
S(vg, vy, Pfl’s T o V2,303 . .. Vg) O Sy 313 C S(vp, V1, P25 Vi1 Vg1 - - Up1) With v, €
{va,vs,.. . vmy}, a contradiction. Now suppose that z¥ € V(Cypy) and |V (Hy)|=
c(Hop) > 10. Then vyv, € E(H,), where v, € {vs,...,Vc(my)-1}, and H contains a sub-
graph 51 313(va, Vo s, V1 - .. Vg(Hy)s V3Us4-..Vg), a contradiction. Therefore dp,(vs) = 2,
contradicting (1). This proves Case 1.

Case 2. G € By 0.

Suppose that 20 ¢ V(Cym,) and 2 € V(P') and |P™*|> 4. Then H contains a
subgraph Sy 511 C S(Vy, Vpy1, Py ), Ur—1,V—1 - . Upga), Where v, € {va, 04,05, .. V() }

7,8

a contradiction. Then, suppose that [P"*|= 3 with Py" = v,a] 2, (2))z; ,vs and ¢(Hp) >
10. By (2), |V(C)|= 2¢(Hp) — 2 > 18. Then H contains a subgraph S;51; € H[V(C) U
{7 ,}] with its center vertex v,, a contradiction. We have that c¢(Ho) = 9, say Cym,) =
v1Vy . .. vguy. Firstly, suppose Ny, (ve)\{vr,vs} C V(Dpy,). Then there exists a path P%"

for any possibility r € {2,4,8,9}. Then H contains a subgraph

2,6 4,6
51,5,11(1)1, V1,9,V3V34 ... Vs, Ung VeVg,7 - - -09)7 51,5,11(U67 Us,6, PH V4V45, V6,707 - - . U3,4),

6,8 6,9
51,5,11(7)67 Ve,7, PH VgV7,8,U5,6U5 - - -U8,9) or 51,5,11(719, V1,9, U8,9V8 . . . Ug,7, PH VeVs,6 - - -713?12),

a contradiction. Hence vg is on a chord of Cemy) (vove € E(Hg) or vevg € E(Hy)).
Similarly, v7 is on a chord of Cyy) (vovr € E(Hp) or vavr € E(Hy)). Then, suppose
NHO(UQ)\{Ul7U3} C V<DH0)7 {vQ,US} C N(DHO) N V(CC(HO))7 by symmetry, s € {47 5}
Then H contains a subgraph

2,4
51,5,11(04, V3 4, PH V23, U5V56 - - -U1,9)
or
S P275
1,5,11(117, V4,7,V78V8...V19,V67...Usl s U20303,4U4),

a contradiction. vy is on a chord of Cyy,). Then Ny (v2) € {vs,v6,v7,vs}. If vov6 €
E(H,), then H contains a subgraph S 511(vg, U7, Us6Us . . . U2 3, U2 6U2V340s . . . U704 7), 2
contradiction. Hence vyvg ¢ E(Hy), by symmetry, vov; ¢ FE(Hp). Hence vyv; € E(Hp)
and vgvg € E(Hy), we have that H contains a subgraph

51,5,11(09, V6,9, U1,9V1 - . - U3 4, Vg 98 - - -U4U4,7)7
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a contradiction. Therefore dp,(vs) = dp,(v7) = 2, contradicting (1). This proves Case 2.

Case 3. G € Bgg.

Subcase 3.1. ¢(Hy) > 10 and |V (Hy)|> 10.

By (2), |V(C)|= 2¢(Hy) — 2 > 18. Hence dg,(v,) > 3, where v, € V(Cypy)). Then
H contains all subgraphs Sj 9i+12;41 € H[V(C) U {u}| with its center vertex v,, positive
integers i + j =7, and u € Ny (v,)\{vr—1,, Uy r41}, & contradiction.

Subcase 3.2. c(Hy) = 9(say Cym,) = V102 ... v9v1) and |V (Hp)|> 10.

By (2), |[V(C)|= 2¢(Hp) — 2 > 16. Firstly, suppose that P?* € P’ for any possibility
s € {4,5,6}. Then H contains a subgraph

2.4
S1.7.9 C S(ve, v3, Py 0404 505056, V1V19 - - - Vg),

5 2
Si79 C S(vs, Ty 5, Va,504V3 4U3V1V2T5 5, Vs 606 - - - V1,9),

6 2
517779 g S(U(}, .1'276, Ve,7VU7 . ..0V1,9,VU56U5 ... ’031111)2.1'276).

a contradiction. Hence s ¢ {4,5,6}, by symmetry, s ¢ {9,8,7}. Then, supposed that
P%* € P'. Then H contains a subgraph S;79 C S(U4,v4,5,P§6v6v5,6v5u, U34U3 ... U78),
where u € NH(U5)\{U4,5; U5,6}, 51,7,9 - S<U4av4757P[Z§7U7U6,7U6v5,6703,4v3---U7,8); 51,7,9 -
S(vs, 23 g, V7,8V7 . .. Va5, Vg gUg . .. Uy Ty g) OF S179 C S(vg, T 9, V1901 - .. Vg, U oUs - - - Vs 5),
a contradiction. Hence P ¢ P’. by symmetry, P™® ¢ P’. Finally, suppose that
P>* € P'. Then H contains a subgraph S 79 C S(U5,v576,P§7v7v6771)6u, Uy 504 ... 0s9),
where u € Ny (vg)\{ves7,v56} or S17.90 C S(vs, V56, Pg’%gvm V7Vg.7, Vs 504 - . . Vgg), & CON-
tradiction. Hence P> ¢ P’ by symmetry, P® ¢ P’. Hence P%* ¢ P’ and P"* ¢ P'.
Therefore |V (Hp)|= 9, a contradiction. This proves Claim 3.7. O

By Claims 3.6 and 3.7, m*0 = 4. If m*"° = 4, then C,(y,) contains exactly six vertices
of two triangles, where the vertices of each triangle are pairwise adjacent in Cyy). In
the following of Theorem 1.6, we denote the another triangle by v,_1v4v441v4—1, by sym-
metry, ¢ € {5,6,..., [%1} By Claim 3.6 (1), we have that dp,(v,—1) = dp,(vy) =
dHU (Uq_l) = 3.

Claim 3.8. Suppose that m° = 4 and |V (Hy)|> 10. Then c¢(Hy) # 9.

Proof. Assume, to the contrary, that c¢(Hy) = 9(say Cem,) = v1v2...v9v1). By (2),
[V(C)|= 2¢(Ho) —2 > 14. In this case, vy € {vs,v6}, and |V (Dg,)|> 1 and Ep N Ey = 0.
Case 1. G € By 9.
Subcase 1.1. v, = vs.
Suppose that Npg,(vs)\{v7,v9} C V(Dpg,). Then H contains a subgraph S;313 C

S(vs,v89, P™® 2 ¢, U7 8v7 . .. vgx) With x € Ny (vg), a contradiction. Hence vg is on a chord
of Cc(Hg); 1.e.,

vgve € FE(Hy) or vgvs € E(H,). (3)

Suppose that Ng, (vy)\{vs,v1} € V(Dy,). Then there exists a path P™° for any possibility
r € {2,5,7,9}, and H contains a subgraph S; 5135 C S(vg, vy, P}"[’gx?g,vzgw .. U3V V9T )
with T € NH(UQ)\ {U3, Ul} and r € {5, 7}7 51,3713 Q (U4, Us, U3,4U3V2, Vgl 7 - - - ’UgPIg{’gUg\Ug)
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or S1313 C (v1, 1,9, U303 404, vgpffgvgv&g ... UsT2) With xo € Ny (vs)\{vas,vs6}, a contra-
diction. Hence vy is on a chord of Cypy) (vsv9 € E(Hy)). Similarly, vov; € E(Hy). Hence
by Claim 3.6 (1), vsva & E(Hy) and vsvs & E(Hp), contradicting (3).

Subcase 1.2. v, = v.

Suppose that Ny, (vs)\{vs,v9} C V(Dp,). Then there exists a path P™® for any possi-
bility » € {2,4,6,8}. Then H contains a subgraph

8,8
S13.13 C (v1, V2, V1,9V 9, V3U3 47 . .. Vs P vg \ Ug)
or
T8 r
S1313 © S(vs, vs9, P Ty.g, V7807 . .. V9T )

with 21 € Ng(vg)\ {vi9,vs9}, a contradiction. Hence vg is on a chord of Cypyy. Simi-
larly, vy is on a chord of Cy,). Suppose that Ny, (vs)\{vs,v1} € V(Dp,). Then there
exists a path P*" for any possibility r € {4,6}, and H contains a subgraph S; 313 C
<U57U67U4,5U4U3,47U7U7,8 -‘-U2PI21’2712\U2); 51,3,13 - (U971?2708,908@7,87U1,9U1 .- -U5U7U6P§f6$%,6)
with 23 € Ng(vg)\ {vs9,v19} or Si313 C 5(1)4,1)475,PI2{’4$§74,11374U3...v7v5v6m3) with
x3 € Np(vs)\ {vs, v}, a contradiction. Hence v, is on a chord of Ce(p). Similarly, vg is
on a chord of C¢(p,). Then we have that vy is on a chord of Cyp,). Therefore, |V (Hy)|= 9,
a contradiction, this proved Case 1.

In the proof of the following cases, for any path P™" € P’. Then H contains a subgraph
S12i41.2j41 S S(Vr, Vpg1, P 0p\Vp, Vp—1 7021 . . . Vg1 042), & contradiction. Therefore inte-
ger 1 <r < s <c¢(Hp) in P*.

Case 2. G € By .

Suppose that |[P"*|> 4, S1 511 C H[V(C)UV(Py’)] with its center vertex v,, a contra-
diction. Then suppose that |P™*|= 3, say P" = v,2] 2 2} Vs.

Subcase 2.1. v, = vs.

Suppose that Nz, (vs)\{v7,v9} C V(Dp,). Then there exists a path P"™® for any pos-
sibility » € {2,5}, and H contains a subgraph 5175711(119,xl,v&gvgp}}gx;g,111,9111 ... U7g)
with 21 € Ny (vg) and r € {2,5} a contradiction. Hence vg is in a chord of Cepy), i-e.,

Vglg € E(Ho) or vgUs € E(H(]) (4)

Suppose that Ng, (vg)\{vs,v1} C V(Dy,). Then there exists a path P™° for any possibility
r € {2,5,7}, and H contains a subgraph S 511 (vg, v1,9, Us oVs - . . Vs 7, P%9U21117J3U374U4U61)5$2)
with 2o € Ng(vs), S1511(vg, V1,9, Vs90s .. .vﬁ,y,ngv5v6v4v3,4vgvlvga:3) with z3 € Ng(v)
or Si511(vs, T2, V7 8U7 P;gx%g,, Vs Uy . .. Vg 7) With 29 € Ny (vs), a contradiction. Hence vg
is on a chord of Cypy) (vsve € E(Hy)). Similarly, vov; € E(Hy). Hence by Claim 3.6 (1),
vgve & E(Hy) and vgvs & E(Hy), contradicting (1).

Subcase 2.2. v, = vs.

Suppose that Nz, (vs)\{v7,v9} C V(Dp,). Then there exists a path P"™® for any pos-
sibility » € {2,4,6}, and H contains a subgraph S 5 11 (v, $1,U879U8P}_}78x;8, V1gU1 ... U78)
for any possibility r € {2,4,6} and z; € Npg(vg), a contradiction. Hence vg is on a
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chord of Ce(p,). Similarly, vg is on a chord of Cyp,). Suppose that Ny, (ve)\{vs,v1} C
V(Dpg,). Then there exists a path P?* for any possibility s € {4,6}, and H con-
tains a subgraph 51’5’11(1}4,U3,47U4’5U5U7U6$2,PI2{74U2U3’U1U1’9 ...v7g8) With gy € Ng(vg) or
S1,5.11(Va, V34, V4505 . .. U g, U4781)8U8791)9U179U1U302P[3’61Eg’6), a contradiction. Thus v, is on a
chord of C¢p,). Similarly, vg is on a chord of Cyp,). Hence vy is on a chord of Cegy).
Therefore |V (Hy)|=9, a contradiction. This proved Case 2.

Case 3. G € Bgs.

Suppose that |P™*|> 5, S179 C H[V(C) UV (Pg’)] with its center vertex v,, a con-
tradiction. Then suppose that |P™*|= 3

i — vl @i v
Subcase 3.1. v, = vs.
Let Np,(vs)\{v7,v9} C V(Dp,), there exists a path P"™® for any possibility r € {2,5}.

. 5,8 .
Then H contains a subgraph Si79 C S(vs,vrs,UsoV... V34, Py V5040606 70721) With

or |P"¥|= 4, say Py’ = .2 2T Vs OF

2,8 :
T € NH<U7) or 317779 Q S(Ug,’l}&g,vzgv'y ... U3 4, PH 1)2’03’011)1791}91'2) with To € NH(UQ), a
contradiction. Hence vg is on a chord of C, ), i.e.,

vgve € E(Hy) or vgvs € E(Hy). (5)

Let Np,(vo)\{vs,v1} C V(Dp,), there exists a path P™ for any possibility r € {2,5,7}.
If |Pr,s|: 47 then H contains a subgraph 51,779(1)3,’U27'U374/U4'06U677 .. .Ug,vleg’l}ng’gvg)), a

7,8

contradiction. Hence |P™*|= 3 (P’ = vox}¢Tr 92l gv,). Then H contains a subgraph
S ry’
1,7,9(1}97 V1,9, Ly V2U1V3V3 4, Vg 9Ug - . -UGU4U59€3)
with z3 € Ny (vs),
59,9
51,7,9(U87 T4, Us 9V - . . V3.4, V7, 8U706 7U6U4Us Py $579)

with 4, € Ng(vs) or Sy 79(v7, 078, P;9U9U879U8$5,'U677’06 ...v19) with x5 € Ny(vg), a con-
tradiction. Hence vy is on a chord of Cepy (vsvg € E(Hy)). Similarly, vov; € E(Hy).
Hence by Claim 3.6 (1), vgve & E(Hy) and vsvs & E(Hy), contradicting (5).

Subcase 3.2. v, = vs.

Let Ng, (vs)\{v7,v9} C V(Dy,), there exists a path P™® for any possibility r € {2,4,6}.
If | P™*|= 4, then H contains a subgraph

4,8
51,7,9(7)87 U738, PH V4V4,5V5V6, Ug,9Vg . . -03,4)
or

2,8
31,7,9(02, V1,V3V3,4 ... V7, PH Usvs,gvgvl,g),

a contradiction. Hence |P"%|=3 (Pp" = vsagr.52) sv,). Then H contains a subgraph

2,8 2 :

5177’9(1)4, X1,V45V5...089,U34V3 ... UgPH LL’278) with 1 € NH(’U4),
4,8 .

5'1,7,9(087 V7,8, V8,9V9 . .. U3 4, PH U4U4,5U5U7116352) with xy € NH(U6)>

6,8 .
51,7,9(?14, x3,U34V3...089, U4,5U5U7U6PH U8U7,8) with z3 € NH(U4)7
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a contradiction. Hence vg is on a chord of Cgp,). Similarly, vg is on a chord of Ce(gy).
Let Ng,(v2)\{vs, v1} C V(Dpg,), there exists a path P%" for any possibility r € {4,6}.
Then H contains a subgraph Sj79 C S(’Ug,U4’9,U179U1U2P12{76U6,U879U8U778U7U5’U4’5U4U3’4U3)
or S179 C S(vs,vag, Vs gy ... U34, V7807 .. .U4P]2{’4x§’4), a contradiction. Hence v9 is on a
chord of C¢p,). Similarly, vg is on a chord of Cyp,). Hence vy is on a chord of Cegy).

Therefore, |V (Hp)|=9, a contradiction. This proves Claim 3.8. O

Thus we can get that ¢(Hy) > 10 and |V (Ho)|> 10 and m™ = 4, where E}; N Ey = 0.
By (2), |V(C)|= 2¢(Hy) — 2 > 16. For any path P™" € P’. Then H contains a subgraph
S12i41.2j41 C S(Vr, Vi1, Py op\Vr, Up—1,0521 . . . Upi1,042), & contradiction. Therefore inte-
ger 1 <r <s<c(Hp)in P"*.

Claim 3.9. Suppose that mf° = 4. Then |V (Hy)|= c(Hy) > 10.

Proof. Assume, to the contrary, that |V (Hy)|> c(Hy) > 10. If ¢(Hp) > 11, then |V(C)|=
2c¢(Hy) — 4 > 18. Hence dpy,(v,) > 3 with v, € V(Ce(m)), Then H contains all subgraphs
S12i+12j+1 € H[V(C) U {u}] with its center vertex v,, and u € Ny (v,)\{vr—1,, Vrr41}, &
contradiction. Therefore ¢(Hy) = 10(say Cym,) = V102 - . . V1901)-

Case 1. G € By 9.

We can get that S1 313 C H[V(C)UV(Py’)] with its center vertex v, € V(Cepy)), a
contradiction.

Case 2. G € By 0.

If |P™%|> 4, then Sy 511 C H[V(C) UV (Py")] with its center vertex v, € V(Ceny)), @
contradiction. Hence |P"™*|= 3, i.e., Py" = v,a], &y 4T3 Vs,

Subcase 2.1. v, = vs.

Firstly, suppose that Ny, (vi9)\{v1,v9} C V(Dpy,). Then H contains a subgraph

<

7

Y

2,10
51,5,11(’0107 1,10, V9,1009 - . - U738, PH V2V1U3

<

g po10
1,5,11(1110,U9,10,U1,107J1U2U303,4, g UsU4Ug . ..

<

S P7,10
1,5,11(1)10,U1,10,U9,100908,9vsv7,87 g VUrle,7 1

)

9)7

),
8,10

51,5,11(1187 V8,9, PH V10V9,10, U7,8V706,7 - - -711,10),

a contradiction. Hence Ng,(vio) € V(Cey)), by symmetry, Ny, (v7) € V(Ceny))- Then,
suppose that Ng,(ve)\{vs, vio} C V(Dpg,). Then H contains a subgraph

IS p29
1,5,11(06, Vs, Ve, 7U7 - . . U89, U4aU3 4V3V2 L 11 09119,10@10111,10)
or
S P>’
1,5711(119, V9,10, Ug,9U8 . . - Vg, 7, L'y UsVU4 .. -010)7

a contradiction. Hence Ny, (vg) C V(Cerny)), by symmetry, N, (vs) € V(Cerny)- Finally,
suppose that Ng,(ve)\{v1,v3} C V(Dp,). Then H contains a subgraph

2,5
51,5,11(?14, U3,4,U5PH V2, VeVg,7 - - 'U1>>
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a contradiction. Hence Ng,(v2) C V(Ce(my)), by symmetry, Ng,(vs) € V(Comy)). There-
fore, |V (Hy)|= c¢(Hp) = 10, a contradiction.

Subcase 2.2. v, = v.

Firstly, suppose that Ng,(vi0)\{vi,v9} C V(Dp,). Then H contains a subgraph
S1,5.11(V7, Vs, V7,8 VsUs 9UgV0 10, UsUs 504 - - .va}}mxr,m) for any possibility r € {2,4,6, 8},
a contradiction. Hence Np,(vig) € V(Cermy)), by symmetry, Ny, (vs) € V(Ceny))- Sec-
ondly, suppose that Ny, (v)\{vs,vio} € V(Dpy,). Then H contains a subgraph

2

S1,5,11(V7, Vg, UsVa 50403 4U3, U7 gUs . . - ’021'2,95172,9),
4

51,5,11(2717 Vg, U3U3,4V4T 4 94,9, V1,10V10 - - - 114,5),

6
51,5,11(?]17 U2, U3V3,4 - - - Us, V1,10V10V9,1009 - - - U6$6,9I6,9)7

a contradiction. Hence Ny, (vg) € V(Ceny). Finally, suppose that Ny, (ve)\{vi,v3} C
V(DH0)~ Then H contains a subgraph 5175711(1}4, U3 4, Pfj4vgv3, Vy,5Vs5 . .. 1)1710) or

6
51,5,11(1)1, V2, U3U3,4U4V4,5V5, V1,10V10 - - - U6x276$2,6)7

a contradiction. Hence N, (v2) € V(Cymy)), by symmetry, Ny, (vs) € V(Ce(ay)). There-
fore, Ny,(vs) C V(Cony) and |V (Hy)|= ¢(Hy) = 10, a contradiction.

Subcase 2.3. v, = v7.

Suppose that Ny, (vg)\{vs,v10} C V(Dp,), then H contains a subgraph

S1.5.11(vs, v7, Vs gV Py’ Ty9,VeUsg - - - V1) for any possibility r € {2,4,5,7}.

a contradiction. Hence Ny (vg) € V(Comy)), by symmetry, Ng,(vio) € V(Cemy)),

Ny (v5) € V(Cornyy) and Ny, (va) € V(Cemy))- Next, suppose that Ny, (vs)\{v1,v3} C
V(Dp,). Then H contains a subgraph S 511(v1, va, 110010 - - - U89, UsU3.4 - - . U7P13’7$%77), a
contradiction. Hence N, (v2) € V(Cerny)), by symmetry, Ny, (v7) € V(Cenyy). There-
fore, |V (Hy) = ¢(Hp)|= 10, a contradiction. This proves Case 2.

Case 3. G € Bgs.

If |[P™*|> 5, then Si79 C H[V(C)UV(Py®)] with its center vertex v, € V(Ceay)),
a contradiction. Hence |P™*|= 3 or |P"*|= 4, ie., Py’ = v 2, 2; v, or Py’ =

Subcase 3.1. v, = vs.
Firstly, suppose that Ny, (vg)\{vs,vio} C V(Dpn,). Then H contains a subgraph

9 5
51,7,9(1)9, T59,V9,10010 - - - U3,4, Ug 9Us - - -U6U405$5,9),
S 9 2
1,7,9(vo, 9.9 V9,10V10V1,10V1V3V2T 9 g, U898 - - - U3,4)7
7.9 7
S1,7,0(V6, Vs, VaU3.4 - . . V10, V6707078 - - - Vg Py 957,9);
a contradiction. Hence Ny, (vg) C V(Ceny)), by symmetry, Ny (vs) € V(Ce(ayy). Then,
suppose that Ny, (v7)\{v1,v9} C V(Dpy,), we can easily get that H contains a subgraph
7 2
S1,79(vr, Lo 7,V7,8V8 .. .V1,10, V6, 7U6 - - ~U301U21’277)7
g 7 10
177,9(177, L7105 V7,8U8V8,9V9V9,10V10L7 105 V6,7V6 - - - Ul,lo),

5,7
51,7,9(117, V6,7, U7,8V8 - . . V1,10, PH V504034 . .. Ul)u
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a contradiction. Hence Ny (v7) € V(Ceny)), by symmetry, Ng,(vio) € V(Corny). Fi-
nally, suppose that Ny, (v2)\{v1,v3} C V(DHO) Then H contains a subgraph 579 C
S<U4,U5,0374U3U1U2P§5$375,U6U677 ... V10), a contradiction. Hence Ny, (v2) C V(Ceny)), by
symmetry, Ng,(vs) € V(Cemy))- Therefore, |V (Hg)|= 10, a contradiction.

Subcase 3.2. v, = vs.

Firstly, suppose that Ny, (vs)\{v7,v9} C V(Dpg,). Then H contains a subgraph

8,10 10
Sl,?,g(vlv VU2, V3V34 - - - U7, V1,10V10 - P Ty, 10)
51,7,0(V1, V2, U3U3 40404 5U507V7 8, U1,10U107J9,10U9U8,9U8PH m6,8)7

8 4
51’779(1}8, $4’8, U7’8U7 e ’U4£IZ'478, ’Ug’g?)g e ’1)374)

or

8 2
51,7,9(08, Log, U7,8U7 .- . U3 4, U899 - - -0103?}2902,8)7

a contradiction. Hence Ny, (vs) € V(Cymy)), by symmetry, N, (vio) € V(Cey)). Then,
suppose that Ng,(v9)\ {vio,vs} C V(DHO), we have that H contains a subgraph

81,5,11(1}87 U7, U&QUQPEQ, 5(7:79, ’U6U576 Ce UIO) fOI‘ any pOSSlblllty r e {2, 4, 5, 7}

a contradiction. Hence Ny, (vg) € V(Ceny). Finally, suppose that Ny, (ve)\{v1,v3} C
V(Dp,), we can get that H contains a subgraph

2.4
51,7,9 C 5(0371)3,4, U2PH V4V4 5U5V6, V1V1,10 - - -U7)7
or

2 6
S1,7,0(v2, Lo 6, V3U3,4 - -VsTo g, V11,10 - - U7,

a contradiction. Hence Ng,(v2) C V(Ce(my)), by symmetry, Ny, (vs) € V(Co(my)). There-
fore, N, (v4) C V(Co(myy) and |V (Hy)|= 10, a contradiction.

Subcase 3.3. v, = vy.

Suppose that Ny, (ve)\{vs,v10} € V(Dp,). Then H contains a subgraph

2
S1,7.9(vg, 5172 195 U9,10V10 - - - U1U3V2T9 g, Ug 9U8 - - - V3,4),
S 4
1,7, 9(7)97 334 95 U8,9U8 . .. V45, V9 10V10V1,10 - - - U4$479),
5
Si7, o(vo, $5 9, U8 9U8 - . - UsT5 g, V9,10V10 - - - 114,5);

g pr9
1,7,9\V1, U2, V3VU3 4 . . . Vg, U1,10V10V9,10V9 L 1 U7U8>7

Ny (v5) € V(Co(myy) and Ny (va) € V(Comy)). Next, we suppose that Ny, (v2)\{v1,v3} C
V(Dpg,). Then H contains a subgraph S 79(v2, 237, 03034 - . . U6, V10110 - - - V7 7), & CON-
tradiction. Hence Ny, (va) € V(Cemy)), by symmetry, Ny, (v7) € V(Ce(my))- Therefore,
|V (Hp)|= 10, a contradiction. This proves Claim 3.9. O

a contradiction. Hence Ny (vg) € V(Cemy)), by symmetry, Ny, (vio) € V(Cemy)),

Claim 3.10. Suppose that m® =4 and |V (Hp)|= c¢(H,). Then c¢(H,) # 10.
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Proof. Assume, to the contrary, that |V (Hy)|= ¢(Hy) = 10.

Case 1. G € By 0.

Firstly, suppose that v, = vs. Since &'(Hy) > 3, Ng,(v7)\{ve, vs} C {va,v10}. Then H
contains a subgraph

51,3,13(7177 V9,7, U7,8V8V58, Vg, 7V6 - - - Us,g)

or

51,3,13(?)77 V7,10, U7,8U805,8(U2,8), Ve, 706 - - - U8,9)7

a contradiction. Therefore dy,(v7) = 2, a contradiction.

Then, suppose that v, = wvg. Since '(Hy) > 3, Npy,(v9)\{vs,vi0} € {v2,v4,v6}.
We can get that H contains a subgraph S 313(vg, V2.9, V9 10010V6.10(V4,10), Vs 9Us - - - V1,10)5
5173,13(1)97 V6,9, V9,10V10V4,10, Us9Us - - -U1,10) or 51,3,13(119, V4,9, V9,10V10Vr,10, Ug 9U8 - - -01,10) for
any possibility r € {2,4, 6}, a contradiction. Therefore dp,(ve) = 2, a contradiction.

Finally, suppose that v, = v7. Since r'(Hy) > 3, Ny, (v7)\{vs, v6} C {v2,v4,v10}. Then
H contains a subgraph

51,3,13(7)67 Us,6, U7V2,7V2, VU89 - . . U103U3,47J4U4,5U5U5,9(115,10))7
51,3,13(1)471]477, V4,5U521, U3,4V3 . . -U5,6) with z; € {02,5, U2,9,U2,10},
51,3,13(1)10, V7,10, V9,10V9T2, U1,10V1 - - - Us,g) with z, € {112,97 U4,97U5,9};
a contradiction. Therefore dy,(v7) = 2, a contradiction. This proves Case 1.
Case 2. G € By 1.

Firstly, suppose that v, = vs. Since x/'(Hp) > 3, Ny, (v7)\{vs,vs} C {ve,v19}. Then H
contains a subgraph

51,5,11(1)7, V2,7, V7,8V8 . . . V9U5.9, U6, 7U6 - - ‘U9,10)

or

51,5,11(117, V7,10, V7,80U8 . . -71905,9(71279), Ve,7V6 - - - 119,10),

a contradiction. Therefore dy,(v7) = 2, a contradiction.

Then, suppose that v, = vg. Since x'(Hy) > 3, Np,(vi0)\{ve,v1} C {v4,v6}. We
can get that H contains a subgraph Sy 5 11(v10, V4,10, V9, 100908 9UsV2 8 (Vs 8), V11001 - - - U78) OF
S1.5.11(V10, V6,10, V9,10V9 Vs 9UsV28(Va8), V11001 - - - U78), & contradiction. Therefore dg, (v10) =
2, a contradiction.

Finally, suppose that v, = v7. Since x'(Hy) > 3, Ng,(ve)\{vs, vio} C {v2,v4,v5}. Then
H contains a subgraph

51,5,11(1197 V2,9, U8,9U8U6U7U4,7(U7,10)7 V9,10010 - - - U5,6)7

51,5,11(?)97 V4,9, Ug,9U8VeU7U, V9 10V10 - - -715,6) for any possibility u € {U7,107 Va7, U4,7}
or

51,5,11(09; Us,9, Ug,9V8VeUTU, V9 10V10 - - - Us,ﬁ) for any possibility u € {07,10’ V2,7, U4,7}7
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a contradiction. Therefore dp,(v9) = 2, a contradiction. This proves Case 2.

Case 3. G € Bgg.

Firstly, suppose that v, = vs. Since &'(Hy) > 3, Np,(v7)\{ve, vs} C {va,v10}. Then H
contains a subgraph

51,7,9(117, V2,7, V78V8 . . -01005,10(07,10), Ve,7V6 - - ‘U1,10)

or

51,7,9(117, V7.8, U7,10V1009,10V9Ug 9Ug U5,8(U2,8)7 Ve, 7U6 - - -U1,10)7

a contradiction. Therefore dp,(v7) = 2, a contradiction.

Then, suppose that v, = vg. Since x'(Hp) > 3, Np,(v1i0)\{ve,v1} C {v4,v6}. We
can get that H contains a subgraph S} 79(vs, U610, VsUs5 - . . V2028(Va9), Vs 707 ... V1) OF
S1.7.9(V10, V410, V11001 - - - Va5, Vo 10V9 - . . V7U5V6w) for any possibility u € {vag, V69, U610},
a contradiction. Therefore dp,(vi9) = 2, a contradiction.

Finally, suppose that v, = v7. Since &'(Hy) > 3, Np,(vo)\{vs,vio} C {va,v4,v5}. If
V409 € E(Hy) or vsvg € E(Hp), then H contains a subgraphs

51,7,9(119, U4,9(U5,9)7 V9,10V10V1,10V1V3V2U, Vg 9V . . -713,4)

for any possibility u € {va5,v29,v27}, a contradiction. Therefore vivy ¢ E(H,) and
vsvg & E(Hy). By symmetry, vgvig ¢ E(Hp) and vsvig ¢ E(Hp). Therefore vovg € E(Hy)
and v7vig € E(Hp), we can get that dy,(v4) = 2, a contradiction. This proves Claim 3.10.

By Claims 3.1 and 3.4-3.10, we have that |V (Hy)|= c¢(Hp) > 11 and m"° = 4. By
(2), IV(C)|= 2¢(Hy) — 2 > 18. Since k'(Hy) > 3, v, € Np,(v2)\{v1,v3}. We can get
that H contains subgraphs S1 313 C S(v2, Vo, V101 c(Ho)Ve(Ho)s V3V3,4 - - - Ve(Hg)—1), S1,511 C

S<U27 V2,ry V1U1,¢(Ho)Ve(Hyp) -+ + Ve(Ho)—1, V3U34U4V45 - - ~Uc(H0)—2) and
Si79 C S(Va, Vo, V1V1e(Hy) - - - Ve(Ho)—25 V3U3,4 - - - Ve(Hp)—3)

a contradiction. This completes the proof of Theorem 1.6. O

4. Concluding remark

Remark 4.1. We construct a family of 3-connected non-Hamilton-connected graph in
Figure 5 with integer m; > 3, and there is no Hamiltonian (a, b)-path in Figure 5. Then
we can easily find that these graphs are { K 3, [ }-free and Ba; 1 oj-free, these graphs are
also By; 2j41-free with positive integers i+ j = 7. Thus this example shows that our results
of Theorem 1.6 are sharp.
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Fig. 5. A family of 3-connected non-Hamilton-connected graph

Remark 4.2. We can now update the discussion of potential triples K 3, 'y and X of
connected graphs that might imply Hamilton-connectedness of a 3-connected { K3 3, g, X }-
free graph, summarized in [21] and [22]. In this paper, we focus on inducing the hourglass
on the result of forbidden subgraph pairs, there are the following possibilities for X (see
Figure | for the graphs Z;, B;; and N, ;). We summarize the current status of the
problem in the following table, where integer i, j, k > 1, and we can get that

The graph X Possible Best Known Reference Open
P; i <16 Pig [19], [12] —
Zai i <7 Z14 [22] -
By 2j 1+ <7 1+3 <7 This paper —
No; 22k iti+k<T it+i+k<T [21] —

The proof of results in [19] depends on the pairs of forbidden subgraphs, while this
method of the present paper does not depend on the results of a pair of forbidden sub-
graphs and we may prove the results directly.
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