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ABSTRACT

The n-dimensional Mobius cube M (@), is an important variant of the hypercube @,,, which
possesses some properties superior to the hypercube. This paper investigates the fault-
tolerant edge-pancyclicity of M@Q,,, and shows that if M Q,,(n > 5) contains at most n —2
faulty vertices and/or edges then, for any fault-free edge uv in MQ' (i = 0,1) and any
integer ¢ with 7 — ¢ < £ < 2" — f,, there is a fault-free cycle of length ¢ containing the
edge uv, where f, is the number of faulty vertices. The result is optimal in some senses.
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1. Introduction

It is well known that interconnection networks are of interest in parallel and distributed
computing systems because they determine the performance of the systems on a large

scale. As topological structures, interconnection networks can be represented by a graph
G = (V,E), where V is the vertex-set of G and E is the edge-set of G. |V(G)| and
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|E(G)| denote the numbers of vertices and edges of G, respectively. A path denoted by
(v1,v9,...,u;) is a sequence of vertices where two consecutive vertices are adjacent in
G. A cycle is a path (vy,vs,...,v;) where v = vg. A graph G is pancyclic if, for every
girth < £ < |V(G)], G has a cycle of length ¢. A graph G is edge-pancyclic if, for any edge
e of G and every girth < ¢ < |V(G)|, G has a cycle of length ¢ containing e. A graph G is
vertez-pancyclic if, for any vertex u of G and every girth < £ < |V(G)|, G has a cycle of
length ¢ containing u. Obviously, if a graph is edge-pancyclic, it is also vertex-pancyclic.
Edge-pancyclic and vertex-pancyclic on various interconnection networks were studied,
including hypercubes, crossed cubes, twisted cubes, locally twisted cubes, augmented
cubes, star graphs, and others.

Edge and/or vertex failures are inevitable when a large parallel and distributed com-
puter system is running. Thus, the fault-tolerant capacity of network is an important is-
sue for parallel and distributed computing. A graph G is k-fault-tolerant pancyclic(resp.,
vertex-pancyclic, edge-pancyclic) if G — F is still pancyclic(resp., vertex-pancyclic, edge-
pancyclic) for any F' C E(G) U V(G) with |F|< k. Pancyclicity and fault-tolerant pan-
cyclicity have been widely studied for many well-known networks, see Xu and Ma [14] for
a detail survey on these topics.

The M&bius cube has many properties superior to the hypercube. Though both the
Mdbius cubes and the ordinary hypercube have the same number of vertices and the same
vertex degree, the diameter of the Mobius cube is approximately half that of the ordi-
nary hypercube. Due to nearly half the diameter and better graph embedding capability
as compared with its hypercube counterpart of the same size, the Mobius cubes have
been proposed as promising candidates for interconnection topology, and have received
considerable attention [1, 2, 3, 6, 7, 8, 11, 13, 5, 4].

With regard to the fault-tolerant Hamiltonicity of Mobius cubes, Huang et al. |[7]
showed that an n-dimensional M&bius cube is Hamiltonian in the presence of up to n — 2
node and edge faults. As concerns the pancyclicity and fault-tolerant pancyclicity of
Mobius cubes, Fan [3] proved that Mdbius cubes are four-pancyclic. Hsieh and Chen [6]
found that an n-dimensional Md&bius cube with up to n — 2 edge faults is four-pancyclic.

This paper investigates the fault-tolerant edge-pancyclicity of M@, and shows that if
M@, (n > 5) contains at most n — 2 faulty vertices and/or edges then, for any fault-free
edge uv in M Q' (i = 0,1) and any integer ¢ with 7 —i < ¢ < 2" — f,, there is a fault-free
cycle of length ¢ containing the edge wv, where f, is the number of faulty vertices.

The remainder of this paper is organized as follows. In Section 2, we recall the definition
of M@),, and introduce some properties of M(),, to be used in our proofs. In Section 3,
we give the proof of our result. Finally, we give some concluding remarks in Section 4.

2. Definitions and properties

The n-dimensional Mobius cube, denoted by M@, is such an undirected graph, its vertex
set is the same as the vertex set of (), the vertex X = xyx5---x, connects to n other
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vertices Y;, (1 <7 < n), where each Y; satisfies one of the following equations:

v X1To - Ti 1T;Tjr1 - Tp When x;_1 =0,
P = _ _
X1Xg - Lj—1L3L441 " Ty when Ti—1 = 1.

From the above definition, X connects to Y; by complementing the bit x; if z; 1 =0
or by complementing all bits of x;,---,z, if ;_; = 1. The connection between X and Y;
is undefined, so we can assume that z; is either equal to 0 or equal to 1, which gives us
slightly different network topologies. If we assume zo = 0, we call the network a j®)0-
Mobius cubej™; and if we assume zp = 1, we call the network a j®)1-M6bius cubej ™,
denoted by MQ° and MQ?!, respectively. The graphs shown in Fig.1 are M Q9 and MQJ},
respectivily.

According to the above definition, it is not difficult to see that MQ° (respectively,
MQ}) can be recursively constructed from MQ° , and MQ! , by adding 2"~! edges.
MQ° is constructed by connecting all pairs of vertices that differ only in the 1-th bit,
and M Q! is constructed by connecting all pairs of vertices that differ in the 1-th through
the n-th bits. The superscript 7 of notation M Q' , i = 0,1, can be omitted if there is no
ambiguity arise.

For convenience, we say that MQ° | and MQ! | are two sub-Mobius cubes of MQ,,
where MQ° | (respectively, MQL |) is an (n — 1)-dimensional 0-Mé&bius cube (respec-
tively, 1-Mobius cube) which includes all vertices Oxs---x, (respectively, lzs---x,),
z; € {0,1}. More simply, let L = MQ°_, and R = MQ}_,. In addition, we define the set
of crossing edges of MQ,, to be Ec = {zy € E(MQ,)|lz € V(MQ®_)Ay e V(MQ!. ,)}.
For any edge zy € E¢, vertices x and y are crossing vertices of each other. Indeed, there
are 2”1 crossing edges and 2" ! pairs of crossing vertices in MQ,,.

The Mobius cube M@Q,, was first proposed by Cull and Larson [1]. Like Q,, M@, is
an n-regular n-connected graph with 2" vertices and n2"~! edges. Moreover, M(Q,, has
a diameter of [ 327 for MQO_, and [ for MQL_,. However, for n > 4, MQ, is
neither vertex-transitive nor edge-transitive.

Cull and Larson|1] first proved the existence of hamiltonian cycles in M @Q),, by proving
that in MQ° or MQ}, there are 2"* disjoint cycles of length 2* for any k > 2.

000 0001 0000 001

QL1 1000 1001 QIT 1111 1110

10

00T 1011,

01

00 0 11 1 0 0 010

010 011 101 100
() (b)

Fig. 1. (a) MQY, (b) MQ}
We need the following two definitions.

Definition 2.1. For any edge e = (x129- - Tp, 1Y+ - Yn) € E(MQ,), let A(e) be the
smallest positive integer i € {1,2,...,n} such that x; # y;, then e is called a A-dimensional
edge.
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According to Definition 2.1, if we use uy to denote a vertex in L, then ugr always
denotes its unique neighbor in R, that is, upug is an 1-dimensional edge. Let e = wwv
be a i;-dimensional edge, then denote v = u®'. Let wil=-i-14 = (yit-ii-1)" for j > 2.
Let P (ug) = (ug, uy, ... u;...u_y) be a path of length £ = ¢ — 1, then u; = u” | for

7—1
1 <j<t—1. Weuse (i1,1s,...,%_1) to denote P"!(ug) for short. If upu;_, € E, then
we use (i1,19,...,%_1) to denote cycle C*(ug) of length ¢ = t containing edge ugu;_; for
short.

For example, for 07(000001) = (000001, 001001,011001,010110, 110110, 101001, 100001)
in MQ°, we use (3,2,3,1,2,3) to denote the cycle C7(000001).

Definition 2.2. If |F|=n —2 and there exists a vertex w with Ny, —r(w) = {wy, ws},
then w is called a weak 2-degree vertex and {wy,wy} is called a w-weak vertex pair(or a
weak vertex pair, for short).

Since there is no triangle in M @),,, we can obtain the Proposition 2.3 as follows.

Proposition 2.3. If xy € E(MQ,), then (z,y) is not a weak vertez-pair in MQ, — F
with |F|<n — 2.

Lemma 2.4. ( Xu et al. |9]) If for any vertex uy, € L{ug € R), vy, (vr) is a neighbor of
ur(ur) in L(R) then, the distance between ug(ur) and vg(vy) is 1 or 2.

Lemma 2.5. ( Xu et al. [11]) MQ, is edge-pancyclic for n > 2.

Lemma 2.6. ( Xu et al. [10]) For any two different vertices x and y with distance d in
MQ@,(n > 3), there exists an xy-path of every length { from d to 2" — 1 except for d + 1.

Let F' be a set of faulty elements in M(@),,. We need the following lemmas:

Lemma 2.7. If any edge urur € Ec in MQ° — F for |F|< n—2, there exists a fault-free
4-cycle or 5-cycle containing the edge upug.

Proof. Let up = 0x,y...x,, we show the lemma according to the following two cases.
Case 1. 25, = 0.
We can find (n — 2) disjoint 4-cycles and a 5-cycle except the common edge upug as
follows.
(142, 1, i+2), 1<i1<n—-2,
{ (2, 1, 3, 2), 1=n-—1.

Since |F|< n — 2, there exists a fault-free 4-cycle or 5-cycle containing the edge upug.
The lemma holds.

Case 2. 2, = 1.

There exist at most n — 2 disjoint 4-cycles as C(uy) = (4,1,7) = (ug, ut,u’s", ug) for
3 <@ < n except the common edge upug.

If one of 4-cycle C}(ur)(3 < i < n) is fault-free, the lemma holds.
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If each 4-cycles C(ur)(3 < i < n) contains a faulty vertices. Consider 4-cycles
(3,1,3) = (up, v, uy", ug).
(1) Tfup' € F, then u} ¢ F. We can find a fault free 5-cycle (3,2, 1,2) = (ug, u?,u>”, uy™",
ug) containing the edge uug.
(2) Ifud € F,thenu?' ¢ F. We can find a fault-free 5-cycle (2,1,2,3) = (ug, u?, u>", u’",
ug) containing the edge upug.

The proof is completed. O
Lemma 2.8. If any edge urur € Ec in MQL — F for |F|< n—2, there exists a fault-free
5-cycle containing the edge upug.

Proof. Let up = x122...2;xi11 ... %,. There exist (n — 2) disjoint 5-cycles and a 4-cycle
except the common edge urug as follows.

(41, i+2, 1, i+1), 1<i<n—2Azy =0,
G+1, 1,  i+2 i+1), 1<i<n—2Axz =1,
(n, 1, n), i=n—1.

Since |F|< n — 2, there exists a fault-free 4-cycle or 5-cycle containing the edge upug.
O

By Lemma 2.7 and 2.8, we can obtain the following result.

Corollary 2.9. If any edge upugr € Ec in MQ, — F for |F|< n — 2, there ezists a
fault-free 4-cycle or 5-cycle containing the edge upug.

Lemma 2.10. (Xu et al. [9]) If |F|< n — 3 and n > 3 then, for any faull-free edge e
m MQ, and any integer { with 6 < ¢ < 2" — f,, there is a fault-free cycle of length ¢
containing the edge e 1 MQ),.

Lemma 2.11. (Xu et al. [12]) If F CV(MQ,)UE(MQ,) and |F|< n—2, then for any
two distinct fault-free vertices u and v, there exists a fault-free path P,, of every length ¢
with 2" 1 —1 <4 < 2"— f,—1—a, where a = 0 if vertices u and v is not a weak vertez-pair
in MQ, — F and a = 1 if vertices u and v form a weak vertex-pair in MQ, — F(n >5).

Lemma 2.12. If F C V(MQ.}) with |F|< n —2(n > 6), then for any edge urvy € L,
there exists a fault-free 6-cycle containing the edge ugvy in MQL — F.

Proof. By Lemma 2.10, the lemma holds for |F|< n — 3. We only need to consider the
case of |F|=n — 2.

Let up = 122 ...2;...2,. We can assume that |Fg|< |FL|. Otherwise, if |Fi|< |Fg|,
then |F|< [%52] < n—4(n > 6). By Lemma 2.10, there exists a fault-free 6-cycle
containing the edge urvy in L — Fp, and so in MQL — F.
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If |Fr|< n —4, by Lemma 2.10, there exists a fault-free 6-cycle containing the edge
ULV

If |Fr|> n — 3, then |Fg|< 1. We can prove the result according to the relationship
between the vy and u; as follows.

Case 1. v, = u}(j = 2).

There exist n — 1 disjoint 6-cycles as CP(uz)(1 < i < n — 1) except the common edge
ur vy, as follows.

( (1, 3, 1, 2, 3), i=1,
(i+1, 2, 1, 3, 1), i =2,
C(uy) = (i+1, 5, 2, 5, 4), i=3,
’ (i+1, n, 2, n, i+1), 4<i<n—2Az4=0,
(i+1, 4, 2, 4, i+1), 4<i<n—-2Az4=1,
[ (i+1, 4, 2, 4, n), i=n-—1.

Since |F|< n — 2, there exists a fault-free 6-cycle containing the edge uyvy.

Case 2. vy, = U‘7L(3 <j<n).

Case 2.1. ug,vg ¢ F.

For 3 < j < n — 2, there exist two disjoint urvg-paths as P?(ug) of length ¢ = 3 in
R — Fg as follows.

.P?(UR) = (Z+j —2, ]+ 1, j+2), 1= 2/\Ij,1 :Ij+1,
(Z+]—2, j—|—2, ]+1), i:2/\$j_17é$j+1.

For j > n — 1, there exist two disjoint upvg-paths as P?(ug) of length £ = 3 in R — Fg
as follows.
2 42, i=1
(-1 j, j—1), i=2

Piun) = {

Since |Fg|< 1, there exists a fault-free upvg-path P3(ug) of length ¢ = 3 in R — Ff.
Then C' = upur + P3(ur) + vrvr + upvy is a fault-free 6-cycle containing the edge upvy.

Case 2.2. |{ug,vg} N F|= 1. Without loss of generality, assume that up € F. Let
F' = F — {ug}, then |F'|=n — 3.

For j = 3, there exist n — 2 6-cycles as C%(uz)(1 < i < n — 2) containing the common
edge urvy in MQL — F' as follows.

((i+1, 1, 3, 1, 2), i=1,
(i4+2, 3, 1, 4, 1), i=2,

Co(ug)=<¢ (i+2, n, 3, n, i+2), 3<i<n—3Axzy=0,
(i4+2, 3, 1, i+2 1), 3<i<n—3Azy #0,
[ (i+2, 3, 1, n, 1), i=n-—2.

For 4 < j <n — 2, there exist n — 2 6-cycles as C%(uz)(1 < i < n — 2) containing the
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common edge uzvy in MQL — F' as follows:

(

i+1,5,7+1,2,5+1),i=1,
i+1,n,5,ni1+1),2<i<j—3Az;=0,
i+1,j—1,5,7—1i+1),2<i:<j—3Axz; #0,
i+1,7+1,54+2,4,7—1),i=7—2AN2j_0=2; NTj_o = Tj41,
i+1,7+2,5+1,4,7—1),i=7—2ANxj0=2; NTj_o # Tji1,

(
(
(
(
(
C5(uy) = Z(Z+1jj—|—2j+1j—1)
(
(i
(
(

1

i+1,5,7+1,7+2,7—1),

+2,5,1,j+1,1),i=7—1,
i4+2,2,5,2,i+2),j<i<n—2Az;_1 =0,
L (1+2,7,1,i+2,1),j<i<n—2Az;_1 #0.

For j = n — 1, there exist n — 2 6-cycles as C%(ur)(1 < i < n — 2) containing the

common edge uzvy in MQL — F' as follows.

(t+1, n, s n, i+1), i<n—4Az;=0,
G+1, j—1, j =1, i+1), i<n—4Az;#£0,

Co(ur)=<¢ (i+1, n, 1, n—2 1), i=n—3ANx,_9=0,
(i+1, 1, n—1, 1, n—2), i=n—3ATno#0,
| (i+2, n—1, 1, n, 1), i=mn—2.

For j = n, there exist n — 2 6-cycles as CP(uy) = (1 + 1,4,n,4,1 + 1)(1 < i < n —2)
containing the common edge uzvy, in MQL — F'

Note that n — 2 6-cycles are disjoint in L and contain no ug in MQ} — F'. Since
|F'|= n — 3, we have that there exists a fault-free 6-cycles in MQ} — F', and so in
MQ! -~ F

Take edge uzv;, = (001011,001100) in M Q} for an example. We have ur = 110100,vp =
110011. Assume 110100 € F, then 110011 ¢ F. There exist four disjoint 6-cycles in L
except a common edge uyvy, = (001011,001100) as follows(see Figure 2).

001011, 011011, 011100, 011111, 001111, 001100),
001011, 000011, 000010, 000000, 000100, 001100
001011, 001001, 001110, 110001, 110011, 001100),
001011, 001010, 001101, 110010, 110011, 001100).

e N N R

)
),
)
)

Lemma 2.13. If FF C R with |F|=n —2(n > 6), then for any edge urvr € R, there
exists a faull-free 6-cycle containing the edge ugvg in MQL —

Proof. Let uy, vy, be the adjacent vertices of ug, vg respectively in L and ug = z125 ... ;..

J=2Nxja 7 2 AN = 2 Axje = 0) V(251 # 21 Axjg = 1)),

=J = 2Nz Fa AN(Zj1 # T VT # 0)A (20 = T VT2 # 1)),

T
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Fig. 2. Four disjoint 6-cycles in L except the common edge (001011, 001100)

Since F' C R, F;, = 0. There exists a fault-free uyvy-path P of length ¢ = 3 in L as follows.

(2, 4, 3), v =u%h A xz =0,

P = (27 37 4>’ VR = U%{ N T3 7é 07
(-1, 4, j—1), vg=up(3<j<n—1),
(27 n, 2)7 VR = ulp.

Then C = vgvy + P 4+ upugr + ugvg is a fault-free 6-cycle containing the edge urvg in
MQL - F. n

Lemma 2.14. For any edge upup € Ec in MQ! — F(i = 0,1)(n > 6) with |F|<
n — 2, there exists a fault-free cycle of length ¢ = 7 —,7,8 containing the edge urug in
MQ: — F(i=0,1).

Proof. Let u; = zix023...2;...2,. We prove the lemma according to edge upug in
MQ° or MQ! as follows.

Case 1. upup € E(MQY).

Case 1.1. / =1T.

For 1 < i <n—1, we can find n — 1 disjoint 7-cycles as C7(ur) except the common



(n — 2)-FAULT-TOLERANT EDGE-PANCYCLICITY 37

edge upug as follows.

.

(2, 3, n—1, 1, n—1, 2), 23=0Axzy=0,
(2, 3, 2 1, 4, 3), z3=0Ax9#0,
Cllug) =< (2, 1, 2, 5, 4, 3), 13#0Axs=0Az4=0,
(2, 1, 5, 2, 4, 3), 23 #0ANxe=0A1y4F#0,
L (2, n, 1, n, 2, 3), x3#0Axs#0,
(3, 2, 3, 1, 2, 3), 23=0Ax =0,
(3, 2, 3, 1, 3, 2), a5=0Ams 20,
T (ug) (3, 4, 2, 1, 5, 2), 23#0ANx2=0A24=0,
2\ (3, 5, 2, 1, 4, 2), 23A0Az=0Az4#0,
(3, 4, 2, 1, 4, 2), 230Nz #0ANz4=0,
L (3, 5, 2, 1, 5, 2), z3# 0Nz #0Axs #0,
Oﬂmjz{(%th’g’l’z it1), 3<i<n—1Am=0,
i (41, 3, 2 1, 2, i+1), 3<i<n—1Axy#0.

Since |F|< n — 2, there exists a fault-free 7-cycle containing the edge upug.

Case 1.2. ( =8.

For 1 <4 <n—1, we can find n — 1 disjoint 8-cycles as C?(uy) except the common
edge urug as follows.

2, 1, n—1, 3, n—1, 2), 25=0
08 — ( ’ ) ) ) ) ) )
! (UL) { (27 37 27 17 27 3)7 X2 7é 0;

Cug) = (i+1, 2, n, 2,1, n), 2<i<n-—2,

(n, 2, 1, n—1, 3, n—1), x3=0,
CEL*I(UL) - (n, 27 17 37 47 2)7 ) # 0A T3 = 07
(n, 2, 1, 4, 3, 2), T9 # 0N x3 #0.

Since |F|< n — 2, there exists a fault-free 8-cycle containing the edge upug.
Take edge (010010, 110010) in M Q2 for an example, there exist 5 disjoint 8-cycles except
the common edge (010010, 110010) as follows(see Figure 3).

(

(010010, 000010, 001010, 011010, 111010, 100101, 101101, 110010),
(010010, 011101, 001101, 001100, 011100, 111100, 111101, 110010),
(010010, 010110, 000110, 000111, 010111, 110111, 110110, 110010),
(010010, 010000, 000000, 000001, 010001, 110001, 110000, 110010),
(010010,010011,000011, 100011, 101011, 101100, 110011, 110010).

\

Case 2. upup € E(MQ}).
Case 2.1. /= 6.



38 ZHANG ET AL.

0001% 6660166 166106—2+00110 101110 101100
a M

00C 101 100191 19011 1 1 101
o L g 9 m;,%,/\
<
000 1 aY 0 01 1 0 1 100 il HO1O11 1 0 1
O T pord Q 0

000010 mg DO

010D e

SO0 OHOIL
e 1037

Fig. 3. 5 disjoint 8-cycles except the common edge (010010, 110010) in M Q2

For 1 <4 <n —1, we can find n — 1 disjoint 6-cycles as C?(uz) except the common
edge upugr as follows.

(t+1,1,i+3,i+2,i+1),1<i<n—4ANz; =xi9 Nxip1 =0,
(t+1,i4+2,i+3,1,i+1),1<i<n—4ANz; =z ANxip1 #0,
(4 1,0+3,1,i+2i+1),1<i<n—4Az; %Az =0,
(4 1,04+21,i+3i+1),1<i<n—4dAz; % v Az £ 0,

CP(ur) =

(n - 2; n 17 n 27 17 n— 1)7 xn_2 = O’

C =
n73(UL) { (n -2, n—1, 1, n—2, n), Tn—2 # 0,
—1, n—2, 1 n—2, n) Tnz =0
06 — (TL ) ’ ) ’ ’ " ’
n-a{r) { (n—1, 1, n—2 n-1, n—2), x,9#0,

O () = { (n, n—2, 1, n—1, n—2), x,_2=0,
(n, n—2, 1, n—2, n—1), x, 2#0.
Since |F|< n — 2, there exists a fault-free 6-cycle containing the edge upug.
Case 2.2. ( =T.
For 1 <i <n —1, we can find n — 1 disjoint 7-cycles as C{(uy) except the common
edge urug as follows.

() = (i+1,i+3i+21,i+3i+1), 1<i<n—4Azi4 =0,
BT (41,04 3,1,i4+2,i+3,i+1), 1<i<n—4Azy, #0,

(n—=2, 1, n, n—2, n, n—1), x, =0,
(n—2, 1, n, n—1, n—2, n), Tp_o £ 0,

Crs(ur) = {
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—1,1,n,n—2),xn_2:0/\xn_3 #0N Ty #0,

m—1,n—2n-3,1,n=3n),x, a=0Az,3=0,
7 (ur) = n—1,nn—-31n—-3n—2),2, o=0Az, 3#0Ax, 4=0,
n—2 m—1,n—-3n—-2,1n—-3n),x, 2=0Ax,3#0Ax, 4#0,
(n—1,2,n—2,2,1,n—2),2, 2 #0,
(n, 3,1,n 3,n,n—2),x, 2=0Ax,3=0,
CZ_I(UL) _ E - 3, 1771 - 3,71),1’”_2 =0 NZp_3 7’é 0A Tp—g = O,
(n,2,n — 1,2,1,n— 1), 2,2 #0.

Since |F|< n — 2, there exists a fault-free 7-cycle containing the edge upug.

Case 2.3. ( =8.

For 1 <i <n—1, we can find n — 1 disjoint 8-cycles as C?(uy) except the common
edge urug as follows.

(i+1,n,1,ni+3,1+2),1<i<n—4ANz; =x52Nxi01 =0,
v+l +21+9,n,1n)l<1<n-— /\mi:xi—ﬁ—Z/\xi—i-l )
Cs(u)—  +1,2+2,14+3,n,1 1< < 4 0
BT (41,04 3m, i +2),1 <i<n— 4 AT # Tigs Az =0,
(t+1,i+2,n1,ni+3),1<i<n—4Ax;#x2Nxip1 #0,
-2, 1, n—1, 1, n 1), ,2=0
08 — (TL ) ) ) ) ) ) n )
n-s(ts) {(n—Q, 1, n, 1, n—1, 1), 2ps#0,
5 (uy) = (n—1, 2, n, 3, 1, 2), 25=0,
e (n_17 27 1, 17 37 2)7 x27é07

(

(n, 2,1,2n 2,2), 9 = 0 A 2o =0,

(n, —2,n—3,1,n—3),x2:O/\xn,2#O/\xn,gzo,
C8 (up) =< (n, —3,1,n—3n—-2),20=0A2, 2o #0A1, 3#0,
(n232,1,3) 29 #0ANx3 =0,

(n,2,4,3,1,2), 29 # 0 A x3 # 0.

\

Since |F|< n — 2, there exists a fault-free 8-cycle containing the edge upug.

Take edge (010010, 101101) in M@} for an example, there exist 5 disjoint 8-cycles except
the common edge (010010, 101101) as follows (see Figure 4):
( (010010, 000010,001010,001101,001100, 110011, 110010, 101101),
(010010,011101,011110,011111, 100000, 100001, 100101, 101101),
(010010, 010110, 101001, 101011, 010100, 010101, 101010, 101101),
(010010, 010000, 000000, 000001, 111110, 110001, 101110, 101101),
(010010,010011,000011,001011,011011, 100100, 101100, 101101).

\
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001 ) 001 é() 000116 000100 111011 111001 1\}(1(\)01 N(\I)\ll
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001001 >\§m1 000011 040001

01 0 A 16 aoo; al aY 0
\ y

—

-

-

Fig. 4. 5 disjoint 8-cycles except the common edge (010010,101101) in M Q}

3. Fault-tolerant edge-pancyclicity of M@,

In this section, we investigate the fault-tolerant edge-Pancyclicity of M@, and show that
M@, is (n — 2)-fault-tolerant edge-Pancyclic.

Let F' be a set of faulty elements in MQ,,, I, = FNL, Fr=FNR, Foc = FN Eg,
F'=FNV(MQ,), F*=FNEMQ,) Ff = F,NV(L)and F = FRNV(R), f, = |F"|,
fe = ‘F6|

Theorem 3.1. If f,+f. < n—2 andn > 5 then, for any fault-free edge e in MQ' (i = 0,1)
and any integer £ with 7—1i < £ < 2" — f,, there is a fault-free cycle of length { containing
the edge e.

In this section, we will give the proof of Theorem 3.1. The theorem follows from Lemma
2.10if |F|< n— 3. We only need to consider |F|=n — 2. Start with the following lemma.

Lemma 3.2. If Theorem 5.1 holds for any subset F' C V(MQ,) with |F|=n — 2, then
Theorem 5.1 also holds for any subset F' C V(MQ,) U E(MQ,) with |F'|=n — 2.

Proof. The lemma holds for f. = 0 by hypothesis of Lemma 3.2. Assume that the lemma
holds for any ¢ with 0 <t <n — 3 and f, =t. We prove the lemma holds for f, =t + 1.
Let xy be an edge in F'.

Case 1. xr € Forye F.

Without loss of generality, assume z € F. Let I’ = F — xy, then |F'|= n — 3. By
Lemma 2.10, this result has been proved.
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Case 2. z,y ¢ F.

Let F' = F+ {z} — {xy}, then |F'|=n—2, and F' contains at most t edges and f, + 1
vertices. By induction hypothesis, for every integer ¢ with 7—¢ < ¢ < 2" — f, — 1, there is
a fault-free (-cycle containing the edge e in MQ! — F'(i = 0,1). By Proposition 2.1, for
any e = uv € E(MQ,, — F), (u,v) is not a weak vertex-pair in M@Q,,— F. For £ = 2" — f,,
by Lemma 2.11, there is a fault-free uv-hamiltonian path in MQ), — F, i.e., there is a
fault-free (-cycle containing the edge e in MQ,, — F.

The proof of lemma is completed. O

Proof of Theorem 3.1. By Lemma 3.2, we only need to prove the theorem with
F C V(MQ,). The proof proceeds by induction on n > 5. The result holds for n = 5
by developing computer program using depth first searching technique combining with
backtracking and branch and bound algorithm.

Assume that the theorem holds for any k& with 6 < k& < n. Then we must show the
theorem holds for n.

Let e = uv be a fault-free edge in M @Q,,. By Proposition 2.3, (u, v) is not a weak vertex-
pairin MQ, —F. Let 2" ! </ <2"— f and { = '+ 1, where 2" 1 -1 < ¢ <2"— f, —1
then, by Lemma 2.11, there exists a fault-free uv-path P of length ¢ in M(@,. Then
P +wv is a fault-free cycle of length ¢ containing the edge e in M@),. Thus, we only need
to consider ¢ with 7—¢ < ¢ <2"!' —1in MQ! (i =0,1)(n > 6).

Case 1. |Fg|< |FL.

Case 1.1. e € E(L — Fy). Let e = upvy.

By Lemma 2.12, there exists a fault-free 6-cycle containing the edge ¢ in MQ. — F.
Thus, we only need to consider the length of 7 < ¢ < 27! —1.

Case 1.1.1. |F|<n —3. Then |Fg|<n—4

Case 1.1.1.1. 7 < (< 2" 1 —|FY|.

By induction hypothesis, there is a fault-free cycle of length ¢ containing the edge e in
L, soin MQ,.

Case 1.1.1.2. 2" ' — |Fy[+1 < (< 2"t — 1.

Write £ = 0, + 1 + {5, where 2772 — |F¥|+1 < f; <22 — 1 and £ = 22 — 1. Since
202 | FP|4+1 > 2" 2 —|Fy|+1 > 2" 2 —n+4 > T for n > 6 and |F|< n—3, by induction
hypothesis, there is a fault-free cycle C' of length ¢; containing the edge upvy in L. Note
that a cycle of length ¢; contains a matching M with |M|= [%]. Consider the following
inequality.

—2
%] = [Fel=|Frl-He} z[ ‘F'“J—\FC\—|FR|—
>2"3 —|F|-1 >2" 3 —n+ 1.

Let f(z) =23 —z+1. Since f/(z) =2*3In2—1 >0 for x > 6, f(x) is an increasing
function, which implies that |42 | — |Fo|—|Fg|> f(6) =202 — 6 + 1 = 3. It follows that,
there is such an edge, say xpyr, in M that xpy;, # upvp and [{xg, yr, 2R, yryr}NE|=0
By Lemma 2.11, there is a fault-free zgyg-path P of length /5 in R. Then C' — xpy; +
yrLyr + P+ xrry is a fault-free cycle of length ¢ (= ¢; + 1+ ;) containing e (see Figure 5

().
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Case 1.1.2. |F|=n — 2. In this case, |Fg|= 0.

Let ur and vg be neighbors of u; and vy, in R, respectively.

Let £ = ¢/ + 3, where 4 < ¢/ < 277! — 4. By Lemma 2.4, dyp,, < 2. Since |Fg|=
|Fol= 0, by Lemma 2.6, there is a fault-free ugrvgr-path P of length ¢ in R, and so
P + vrup + vpur, + upug is a fault-free cycle of length ¢ containing the edge urpvy (see
Figure 5 (b)).

v,
e
u
u X I TR v YR P
c € .
Yy YR L B
L R L R

(a) (b)
Fig. 5. The illustrations of Case 1.1

Case 1.2. e € E(R — Fg). Let e = ugrvg.

Case 1.2.1. |F|<n —3. Then |Fg|<n —4.

Case 1.2.1.1. 7—i < (< 2"\ —|F2| in MQ: (i =0,1).

By induction hypothesis, there is a fault-free cycle of length ¢ containing the edge e in
R, s0in MQ: (i =0,1).

Case 1.2.1.2. 2! — |Fyl+1 </ <2n 1 — 1.

The proof is similar to Case 1.1.1.2.

Case 1.2.2. |F|=n — 2. In this case, |Fg|= 0.

Since |Fg|= 0, by Lemma 2.5, there exists a fault-free cycle of length ¢ with 7 — ¢ <
¢ < 2"1 — 1 containing the edge e in R, and so in MQ’, — F(i =0,1).

Case 1.3. e € (Ec — F¢). Let e = upug.

By Lemma 2.14, there exists a fault-free cycle of length ¢ = 7—4, 7, 8 containing the edge
urup in MQ! — F(i = 0,1). Thus, we only need to consider the length 9 < ¢ <271 —1.

Case 1.3.1. |F|<n —3. Then |Fg|<n—4.

By Corollary 2.1., there exists a fault-free 4-cycle C' (or 5-cycle) containing the edge
ULUR-

Case 1.3.1.1. C = C* = (ug, s1, Sg, UR).

For 9 < < 2" ' —|F3|—1. Let £ = '+ 2, where 7 < ¢/ < 2"~! —|F5|-3. By induction
hypothesis, there is a fault-free cycle C” of length ¢’ containing the edge ursg in R. Then
C =C"—urSr+ srsr + spur +upug is a fault-free cycle of length ¢ containing the edge
€ = ULUR.

For 271 — |FR|< ¢ < 2"71 — 1. Let £ = {1 + {, where £; = 2""% and 2"72 — |F3|< ly <
22 —1. Since 2"% > 7 and 2" 2—|Fg|> T for n > 6, by induction hypothesis, there exists
a fault-free cycle C of length ¢; containing the edge uysy in L and a fault-free cycle Cy of
length /5 containing the edge ursg in R. Then C' = C) —upsy +spsg+ Co — Spur +uruy,
is a fault-free cycle of length ¢ containing the edge e = upug in M@, (see Figure 6(a)).

Case 1.3.1.2. C' = C° = (up,wr, Wr, T, UR)-

Since |Fg|<n —4. Let Fi = Fp — {wg}, then |Fi|=|Fgr|—1<n—3.

For 9 < ¢ < 2" 1 — |F§|—1. Let £ = ¢' 4+ 3, where 6 < ¢/ < 2"! — |F§|-4. By
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induction hypothesis, there is a fault-free cycle C’ of length ¢’ containing the edge ugx in
R—F}. Then C = C' — ugx + zwr + wrwy, +wrur, + urug is a fault-free cycle of length
¢ containing the edge e = upug.

For 2" 1 — |F3|< ¢ < 271 — 1. Let £ = {1 + ly + 2, where ¢; = 22 — 1 and
202 — |FE|-1 < ly < 2772 — 2. Since 2”2 — |F¥|—1 > T for n > 6, by induction
hypothesis, there exists a fault-free cycle C; of length ¢, containing the edge rug in
R — F}, and, by Lemma 2.11, there exists a fault-free upwz-path P of length ¢, in L.
Then C' = ) —urx + xwgr + wrwyr, + P4+ upug is a fault-free cycle of length ¢ containing
the edge e = ugur in M@, (see Figure 6(b)).

(795 € UR ur, € UR
Cl CQ P z Cl
S, SR w A
L R L R

(a) (b)
Fig. 6. The illustration of Case 1.3.1.1. and Case 1.3.1.2.

Case 1.3.1.3. C = C° = (up,x, wr, WR, UR)-

For 9 < < 2" ' —|F¥|—1. Let £ = {'+ 3, where 6 < ¢/ < 2""! —|F5|—4. By induction
hypothesis, there is a fault-free cycle C’ of length ¢ containing the edge urwg in R. Then
C = C"—upwr + wpwyr, + wrx + xur, + urug is a fault-free cycle of length ¢ containing
the edge e = upug.

For 2" 1 — |Fg|< ¢ <21 —1. Let £ = {1+ {y+1, where {1 = 2" 2 and 2" 2 — |F§|-1 <
ly <2772 — 2. Since 2" % — |F3|—1 > 7 for n > 6, by induction hypothesis, there exists a
fault-free cycle C' of length /5 containing the edge ugrwg in R and, by Lemma 2.11, there
exists a fault-free upwp-path P of length ¢; in L. Then C' = C} —ugwr+wrwr+ P+urug
is a fault-free cycle of length ¢ containing the edge upug in M@, (see Figure 7(a)).

Case 1.3.2. |F|=n — 2. In this case, |Fg|= 0.

Since |F|=n — 2, there exists a fault-free neighbor vy, of uy, in L. Let vg be neighbors
of vy in R.

Let £ = ¢+ 3, where 6 < ¢/ < 2"!' — 4. By Lemma 2.4, dy,, < 2. By Lemma 2.6,
there is a fault-free ugvg-path P of length ¢ in R. So P + uguy + upvy + vpvg is a
fault-free cycle of length ¢ containing the edge upug.

Case 2. |F|< |FR|.

Case 2.1. ¢ € F(R — Fg). Let e = ugvg.

Case 2.1.1. |Fg|<n —3. Then |F|<n —4.

For 7—i < ¢ < 2! —|F}| in MQ' (i = 0,1). By induction hypothesis, there is a
fault-free cycle of length ¢ containing the edge e in R, so in MQ" (i =0, 1).

For 2"~1 — |Fp|+1 < ¢ < 2"7! — 1. The proof is similar to Case 1.1.1.2.

Case 2.1.2. |Fr|=n — 2. In this case, |F|= 0.

By Lemma 2.13, there exists a fault-free 6-cycle containing the edge ¢ in MQ. — F.
Thus, we only need to consider the length of 7 < ¢ < 27! — 1.

Let uy, and vy, be neighbors of ug and vg in L, respectively.
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Let £ = (' + 3, where 4 < ¢/ < 2"7! — 4. By Lemma 2.4, d,,,, < 2. Since |F|=
|Fol= 0, by Lemma 2.6, there is a fault-free upvy-path P of length ¢ in L, and so
P 4+ vpvg + vgur + uguy is a fault-free cycle of length ¢ containing the edge ugrvg.

Case 2.2. e € F(L — Fy). Let e = upvyp.

Case 2.2.1. |Fr|<n —3. Then |F|<n—4.

For 7—i < (<21 —|F?|in MQ! — F(i =0,1). Since |F;|<n — 4, by Lemma 2.10,
there exists a fault-free cycle of length ¢ containing the edge e in MQ¢, — F(i = 0,1).

For 27! — |FP|+1 < ¢ < 2"~' — 1. The proof is similar to Case 1.1.1.2.

Case 2.2.2. |Fg|=n — 2. In this case, |F|= 0.

Since |Fp|= 0, by Lemma 2.5, there exists a fault-free cycle of length ¢ with 7 — i <
¢ <2771 — 1 containing the edge e in L, and so in M Q' (i =0, 1).

Case 2.3. e € (E¢c — Fr). Let e = upug.

By Lemma 2.14, there exists a fault-free cycle of length ¢ = 7—i, 7, 8 containing the edge
urup in MQ! — F(i = 0,1). Thus, we only need to consider the length 9 < ¢ <271 —1.

Case 2.3.1. |Fr|<n —3. Then |FL|<n—4.

By Corollary 2.1., there exists a fault-free 4-cycle C' (or 5-cycle) containing the edge
ULUR.

Case 2.3.1.1. C' = 04 = (UL, SL, SR,UR).

The proof is similar to Case 1.3.1.1.

Case 2.3.1.2. C = C®° = (up,wr, WR, T, UR).

For 9 < ¢ < 2" ' — |FP|—1. Let £ = ¢’ + 3, where 6 < ¢/ < 27! — |F}|—4. Since
|FL|< n—4, by Lemma 2.10, there is a fault-free cycle C” of length ¢’ containing the edge
upwy, in L — Fy. Then C = C' —upwp, + wpwr + wrx + xur + uguy, is a fault-free cycle
of length ¢ containing the edge e = upug.

For 27— |FP|< € < 27 '—1. Let £ = {1++Ly+1, where 22— | F¥|—1 < {; < 2""2—2 and
ly = 2772, Since 2" 2—|F?|—1 > 7 for n > 6, by induction hypothesis, there exists a fault-
free cycle Cy of length ¢, containing the edge uywy in L — Fy, and, by Lemma 2.11, there
exists a fault-free ugwg-path P of length /5 in R. Then C' = C) —upwp+wpwr+ P+uruy,
is a fault-free cycle of length ¢ containing the edge e = upug in M@, (see Figure 7(b)).

(a) (b)
Fig. 7. The illustration of Case 1.3.1.3. and Case 2.3.1.2.

Case 2.3.1.3. C = C° = (up, >, wr, Wg, UR).

The proof is similar to Case 1.3.1.3.

Case 2.3.2. |Fr|=n — 2. In this case, |F|= 0.

Since |Fr|= n—2, there exists a fault-free neighbor vg of ug in R. Let vy, be the neighbor
of vgin L. Let £ = ¢'+3, where 6 < ¢/ < 27! —4. By Lemma 2.4, d,,,, < 2. By Lemma
2.6, there is a fault-free uyv-path P of length ¢’ in L. So P + upur + urvg + vrvy is a
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fault-free cycle of length ¢ containing the edge upug.
The proof of the theorem is completed. O]

4. Conclusion and remarks

As one of the most fundamental networks for parallel and distributed computation, cy-
cles are suitable for developing simple algorithms with low communication cost. Edge
and/or vertex failures are inevitable when a large parallel computer system is put in use.
Therefore, the fault-tolerant capacity of a network is a critical issue in parallel computing.
The fault-tolerant edge-pancyclicity of an interconnection network is a measure of its ca-
pability of implementing ring-structured parallel algorithms in a communication-efficient
fashion in the presence of faults.

In view of the fact that the hypercube network (),, contains only even cycles, M@, is
superior to (), in fault-tolerant pancyclicity. This shows that, when the M@, is used
to model the topological structure of a large-scale parallel processing system, our result
implies that the system has larger capability of implementing ring-structured parallel
algorithms in a communication-efficient fashion in the hybrid presence of edge and vertex
failures than one of the hypercube network.

We make some remarks on the optimality of our result in the following sense.

(1) For ¢ =4, in MQ?, taking e = (11011, 11100), there are only two cycles: (11011,11010,
11101,11100), (11011,01011,01100, 11100) of length 4 containing the edge e (we cal-
culate it by computer).

If F = {01011,11101}, then there exists no fault-free cycle of length 4 containing
the edge e in MQ? — F. In M@}, taking e = (11101,11110), there exists only one
cycle (11101,11100,11111,11110) of length 4 containing the edge e. If F' = {11100}
or FF'= {11111}, then there exists no fault-free cycle of length 4 containing the edge
ein MQ} - F.

(2) For £ =5, in MQs, taking e = (11110, 11111), the cycles of length 5 containing the
edge e are as Table | and Table 2(we calculate it by computer):

Table 1. Cycles of length 5 containing the edge e = (11110, 11111) in MQ?

(11110 11101 11010 11000 11111) | (11110 11101 10010 10000 11111)
(11110 11001 11011 11100 11111) | (11110 10001 10011 11100 11111)

Table 2. Cycles of length 5 containing the edge e = (11110,11111) in MQ}

(11110 11101 11010 11000 11111) | (11110 11101 10010 10000 11111)
(11110 11101 00010 00000 11111) | (11110 11001 11011 11100 11111)
(11110 10001 10011 11100 11111) | (11110 00001 00011 11100 11111)

If F = {11100,11101}, then there exists no fault-free cycle of length 5 containing
the edge e in MQs — F'.
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(3) For £ =6, in MQ?, taking e = (01011,01100), the cycles of length 6 containing the

edge e are as Table 3(we calculate it by computer):

Table 3. Cycles of length 6 containing the vertex e = (01011, 01100) in MQ?

01011 01010 01000 00000 00100 01100

01011 01010 01101 01110 01111 01100

01011 01010 01101 00101 00100 01100

01011 01010 01101 11101 11100 01100

01011 01010 00010 00000 00100 01100

01011 01010 11010 11011 11100 01100

01011 01010 11010 11101 11100 01100

01011 01010 11010 11101 01101 01100

01011 01001 01000 01010 01101 01100

01011 01001 01000 00000 00100 01100

01011 01001 00001 00000 00100 01100

01011 01001 00001 00101 00100 01100

01011 01001 00001 00101 01101 01100

01011 01001 11001 11011 11100 01100

01011 00011 00010 00000 00100 01100

01011 00011 00010 01010 01101 01100

01011 00011 00001 00000 00100 01100

01011 00011 00001 00101 00100 01100

01011 00011 00001 00101 01101 01100

01011 11011 11010 11101 11100 01100

01011 11011 11010 11101 01101 01100

01011 11011 11010 01010 01101 01100

||| | ||| | |||

01011 11011 11100 11101 01101 01100

— | [ [ | — [ — | — |~ |~ |~ | ~— [ ~~—
||| ||| || —~|—~|—>|—~
~— | — [ — [ — | — [ — | — | — | — | — | — | —

01011 11011 11100 11111 01111 01100

If F={00100,01101,11100}, then there exists no fault-free cycle of length 6 containing
the edge e in MQ? — F.
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