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ABSTRACT

In this paper we consider some new weighted and alternating weighted generalized Fi-
bonomial sums and the corresponding g—forms. A generalized form of weight sequences
which contains squares in subscripts is discussed for the first time in the literature. The
main key to get success in sums is an ability to change one sum into another that is
simpler in some way. Thus, in order to prove these sums by doing some manipulations
and tricks, our approach is to use classical g—analysis, in particular a formula of Rothe,
a version of Cauchy binomial theorem and Gauss identity.
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rem
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1. Introduction

Binomial coefficients and their generalizations occur frequently in combinatorics, number
theory, and discrete mathematics. There are many generalizations of the binomial coef-
ficients in the literature. One of them is the sequential generalization, i.e. replacing the
natural numbers by the terms of an arbitrary sequence (a,,) of real or complex numbers.
A generalization which is obtained by choosing n* Fibonacci number F, instead of a,,
is known as Fibonomial coefficients. For another well-known generalization of binomial
coefficients, let ¢ be a variable, and let a, = 1 + ¢+ ¢> + --- + ¢". Then we get the

™= Corresponding author.
E-mail addresses: goncakizilaslan@gmail.com (Gonca Kizilaslan).
Received 10 November 2019; accepted 10 September 2020; published 31 December 2024.
DOI: 10.61091 /ars161-08
(© 2024 The Author(s). Published by Combinatorial Press. This is an open access article under the CC
BY license (https://creativecommons.org/licenses/by /4.0/).


https://doi.org/10.61091/ars161-08
https://www.combinatorialpress.com/ars
mailto:goncakizilaslan@gmail.com
https://doi.org/10.61091/ars161-08
https://creativecommons.org/licenses/by/4.0/

96 I. AKKUS AND G. KIZILASLAN

q—binomial coefficient, which is known to be a polynomial in ¢ with nonnegative integer
coefficients (a Gaussian polynomial). g—binomial coefficients have very rich properties
and many of the properties of binomial coefficients can be proved more easily by using
these coefficients. Both Fibonomial coefficients and g—binomial coefficients are interested
in by several authors and so their various properties have been found. During this study,
we will frequently use the relationships between Fibonomial coefficients and ¢—binomial
coefficients.
For n > m > 1 the Fibonomial coefficient is defined by

RFE...F,
(FiFs .. . F)(FiFy.. . Fyy)

nkF =

with n0p = nnp = 1 where F), is the n'"* Fibonacci number. For n > 2, Falcon and Plaza
[1, 5] define two second order linear recurrences

U, = pU,_1+U,_2, Uy=0, U =1,
Vn = pUn—l + ‘/n—27 ‘/0 = 27 ‘/1 =p,

and named these sequences as k—Fibonacci numbers and k—Lucas numbers by taking k
instead of p, respectively. The Binet forms of these numbers and their ¢g—forms are

Unz—an_ﬁn 204”’11_qn
a—f3 1—g¢q

where a and [ are the roots of the characteristic polynomial of the recurrences and

q= g = —a 250 that a = \/la. Using the sequence {U,}, for n > k > 1, the generalized

and V,=a"+B8"=a"(14+q")

Fibonomial coefficient is defined by

UUs... U,
UUs ... U) (U Us ... Upp)’

nkU =

with n0y = nny = 1. If we take the indices in a linear arithmetic progression, we obtain
the generalized Fibonomial coefficients

UnUszm - - - Unim
(UnUsm - - Uk) UnUss - - Un—tym)”

TLkU7m =

for a nonnegative integer m. The usual Fibonomial coefficients nkr can be obtained by
taking m = p = 1, and when m = 1 the coefficient nky, turns into the generalized Fi-
bonomial coefficients nky. As in binomial coefficients, it is surprising that these quantities
will always take integer values. The Fibonomial coefficients appear in several places in
the literature (for more details, we refer to |2, 6, 17, 7]).

Throughout the paper, the set of natural numbers is denoted as usual N. The g—Pochhammer
symbol reads as (z;y)o = 1 and (z;y), = (1—2)(1 —2y) -+ (1 —2y™ ') for two indetermi-
nates x and y and n € N. Then for n, k € N the generalized Gaussian binomial coefficients
are given by

(% Y)n
(@ )5 Y)n-n’

nk, ., =

z,Y
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with nk,, = 0 for £ < 0 or k£ > n which become the usual g—binomial coefficients nk, for
T =y.

In the literature there exists several sums involving Gaussian ¢—binomial coefficients
with weight functions. Also some sums including Fibonomial coefficients are evaluated.
By taking ¢ = /a, we can see that there exists a correspondence between these two classes
of sums and hence using an appropriate convenience gives us that we can evaluate one
class of sums from another. Thus our approach is essentialy based on these connections,
that is

nkym = amk(”_k)nkqm.

Fibonomial coefficients and g—binomial coefficients have very strong relationships be-
cause they can be easily converted to each other. In this way, while an identity associated
with Fibonomial coefficients is proved, it is written in the form of g—binomial coefficient
and proof is made accordingly. Also a proven g—binomial identity is true not only for a
specific selection of ¢, but also for all real or complex values.

We recall some well known identities related to the ¢g—identities. Gauss identity is given

as
n n

> (=1f2nk, = [J(1 - ¢

k=0 k=1

Then for a nonnegative integer m, we have

n n

> (=1 2nken = (1 = g1, (1)

k=0 k=1

A version of Cauchy binomial theorem is stated as

n

S U nkat = (i), = [[(1 +2d),

k=1

and Rothe’s formula is given by

Z(—l) q(g)nkqu = (x;q)p = 1:[(1 — xq"),
k=0 k=0

see [1].

Now we recall some well-known results about the sums involving Fibonomial coefficients
from the current literature. These sums are computed explicitly by writing everything in
terms of ¢ and using the Cauchy binomial theorem and Rothe’s formula.

e In [10, 16|, the authors consider some Fibonomial sums with weights generalized
Fibonacci and Lucas numbers.

e In [11], some variations of g—Dixon identity which have results in terms of Fibonomial
sums are examined.

e In [12, 18, 14, 13|, the authors are interested in the sums with terms finite products
of generalized Fibonacci and Lucas numbers and squares of Fibonomial coefficients. An
example can be given as
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2n+1 2
1 1— 2n+1
§ (_1)qu272kn73k(1 o q2k)22n + 1k'§ — 2(_1)n+1q7n272n72( + Q)1(+ 2(] ) om + 1nq2.
q n
k=0

They give a systematic approach to evaluate these kinds of sums. In [15], sums with a
new kind of coefficients are examined. They consider the coefficients as products of two
Gaussian ¢—binomial coefficients with a parametric rational weight function. Also some
applications to Fibonomial sums are given. To compute these sums, the partial fraction
decomposition technique is used.

e In [8], a class of sums of triple aerated Fibonomial coefficients with generalized Fi-
bonacci number coefficients are studied.

e In [3], quadratic sums of Gaussian g—binomial coefficients with two additional pa-
rameters are evaluated. These results include various known results on square sums of
the Gaussian ¢—binomial coefficients when the parameters are specialized.

e In |9, 21, 22, 23, 24], various weighted Fibinomial sums are calculated.

e In |19, 20], various divisibility properties of Fibonomial coefficients are considered.

In this paper, we will usually deal with the following types of sums:

Z Ay n, kAT + ka,mv Z(_l)kam,n,kan + ka,m; and Z(_1>kam,n,n2,k,k2an + ka,Tru
k k k

where a, b are integers. The first of the above sums will be called as on-line weighted, the
second is called as on-line alternate weighted and the third is called as non-line alternate
weighted sum. In particular, a generalized version of the sum of the third type will be
given for the first time in the literature.

In the paper, inspired by some of the previous results and earlier partial g—binomial
sums formulae, we shall derive some interesting new kinds of generalized Fibonomial sums
with generalized Fibonacci and Lucas numbers weighted. We compute these sums by using
Cauchy binomial theorem or Rothe’s formula after converting them into forms involving
the Gaussian g—binomial coefficients. These steps can be seen by the following diagram:

Convert to g—form
—

Z Ay, kAN + ka,m Z am,n,k(q)an + bkqm
k k

N v
f(m,n,q)
Obtained closed form

To summarize, we will present the following situations in this paper:
e Sums of the Gaussian ¢g—binomial coefficients.

Partial sums of the Gaussian ¢—binomial coefficients.

New weighted sums containing square subscripts of generalized Fibonacci and Lucas
numbers which will be given for the first time in this paper.

New weighted sums of the generalized Fibonomial coefficients.

New g—identities for readers’ convenience.
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2. Sums: with the Exact Closed Forms

We give our main results in this section. We find identities of several sums. To prove the
identities, the technique is to translate everything in terms of a variable ¢, and then to
use Rothe’s identity and Cauchy Binomial theorem from classical g—calculus.

2.1. Non-line weighted sums

We first consider the sums with non-line weighted. The following theorem gives some

identities in this kind.

Theorem 2.1. Let n and m be nonnegative integers. Then we have

(i) For n is odd

2n

Z(—l)kQHkU,mUm(k_n)2

k=0
and for n is even

2n

Z(— 1)k2nkU,me(k_n)

k=0

=20p"+4) 7

n—1

=

Um(2k—1)a

B
Il

1

2(p® +4) %HUmWf 1)
k=1

2n—2

4n
(i1) S (—1)*AnkyVign_ry = 2(p? + 4)" 22 H Usis1-
k=0

4dn
(ZZZ) Z(—l)k4nkUU(2n_k)2 = 0.
k=0

An+2

(Z'U) Z (—1)’“471 + QkU‘/(Qn—&—l—k’)Q =0.
k=0

(v) Forn is odd,

2n

Z<_1)k2nkU,me(k2—2nk) = 2(p2 + 4) "; ( m+1 Umn2 H Um(2k 1),

k=0
and for n is even,

2n

Z(_l)kZHkU,me(kLan)
k=0

vi) Let m be an even integer. Then

(vi)

2n

> (— 1) 2nky U —20k) =
k=0

forn is odd, and

2n

Z(_ 1)k2NkU,mUm(k272nk) -

k=0

for n is even.

"l

= ( §an2 H Um(2k 1)-

(p + 4) an2 H Um(Zk—l)a

_<p2 + 4)%Umn2 H Um(2k—1)7

k=1
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(vii) Let m be an odd integer. Then

2n n
n—1

E <_1)k2nkU,mUm(k272nk) = _(P2 + 4)Tvmn2 H Um(Qk—l)7

k=0 k=1

for n is odd, and

2n n
Z(_l)kQHkU,mUm(kaan) = _<p2 + 4)%Umn2 H Um(2k—1)7
k=0 k=1

for n is even.

Proof. We will give the proof of the identity (i). Other identities can be similarly shown.
To prove this, we use Gauss identity given in (1). Replacing ¢ by o/, we find that (1)

reduces to

2n
S (=1 2k 57 = (=1)"(@ = B)" [ Uneoe )
k=0 k=1

Similarly if ¢ is replaced by (/a, we obtain

2n n
S (1) 2k = (<178 — )" T] Unier g
k=0 k=1

If n is odd, we subtract (2) from (3) to get

2n n
n—1

D> (D 2k U = 200" +4)F [ ] Uncanay,

k=0 k=1

and if n is even, we add (2) to (3) to get

2n n
> (=1)F2nkymVinmny = 200" + )2 [ [ Umar-1)-
k=0 k=1

This completes the proof. n

We obtain the following results given by L. Carlitz in “The Fibonacci Quarterly, Ad-
vanced problems and solutions, 10(6)(1972), page 630, problem H-202".

Corollary 2.2. For £k is odd,

2k k

—_ k1
> (—1)Y2kjFype =2-5°% [ Fyyon,
=0 i=1

and for k is even,
2%

k
S (~1Y2k5 L g = 2 5% [ Foyer.

=0 j=1
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2.2. On-line weighted sums

Now, we will derive some identities for on-line weighted sums.

Theorem 2.3. Lel n and m be nonnegative integers. Then we have

n—1
on 2Usmn [T V2., m is even,
(i) Z 2nkU,mUvmk - ffll
k=0 2Usmn [1 Vamk, m is odd.
k=1
2n—1

2Umn(2n—1)an(2n—l) H mGH m Z-S even,
2 2 k=1

2n
(il) Z 2nkU,mU(2n—1)mk = n
k=0 2> 2n — 12k — 1ynUk—2)ymn, ™ is odd.
k=0

o [T V2, mis even,
(iii) 3 20k Ve = { K
k=0 [T Vomk, m is odd.
k=1

o 0, m 1S even,
i — D)k 2nky mUsn—1ymr = nl 4

(IV) kg(]( ) n, (2n—1)mk 2 Z 2n — 12kU,mU4nmk’a m is odd.

k=0
0, m s even,

2n
—1)k2 ={
) kZ::o< )20k m Vi 4 1] Vamr, m is odd.
k=1

Proof. In order to keep this paper within reasonable length, we restricted ourselves to a
short selection. Thus we will only prove the first identity of Theorem 2.3. All the other
verifications are very similar. To prove the first identity, we first translate everything into
g—form. We see that the identity

n—1
2Usmn [1 V2., m is even,
k=1

2n
Z 2nkU,mUmk = n—1
k=1
will be
2n k(2n—k+1) k(2n—k+1)
STA—g™) (DT T 2k
k=0
_ 2(1 - Qan)qu(n;I) (—q™; qm)i_1 , m is even,
2(—qm)7(n;1) (1= g®™™) (—=¢*™;¢*™), _,, mis odd.

So we will prove this ¢—form. First we separate the sum into two sums, that is

2n

Z (1 _ qu) (_1> mk(2n2—k’+l) q_mk(2n2—k’+l) 2nkqm
k=0
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2n 2n
mk(2n—k+1) mk(k—2n—1 mk(2n—k+1) mk(k—2n+1)

= Z(—l) T q 2 )2nkqm - Z(—l) g T 2nkgm.

k=0 k=0

Let m be even. Then

2n 2n

mk(2n—k+1) mk(k—2n—1) mk(2n—k+1) mk(k—2n+1)
E (=)= ¢ =  2nkgm — E (=) 27 ¢ = 2nkgm
k=0 k=0
2n 2n
mk(k—2n—1) mk(k—2n+1)
= E q 2 anqm — E q 2 2nkqm = L1 — LQ.
k=0 k=0
Here
2n k(k—2n—1) 2n k+1
. mk(k—2n—1) . m —mk(n+1
L= ¢ 2k = 3 ¢ (E ) g g,
k=0 k=0
and
2n k(k—2n+1)
Ly = E q 2 2nkgm.
k=0

By Cauchy binomial theorem we can write

2n 2n
L = qu(k;rl)q_mk(n+l)2nkqm _ H (1 + qm(k—n—l))
k=0 k=1
n—1
= 21+ ™) [T @ +q™) 1+q™)
k=1

n—1

= 2(L+g ™) [Ja™ L+ ™)
k=1

= 2(1+¢™) g "G (g™ q™2

and

2n 2n
L, — Z qu(k—22n+1) Ukiym = Z qm(k-gl)q,mnkznkqm
k=0

k=0 =
2n n—1

= [Ja+¢"* ™) =20+¢™ [](Q+¢™) 1+q)
k=1 k=1

n—1
k=1
= 21+ ¢™) ¢ ") (—g ™2,
Hence for m is even, we get
Ly~ Lo=2(1+q ™) ¢ ") (=™ q™?%, —2(1+¢™) ¢ "G (—g™ g™,

n+1

=2(1— g5 (—" ™)
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Now let m be odd. Then the sum will separate into two sums as follows

2n

Z ik2qm(’“;1)q_m(n+1)ki—(2n+1)k2nkq Z 1k2 (%3 ki—(2n+1)k2nkqm — S, —

k=0

So we will find the sums S; and S,. Now
k“:—(2n m(*T) —mmn 2n
S, = E:lkzl (2n+Dk (2)q (+1)k<k)qm
. 2n
141 k1 kE (2n
_ - - m("5 s—(2n+1) —m(n+1)
= 5 ey ) (k)qm

1 —1i (") (_j—(@n+1) —mln+1)) 2n
Z (2n-+1) =m( +1)) (k)
ke qm

k=1

_ 1 + i H
i 2n
2 H 2n+1) (kfnfl))

f(2n+1 m(k—n— 1))

k=1
— in2 (1_|_1 (2n+1) 7mn H 2n+1 (1_'_q2mk)
k=1
n—1
+i3n2 (1 . 7(2n+1)q7mn) H - f(2n+1)q7mk (1 + q2mk)
k=1

— jnintl (1 4 i—(2n+1)q—mn) q—m(g) (_q2m; q2m)n_1
+in2+3n—1 (1 . i—(2n+1)q—mn) q—m(g) (_q2m7 qu)n_1
_ i,n2+n+1q—m(g) (_q2m; q2m)n71
> [(1 + i7(2n+1)qun) . (1 - if(2n+1)q7mn)]

n+1

_ 2(_1)*( 2 )qu(g)q_mn (—q2m;q2m)n_1

and

2n
2
S, = Z iqum(k;rl)q—mnki—(Qn—l—l)k( ]?)
qm

k=0
. 2n
141 m(*H! —mnk:—(2n+1)k 2n
- 9 Zq . )q ! k) .
k=0 q
1 —i Z k+l —mnki—(2n+1)k <2n>
k
k= qm

2n
— 5 IH 1+i (2n+1) m(k n))

Ss.



104 I. AKKUS AND G. KIZILASLAN

. 2n

1—
i > 1 H (1 _ i—(2n+1)qm(k’—n))
k=1
n—1
— in2 (1 + i—(2n+1)qmn) H i—(2n+1)q—mk (1 + quk)
k=1

n—1
+i3n2 (1 . i—(2n+1)qmn> H _i—(2n+1)q—mk (1 + q2mk>
k=1

= Qg g ) (),
P (=g g G (<),
= i mlE) (g,
< [(1 41 CrrDgmmy (1 g gy
— 2(=1) (g mGgm (—g?mi )
Therefore the sum that we want to evaluate will be
S=8 = 2=1) g Glgmn (—g2mi ™),
(-1~ (g Bgme (—g2mi ™),
(-
2(—q

[\

— 2(=1) (g (=g (g — ™)
) (1= ) (g,

Hence the proof is completed. ]

Theorem 2.4. Let n and m be nonnegative integers. Then

2n41 2Un2n+1) L1 Vintow 11 Vo, m is even,
(i) > 2n+ 1kymUsmk = k=t W
F=0 2Um@nt1) Vin@nt1) 11 Vome, — m is odd.
k=1
2n+1
on41 2Umen+1) Vim@nsry [[ Vink, m is even,
(ZZ) Z 2n + lkU,mUQnmk = n 2 2 k=1
k=0 2 Z 2n2kU7mU(2n+1)2mk, m is odd.
k=0
2n+1 2Vin@n+1) [T Vinnemk T V2., m is even,
(iii) > 20 4 1kypmVami = h=0 et
k=0 2(p? + 4)V7721(2n+1) k]:[1 Vomk, M 15 odd.
2n+1 0, m s even,
1 —1)*2n + 1ky mUspmi = L ,
( ) kgo( ) v 2nmk -2 Z 2n2k — 1U,mUm(2n+1)(2k—1)7 m 1s odd.
k=1
ol 0, m is even,
—1)*2n + 1ky p Vomi = n—1 _
(v) kg()( ) n v 2mk _2vmvm(2n+1) H Vémk’ m 1s odd.
k=1
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Proof. We will only prove the fifth identity of Theorem 2.4. All the other verifications
are very similar. Again we translate everything into ¢g—form. Then we observe that

o 0, m is even,
) (=120 + 1k Vami = -1 .

ko( V2t WoaVonk =4 oy i T1 Ve, m s odd,
a k=1

can be written in ¢g—form as

_ mk(2n—k+3)

2n+1
(=D =g T (L+¢*)2n + 1kgn

0, m is even,
— 2in2+nq—m(g)q—m(n+1)(1 + qm)<1 + qm(2n+1)) (_qu7 q2m>n_1 . om is odd.

Let m be even. Then

2n+1
S 1A= (1 )20 4 Ty

k=0
2n+1 .
— (_1)kqm(2)(_q)—mk(n+1)imk(l—k)2n + 1]{?qm
k=0
2n+1 .
+ Z (_1)kqm(2) (_q)—mk(n+1)imk(1—k)q2mk2n + lkiqm
k=0
2n+1 .
— (_1)kqm(2)q—mk(n+l)2n + ]_k'qm
k=0
2n+1 .
+ 3 (— g gmEiman 4 1k,
k=0
2n 2n
_ H (1 . qm(k—n—1)> + H (1 . qm(k+1—n)>
k=0 k=0
=0.

_ mk(2n—k+3) m
S (=DH=q) T (L4720 + 1kgn
_ Z (_1)kzqm(§)(_q)—mk(n+1)imk(l—k)2n + 1k‘qm
+ Z (_1)kzqm(§) (_q)—mk(n—H)imk(l—k)q2mk2n + 1]€qm

k

= Z (—l)kikQQm(2) (i2”+1q_m(n+l))k 2n + 1kgm
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2n+1

+ Z( 1)k iy qm(’;) (i2n+1qm(1—n))k2n + 1kqm
k=0

=51+ 5.

Here

2n+1

i =3 (—1)RF ) (gm0 o 4 1k
k=0

(_1>kqm(’§) (i2n+1q—m(n+1))k 2 + kg

k

- (_1>kqm(2) (_i2n+1q—m(n+1))k’ o 4 ]_k}qm

:1 + i f—n[ (1 _ i?’rz-l—lqm(k—n—l)) n 1—2 ﬁ (1 + i2n+1qm(k—n—1))
2 k=0 2 k=0

n (1 12n+1 fmn) (1 . i2n+1q7m(n+1))

n—1

% l2n+1 (1 4 q2mk)
k=

+ 13n (1 + i2n+1q7mn) (1 + i2n+1q7m(n+1))
x H i2n+1quk (1 + q2mk)
k=1
—2i"" g G g (14 g™ (—¢*™5¢*™),

and

2n+1

SZ _ Z( 1)k‘lk;2q ( ) ( 2n+1qm(1 n)) o + ]J{fqm
k=0

14
2

2n+1

(_1)k‘qm<§) (i2n+1qm(1—n))k m + 1]€qm
k=0
1—i 2n+1 .

+ T (_1)k’qm<2) (_i2n+1qm(1—n)>k o + ]_qum

LT (L prtgmkneny | LT (1 4 ot gmson
LT (1 et LT (1 g
k=0 k=0
n—1
:in2 (1 _ i2n+1qmn> (1 _ i2n+1qm(n+1)) H _i2n+1q—mk (1 + quk)
k=1
+ i3n2 (1 + i2n+1q—mn) (1 + i2n+1q—m(n+1))

% H 12n+1 1 + q2mk:)
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=2i"" g ) g (L4 g™) (—P™: ), -

Thus the result follows as

Si+s = 2w G (L) (),

2i" +anm( ) (1 +q ) (_q2m7q2m)n )

— 2in2+nq—m(g> [q—mn + q—m(n+1) + qmn + qm(n+1)] (_qu7 q2m>

n—1"

3. Outlines: Other Identities in g—form

We give here the complete list of g—binomial versions of the identities given in Section
2. Let n and m be both nonnegative integers. Identities given in Theorem 2.3 can be
converted into g—forms as follows:

Identity (ii) can be converted as

2n
_ mk(4n—k—1) m n—
Z(—q) 2 (1—g¢ k(2 1)) 2nkgm
k=0
(2'n 1) 2n— mk .
2(_Q)_ (1 — ¢l ) H (—q)~ 2 (1+¢™), mis even,
— k=1
23 (—q) mEDEn=R) (1 gmnGR=2) 9 — 12k — 1m, m is odd.
k=0
Identity (iii) can be converted as
& —mk mk\2 :
2n S - k];[l q " (14 ¢"™")?, m is even,
> (—a)” (L4+q¢™)2nkgm =< &
=0 [T(=DF¢ ™ (1 + ¢*™), m is odd.
k=1
Identity (iv) can be converted as
2n k(4n—k—1)
S (=1 (=) (1= ) 20y
k=0

The sum equals 0 for m is even. Otherwise, we have

n—1

2) Z(_q)—mk(4n—2k—l) (1 o q4mnk) omn — 12kqm
k=0

Identity (v) can be converted as

2n 0, m is even,

k[ M mk — n—1
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Identities given in Theorem 2.4 can be converted into ¢g—forms as follows:
Identity (i) can be converted as

il 2k 3k K2
Z (—q)iw (1 — q2mk> 277/ + ].kqm.

If m is even, we have

n—1 n—1
_m(2n+1) m(2n mn+2k mn —2m m
2(—q) 2 (1 — ¢ +1)) H(_q) (1+¢q +2k>Hq 2mk (] | g2mkY2
k=1 k=1
and if m is odd
n—1
2(_q>7m(2n+1) (1 . q2m(2n+1)) H(_q>fmk(1 + q2mk>.
k=1
Identity (ii) can be converted as
il k(4n—k+1)
Z (—q)~ = (1—¢*"™) 2n + 1kgm
k=0

_ m(2n+1) m(2n+1) 2n+1 mk ik .
20—q) 2 (1—¢ ) IT (—¢)~ "2 (1 +¢™), mis even,
_ k=1

2 l;()(_q)fmk(4n72k+l) (1 _ q2mk(2n+1)) 2n2qum’ m is odd.

Identity (iii) can be converted as

2ntl k(2 +3 k)
(=) 2 (1+¢")2n + Lkge
k=0
If m is even we have
n—1
2q—(2mn+m)(1 + qmn>(1 + qm(n—i-l))(l + qm(2n+1)) H q—mk(l + qu)27
k=1
and if m is odd
n—1
_2(p2 +4)q7m(2n+1)( m(2n+1 2 H —mk 1+ q2mk)
k=1
Identity (iv) can be converted as
2ntl mk(4n+1—Fk)
SR (1= ) 20+ Thgn
k=0

The sum equals 0 for m is even. Otherwise, we have

_QZ —m (2k—1)(2n—k+1) (1 . qm(2n+1)(2k—1)) N2k — 1qm
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4. Conclusion

In this paper we considered some sums which are called as on-line and non-line and we
obtained some identities in g—form. For special g—values we obtain some Fibonomial sums
identities and these results can be proved by using ¢g—Zeilberger algorithm in Mathematica
or Mapple program versions. Furthermore, sums with negative subscripts can be also
considered in future studies. Our starting point for this case will be the following identity.
The identity

S (=) A kg = 1,

k=1
is obtained by using the identity

n

Z(_l)k_lq&(kgl) nk:q _ 1

k=1

So some results can also be obtained similar to this sum.
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