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ABSTRACT

A q-total coloring of G is an assignment of ¢ colors to the vertices and edges of GG, so that
adjacent or incident elements have different colors. The Total Coloring Conjecture (TCC)
asserts that a total coloring of a graph G has at least A + 1 and at most A + 2 colors. In
this paper, we determine that all members of new infinite families of snarks obtained by
the Kochol superposition of Goldberg and Loupekine with Blowup and Semiblowup snarks
are Type 1. These results contribute to a question posed by Brinkmann, Preissmann and
D. Sasaki (2015) by presenting negative evidence about the existence of Type 2 cubic
graphs with girth at least 5.
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1. Introduction

The study of a particular class of cubic graphs, known as snarks, was sparked by the Four
Color Conjecture. Snarks are cyclically 4-edge-connected cubic graphs that cannot have
their edges colored with only three colors (no two incident edges have the same color). The
Petersen graph is the earliest and smallest example of a snark. Additional snarks, such as
the Flower and Loupekine snarks were introduced by Isaacs [8], as well as an operation
called dot product, leading to the construction of infinitely many snarks. Snarks have been
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extensively studied due to their relevance in various problems, including coloring, the cycle
double cover conjecture, and the 5-flow conjecture (Esperet and Mazzuoccolo [5]).

In this paper, we focus on finite, undirected and simple graphs G = (V, E), where V
is the set of vertices and E is the set of edges. The mazimum degree of GG is denoted as
A(G), or simply A.

A g-total coloring of G involves assigning ¢ colors to the vertices and edges of G in
such a way that adjacent or incident elements have distinct colors. The total chromatic
number of G, denoted by x”(G) (or simply x”), is the minimum value of ¢ required for a
g-total coloring of G. We note that if the cardinality of any two color classes differs by at
most one, then it is called an equitable g-total coloring.

The Total Coloring Conjecture (TCC) states that the total chromatic number of a
graph G is at least A + 1, but at most A + 2 (Behzad [1], Vizing [15]). This conjecture
led to the classification of graphs into two types: Type 1, if ¥ = A+ 1, and Type 2, if
X" = A + 2. While the TCC has been verified for specific graph families, it remains an
open problem for many graph classes, spanning over five decades. For cubic graphs G,
Rosenfeld [12] and Vijayaditya [14] independently established that 4 < x”(G) < 5.

The girth of G is the length of a shortest cycle contained in G. In 2003, Cavicchioli et
al. [1] showed, with the assistance of a computer, that all snarks with girth at least 5 and
fewer than 30 vertices are Type 1, and asked the following question:

Problem 1.1 ([4]|). Find (if any) the smallest snark (with respect to the order) which is
of Type 2.

Later, Brinkmann, Preissmann and D. Sasaki [2] divided this problem into two questions
to investigate the true obstruction that makes finding these graphs (if they exist at all)
challenging: either being snarks or having a girth of at least 5.

Question 1.2 (|2]). Does there exist a Type 2 cubic graph with girth at least 57
Question 1.3 (|2]). Does there exist a Type 2 snark?

In [2], the authors addressed Question 1.3 by finding an infinite number of Type 2
snarks. The question about the existence of a Type 2 cubic graph with girth at least 5
remains open.

In 2011, Campos, Dantas, and Mello [3] provided an equitable total coloring, using four
colors for each Flower and Goldberg snark. Notably, all of these graphs have girth 5.

Kochol [10] introduced the concept of the superposition construction, yielding infinite
families of snarks with large girth. In 2016, Hégglund [7] defined two additional infinite
snark families: Blowup and SemiBlowup. In 2022, Palma et al. [11] proved that the
SemiBlowup snarks have equitable total colorings with 4 colors. This work contributes to
Question 1.2 by presenting infinite families of Type 1 graph with girth at least 5.

The paper is structured as follows: Section 2 provides the definitions, the construction
of Goldberg, Loupekine, t-SemiBlowup, and ¢-Blowup snarks, with their respective known
4-total colorings; and the construction and notation of the Kochol superposition. From
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Sections 3 to 6, we determine 4-total colorings for all members of the newly derived
infinite families obtained through the Kochol superposition of Goldberg and Loupekine
snarks with t-Blowup and t-SemiBlowup snarks. These results establish that all these
members are Type 1.

2. Preliminaries

A semi-graph is a 3-tuple G = (V, E, Sg), where V is a finite set of vertices of G, F is a set
of edges with two distinct endpoints in V', and Sg is a multiset of semiedges with at most
one endpoint in V. A semiedge without endpoints is called an isolated edge. A semiedge
with endpoint v is denoted by v-, and an edge with endpoints v and w is denoted by vw.
Given two semiedges v- and w-, the junction of v- and w- is formed by replacing v- and w-
with the edge vw. The definitions applicable for simple graphs can be naturally extended
to semi-graphs. Indeed, a graph G = (V, F) is a semi-graph G = (V, E/, Sg) with an empty
set of semiedges (Sg = 0).

2.1. Goldberg snarks

In this subsection, we study the Goldberg family of snarks that was introduced by Gold-
berg [6] in 1981. Goldberg snarks involves a recursive construction arising from linking
basic blocks.
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Fig. 1. (a) Goldberg snark Gs; (b) Link semi-graph £;, with odd ¢ > 5; and (c¢) Goldberg snark G5

In Figures 1(a) and 1(b), we depict the first Goldberg snark G3 and the link semi-
graph L;, with V(L£;) = {si—1, ti—1, Wim1, Vie1, Wim1, Tie1, Yio1, Zi—1, Si, L, Ui, Uiy Wi, Tiy Yis %
for odd ¢ > 5. The second member of this family, Goldberg snark G5 (see Figure 1(c¢)),
is obtained by deleting the edges {t3s1, ysx1, usu;} from G5 (depicted as dashed lines in
Figure 1(a)); and adding the semiedges t3-, s1-, y3-, 1+, us-, and u;-; thereafter, we make
their corresponding junction with the following semiedges of the link semi-graph L5, say
S4-, tse, Tyv, Y5+, Ug-, and us-, respectively.

All subsequent members in this family, denoted as G; with odd ¢ > 7, are similarly
constructed. This involves the junctions of the semiedges of £; with the corresponding
semiedges of the semi-graph obtained from G;_o, with odd ¢ > 7. The construction of
this semi-graph consists of removing three edges {t; 21, ¥;_2%1, u;_2u;} from G;_o, and
replacing them with their respective semiedges.

In [3], the Campos, Dantas and Mello showed that Goldberg snarks admit 4-total
colorings using the colorings of the first Goldberg snark 3 and of the link graph £;, odd
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i > 5. Figures 2(a) and 2(b) depict 4-total colorings for G5 and for the link graph £;,
respectively.

A 4-total coloring for Goldberg snark G5 is obtained from the 4-total colorings of G5 and
L; presented in Figure 3. For each odd 7 > 7, a 4-total coloring for G; is obtained from the
4-total colorings of GG;_5 and L;, using the recursive definition of Goldberg snarks. That is,
to obtain the 4-total coloring for G;, each element receives the color of its corresponding
element in G;,_5 or L;, odd 7 > 5. The remaining edges are colored as follows: t; 5s; 1,
t;S1, Yi_oTi_1 = y;x1 receives color 1; u;_su; 1 and w;uy receives color 4.

Fig. 3. Goldberg snark G5 and its respective 4-total coloring obtained from the 4-total colorings of G3
and £5

Theorem 2.1 ([3]). Fach Goldberg snark G;, with odd i > 3, is Type 1.

2.2. Loupekine snarks

In this subsection, we study the Loupekine family of snarks that was introduced in 1976,
by Isaacs [9]. These snarks are also obtained through a recursive construction as follows.
In Figures 4(a) and 4(b), we depict the first Loupekine snark L and the link semi-graph
H;, with V(H;) = {v},...,vb i, ..., ut}, for odd i > 5. The second member of this
family, Loupekine snark Lz (see Figure 4(c)), is obtained by deleting the edges vgws,
VaWa, Usws, ugwy from Ls (depicted as dashed lines in Figure 4(a)); adding the semiedges
Vg+, Vo, Ug+, Ug:, We*, W+, W3-, wr-, and then making their corresponding junction with
the following semiedges of the link semi-graph Hs, say v3-, v5-, u3-, us-, vg-, v3-, us-, ug-,
respectively.
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Fig. 4. (a) Loupekine snark Ls; (b) link semi-graph H;, with odd ¢ > 5; and (¢) Loupekine snark Ls

All subsequent members in this family, denoted as L; with odd 7 > 7, are similarly
constructed. This involves the junctions of the semiedges of H; with the corresponding
semiedges of the semi-graph obtained from L;_ 5, with odd ¢ > 7. The construction of this
semi-graph consists of removing four edges v6v§_2, vwé‘z, u2u§_2, and u6u§_2 from L;_o,
and replacing them with their respective semiedges. This procedure is analogous to the

construction of Ly where the dashed edges are removed from Ls.

Fig. 5. Loupekine snark L7

Sasaki, Dantas, Figueiredo, and Preissmann [13] constructed a 4-total coloring for the
Loupekine snarks L;, with odd 7 > 5.

Theorem 2.2 ([13]). Fach Loupekine snark L;, with odd i > 5, is Type 1.

Building upon the proof of this result, we present a 4-total coloring that shows to be
useful in simplifying the proof of our main results. This coloring takes advantage of the
recursive construction of this class.

First, we refer to Figures 6(a) and 6(¢) for the 4-total colorings of L3 and Ls, respec-
tively. The 4-total colorings of all subsequent members L; with odd ¢« > 7, are recursively
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Fig. 6. The 4-total colorings of: (a) Loupekine snark L3, (b) link semi-graph H;, with odd i > 5, and
(c) Loupekine snark Ls. The dashed line represents the placement of the link semi-graph #Hs in the
construction of a 4-total coloring of Ls

constructed as follows. We remove four edges vgvh 2, vovs %, ugub , and ugub 2 from the
colored L; o (replace them with their respective semiedges), and make the junction with
the corresponding semiedges of the colored link semi-graph #H; of Figure 6(b). It is easy
to verify that this construction produces a 4-total coloring for L,;. Indeed, we consider
the same coloring for every link semi-graph H; that preserves the coloring of the removed
edges and the endpoints of the semiedges. We depict in Figure 7(a) a 4-total coloring of
Loupekine L;. Figure 7(b) highlights the upper part of the Loupekine snarks, demon-
strating that the coloring remains the same on the subgraph induced by these vertices in
L; with odd ¢ > 5.

Fig. 7. (a) A 4-total coloring of Loupekine L; constructed from the 4-total colorings of Ls and #H; of
Figure 6 (link graph is highlighted with dashed lines). (b) The upper part of the Loupekine snarks shows
that the coloring remains the same for each L;, with odd ¢ > 7. The dashed line represents the placement
of the link semi-graph #;,2 in the construction of a 4-total coloring of L; s, with odd ¢ > 5
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2.3. SemiBlowup and Blowup snarks

The SemiBlowup family of snarks was introduced in 2016 by Hégglund [7]. Let . be
the semi-graph depicted in Figure 8(a), with V() = {ap, by, cp, dp, for Gps Py ips Gy Kp }-
The t-SemiBlowup is a snark constructed by connecting ¢ > 5 copies of semi-graph 3,
with 1 < p <t (as a cycle). Precisely, the t-SemiBlowup is constructed as follows: for
2 < p <t, we make the junctions of semiedges a,- with ¢,_;-, i,- with j,_1-, k,- with k,_1+;
and for p = 1, ay- with ¢-, 71+ with j;-, and ky- with k-

Now, let .S be the semi-graph depicted in Figure 8(b), with

V(‘S;;,) = {apa b;m Cp, dpa €p; fpa p; hpa ipa jpa kpa lp} .

The t-Blowup is a snark constructed by connecting ¢ > 5 copies of semi-graph AS]J’, with
1 < p <t (as acycle). That is, the t-Blowup is constructed as follows: for 2 < p < ¢,
we make the junctions of semiedges a,- with d,_;-, j,- with k,_1-, [,- with [,_;-; and for
p =1, ay;- with d;-, j1- with k-, and [y- with [;-.

Fig. 8. (a) Semi-graph §, of ¢-SemiBlowup snarks, and (b) Semi-graph 3/ of ¢-Blowup snarks

Palma et al. [11] presented equitable 4-total colorings for these graphs proving that
these graphs are Type 1. They observed that the 4-total coloring of semi-graph By (a
junction of four semi-graphs ), depicted in Figure 9 (resp. semi-graph Bj, a junction
of four semi-graphs §/, depicted Figure 10), appears in every t-SemiBlowup (resp. t-
Blowup) snark, with ¢ > 6. We refer to Figures 11(a) and 11(b) for the 6-SemiBlowup
and 6-Blowup, and their respective 4-total colorings.

Theorem 2.3 ([11]). Fach t-SemiBlowup and t-Blowup snarks, with t > 5, are Type 1.

2.4. Kochol superposition

In this section, we define the Kochol superposition construction as presented in [10]. Given
a cubic semi-graph M (V, E, ), with & # 0, the set S of semiedges is partitioned into
¢ pairwise disjoint nonempty sets Q1, @2, ..., @, such that |Q;|=k; with i =1,2,...,¢
and > 7 | k; = |S|. Following the notation of [10], we call the sets ); connectors, and
denote the semi-graph M by (ki, ko, ..., k;)-semi-graph M.
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Fig. 11. The 4-total colorings for (a) 6-SemiBlowup, and (b) 6-Blowup snarks

Fig. 12. Superedge M’ obtained from snark G, superedge L', supervertex J’, and supervertex K’ for
Kochol superposition

A superedge € is a semi-graph with two connectors, and a supervertex v is a semi-graph
with three connectors. We consider the following semi-graphs depicted in Figure 12:
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i. (3,3)-semi-graph M’ (superedge) is obtained by removing two nonadjacent vertices
v; and v, from a snark G, and replacing each edge incident to v; or vy by semiedges.

ii. (1,1)-semi-graph L’ (superedge) is an isolated edge (two semiedges);
iii. (1,3, 3)-semi-graph J’ (supervertex) consists of two isolated edges and a vertex;

iv. (1,1,1)-semi-graph K’ (supervertex) consists of a vertex and three semiedges.

Let G’ = (V' E’) be a snark. Replace every edge e € E’ by a superedge ., and every
vertex v € V' by a supervertex 9,. If v € V' is incident to e € E’ then a connector in ¥,
is linked with a connector in &, through the junction of semiedges. The obtained cubic
graph is called superposition of G’ with G and it is a snark [10].

Figure 13 depicts an example of isomorphic representations of superedge &;, which are
obtained by removing the two nonadjacent vertices by and ¢, from the t-SemiBlowup snark
shown Figure 14. In these representations, every edge incident to by or c; is replaced by
the corresponding semiedge.

& & & &
P 2 3 2 2 2 1 1
3 1 1 1 1 3 : 3
1 1 2 1 1 1 2 2

Fig. 13. Examples of isomorphic representations of superedge &;
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Fig. 14. A 4-total coloring of semi-graph By that appears in every t-SemiBlowup, with ¢ > 6. Vertices
that are removed to construct the superedges £ are highlighted in colors

3. Superposition: Goldberg with ¢-SemiBlowup

In this section, we present a construction of an infinite family of snarks obtained from
a Kochol superposition of Goldberg snarks with ¢t-SemiBlowup snarks, and show that all
members of the presented family are Type 1. For each odd i > 3, let R;(i) be the snark
obtained by a superposition of Goldberg snark G; with a t-SemiBlowup snark, ¢t > 6.

We refer to Table | and Figure 11 with the semi-graph B, (which appears in every
t-SemiBlowup with ¢ > 6) and the superedges that are necessary for the construction of
R (7).

The superedges &, with 1 < ¢ < 5, depicted in Figure 15, are formed by deleting,
from the ¢t-SemiBlowup snark, with ¢ > 6, the two nonadjacent vertices of semi-graph B,
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Superedge | Deleted | Superedge | Deleted
&1 fer, ba} €4 {h1, b2}
&2 192,94} &5 {az, g4}
&3 {c2, 94}

Table 1. Deleted vertices in t-SemiBlowup snark and their corresponding superedges

& & &3 & &
2 3 3 4 2 4 2 3 1 4
4 2 2 1 / 1 1 2 3 1
1 1 1 3 3 3 1 4 3

Fig. 15. The colored super edges &1, &2, &3, &4 and &5

— e

(Figure 141) represented in Table 1, and replacing each edge incident to these vertices with
the corresponding semiedge. The superedge & is formed by deleting two nonadjacent
vertices, ¢; and by , from the ¢-SemiBlowup snark (with ¢ > 6), and replacing each edge
incident to ¢; and by with the corresponding semiedge. Similarly, the superedges &5, &3,
&4, and &5 are obtained by removing, from the ¢-SemiBlowup snark (with ¢ > 6), the
nonadjacent vertices: {g2, g1}, {ca, 94}, {h1, b2}, and {as, g4} respectively. Again, each
edge incident to these vertices is replaced by the corresponding semiedge.

Fig. 16. A 4-total coloring of a superposition R;(3) of G5 with a ¢-SemiBlowup snark, with ¢t > 6

Consider the Goldberg snark G3 depicted in Figure 1(a). To obtain its superposition
Ry(3), depicted in Figure 16, first replace the following edges by the corresponding su-
peredges: edge ujus by a copy of the superedge &;; edge usus by a copy of the superedge
&9; and edge uszu; by a copy of the superedge &3. Second, make the junction of the re-
maining semiedges (those that are of the same color and whose respective endpoints have
different colors), between pairs of consecutive superedges accordingly, say & with &, &
with &3, and &3 with &;.

We refer to Figures 17 and 18(h), for the superpositions R;(5) and R;(7) obtained from
G5 (Figure 3) and G7 (Figure 18(a)), respectively. Similarly, the superpositions R(7)
with odd ¢ > 5 and t > 6 are obtained by replacing: the edges ujus, usus, usty, Usus,
by the superedges &, &, &3, &4 respectively; the edges wju;qq, for 5 < 7 < ¢ and odd
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i > 7 (ujp1 = uy), by the superedge &, for odd j; and by the superedge &, for even j; and
make the junctions of the remaining semiedges between pairs of consecutive superedges,

respectively.

Following Kochol’s construction, the remaining edges (resp. vertices) are replaced by
superedges L' (resp. supervertices K'), which is equivalent to maintain the original edges
(resp. vertices) of the Gy, for odd ¢ > 5. Moreover, if v € V is incident to e € F, then a

connector in 1, is linked with a connector in &, through the junction of semiedges.

1
2

3

<g 3 423 1 243 2 412 4 312 3 412 4 312 3 .1>
1 3 1 3 3 3 3
L, 4 ) L, . 8, 1 o 53 3~
7 1 T ) L I g 1 ! 3 T T
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3 14 19 1[4 1[4 1[4 1[4 .
>3 3 2 3 2
3 ) 1 3 1 A 3 9 1 1 3 9 1
& & & 1 &4 3 & &4 3
4
&
1
(a)

Fig. 18. (a) A 4-total coloring of G'7 indicating the superegdes ¢ that replace each edge uju;11,1 < j <7

(ug = u1) to obtain Ry(7). (b) A 4-total coloring of a superposition R;(7)

Theorem 3.1. All snarks Ry(i) obtained by a superposition of a Goldberg snark G;, odd

i > 3, with a t-SemiBlowup snark, t > 6, have x"(R:(i)) = 4.



146 PENAO ET AL.

Proof. Let ¢ > 6. The proof is by induction. As previously explained, R;(i), odd i > 3
is obtained from G; by replacing edges uju;1 with superedges &, for 1 < j < i, where
Ujp1 = U1

It is easy to verify that the assignment presented in Figure 16 (resp. 17) is a 4-
total coloring for Ry(3) (resp. R:(5)). Indeed, this coloring preserves the colors of the
corresponding elements in G (resp. Gs); and the junctions are made between semiedges
of the same color (say semiedge u- and a semiedge of superedges £ or between semiedges
of superedges &), whose endpoints have different colors.

The 4-total coloring of each superedge ¢ is obtained from the 4-total coloring of the ¢-
SemiBlowup snark with the two deleted nonadjacent vertices of B4 represented in Table 1
(Figure 14). The colors of the semiedges are the colors of the respective edges incident to
these deleted vertices. This is possible since the 4-total coloring of semi-graph B4 appears
in every t-SemiBlowup, with ¢ > 6.

that the coloring of the superposition R;(i — 2), with odd ¢ > 7 and ¢ > 6, obtained
from G by replacing: the edges wjus, usus, usuy, ugus, by the colored superedges &;, &,
&3, &4 respectively; the edges w;ujyq, for 5 < j <i—2and odd i > 9 (u;41 = uy), by the
colored superedge &5, for odd j; and by the colored superedge &4 for even j is a 4-total
coloring. We depict in Figure 18(b) a 4-total coloring for R;(7) satisfying this property.

By the induction hypothesis, we assume that a 4-coloring can be assigned to the su-
perposition R;(i — 2), where odd ¢ > 7 and ¢ > 6. This superposition is constructed from
G, by replacing: the edges ujus, usus, usuy, usus, by the colored superedges &, &s, &3, &4
respectively; the edges uju;41, for 5 < j <i—2and odd ¢ > 9 (u;11 = ), by the colored
superedge &5, for odd j; and by the colored superedge &, for even j is a 4-total coloring.
We depict in Figure 18(h) a 4-total coloring for R,(7) satisfying this property.

Now, we construct a 4-total coloring for R;(i) from R;(i —2) as follows. For R;(i), with
odd ¢ > 5, the edges u;_1u; and u;u; are replaced by the colored superedges & and &,
respectively. We also note that in the 4-total coloring of G; with odd ¢ > 7: the color of
the edge u;_qu; is 2; the colors of the vertices u;_; and u; are 1 and 3, respectively; the
color of the edge w;u; is 4; and the colors of the vertices u; and u; are 3 and 1, respectively.

The 4-total coloring of remaining superedges £ in R;(i) are obtained from the 4-total
coloring of the corresponding superedges in R;(i — 2). That is, if the colored superedge &
of R,(i — 2) replaced the edge uju;i1 in G;_, for 1 < j <i—2 and odd ¢ > 9, then the
coloring of the superedge £ of R;(7) is also obtained by replacing the same edge in G; by
this corresponding colored superedge.

The 4-total coloring of the remaining elements R, (i), with odd i > 3, are obtained from
the 4-total coloring of G; (presented in Subsection 2.1), without the edges {u;_ju;, u;u;}.

Again, the junctions are made between semiedges of the same color: between semiedge
u- and a semiedge of superedge &, (or &5) (or between semiedges of superedges &, and &5),
whose endpoints have different colors. Note that the junctions of these semiedges preserve
the colors, since the same junctions are made in the 4-total coloring of R;(7) depicted in
Figure 18(h).

Finally, by construction this 4-total coloring satisfies the conditions in the inductive
hypothesis. This ends the proof. O
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4. Superposition: Goldberg with t-Blowup

In this section, we present a construction of an infinite family of snarks obtained from a
Kochol superposition of Goldberg snarks with ¢-Blowup snarks, and show that all members
of the presented family are Type 1. For each odd i > 3, let R;(7) be the snark obtained
by a superposition of Goldberg snark G; with a ¢-Blowup snark, ¢ > 6.

3 2 3d1 1 3 4 3 3 2 3 1 3 4 3 4
4 2 4 1 2 4 2C2c, 1 d, 4 2 4 1 2 4 2 1

N.—-
.
.
-
.

Fig. 19. A 4-total coloring of semi-graph Bj that appears in every ¢-Blowup, with ¢ > 6. Vertices that
are removed do construct the superedges £’ are highlighted in colors

Superedge | Deleted | Superedge | Deleted
31 {c2,d1} &4 {e2, f3}
£ fer, e2} &5 {es, fu}
3] {e1,da}

Table 2. Deleted vertices in ¢-Blowup snark and their corresponding superedges

& & & ¢, ¢
2 1 3 3 3 1 2 3 3 3
1 4 2 4 4 1 1 1 1
3 4 1 1 2 3 2 4 4

Fig. 20. The colored super edges &}, &, &, & and &

Similarly to the previous superposition, the superedges ¢’ are formed from the t-Blowup
snark, t > 6, by deleting the two nonadjacent vertices of semi-graph B (Figure 19) repre-
sented in Table 2; and replacing each edge incident to these vertices with the corresponding
semiedge, see Figure 15.

Consider the Goldberg snark G5 depicted in Figure 1(a). To obtain its superposition
R;(3), depicted in Figure 21, first replace the following edges by the corresponding su-
peredges: edge ujus by a copy of the superedge £1; edge usus by a copy of the superedge
&; and edge usu; by a copy of the superedge £;. Second, make the junction of the re-
maining semiedges (which are those of the same color and respective endpoints of different
colors), between pairs of consecutive superedges accordingly, say & with &, &, with &,
and & with &].

We refer to Figures 22 and 23(b) for the superpositions R;(5) and R}(7) obtained from
G5 (Figure 3) and G; (Figure 23(a)), respectively. Similarly, the superpositions Rj}(7)
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with odd ¢ > 5 and t > 6 are obtained by replacing: the edges ujus, usus, usty, Usus,
by the superedges &7, &), &, &) respectively; the edges wju;4q, for 5 < j < 7 and odd
i > 7 (u;41 = u1), by the superedge &, for odd j; and by the superedge &) for even j; and
make the junctions of the remaining semiedges between pairs of consecutive superedges,
respectively.

Again, following Kochol’s construction, the remaining edges (resp. vertices) are replaced
by superedges L’ (resp. supervertices K’) which is equivalent to maintain the original
edges (resp. vertices) of G; for i odd and i > 5. Finally, if v € V is incident to e € E,
then a connector in ¢, is linked with a connector in & through the junction of semiedges.

Fig. 22. A 4-total coloring of a Kochol superposition R;(5) of Goldberg snark G5 with ¢-Blowup snarks

Theorem 4.1. All snarks R}(i) obtained by a superposition of a Goldberg snark G;, odd
i > 3, with a t-Blowup snark, t > 6, have " (R}(i)) = 4.

Proof. Let t > 6. The proof is by induction. As previously explained, R;}(i), odd i > 3
is obtained from G; by replacing edges u;u;+1 with superedges &', for 1 < j < i, where
Ujp1 = U7

It is easy to verify that the assignment presented in Figure 21 (resp. 22) is a 4-
total coloring for R;(3) (resp. R;(5)). Indeed, this coloring preserves the colors of the



TyYPE 1 KOCHOL SUPERPOSITIONS 149

corresponding elements in Gy (resp. Gs); the junctions are made between semiedges of
the same color (say semiedge u- and a semiedge of superedges £’ or between semiedges of
superedges ¢’), and whose endpoints have different colors.

The 4-total coloring of each superedge £’ is obtained from the 4-total coloring of the
t-Blowup snark with the two deleted nonadjacent vertices of Bj represented in Table 2
(Figure 19). The colors of the semiedges are the colors of the respective edges incident to
these deleted vertices. This is possible since the 4-total coloring of semi-graph B appears
in every t-Blowup, with ¢ > 6.

The proof is similar to the proof of Theorem 2.3 considering the new colored superedges
&', The 4-total coloring of the superedges that replaced the edges u;_qu; and w;u; are the
same of the coloring of &) and &L, respectively; and the 4-total coloring of the remaining
superedges & in R;(i) is obtained from the 4-total coloring of its corresponding superedge
in Rj(i —2).

2 1 2
7
| :
7
&
1
(a)
1
<§ 3 423 1 2 4 3 2 412 4 31 2 3 4 1 2 4 312 3 _1>
1 3 3 2 2 2 2
4, 4 L, 3, 4O 3 4
3 2 1 4 1
7 1 112 2 11 71 113 71 3
4 2 |2 3 |1 3 B 2 2 B 2 3 2
3 14 1L 2 14 1[4 1[4 1 3
4 2 4,02 3 .2
3 S1 IS & 3 & 1 31 1
243 1 r’w%’ 3 1 T 4%1\%5
2 2 2 (o) 03 ! 2 : 1 le-3 2
/1 o1 2e/ 1 ot 1o/ 1 (o3 2e/_1 o3 1ol \
3 el 2y el 4y 3 03 4y 2
..
13
3 [q]10) 3
1\ o/ 4
o3 1s
T

Fig. 23. (a) A 4-total coloring of G; indicating the superegdes &’ that replace each edge to obtain R;(7);
(b) A 4-total coloring of a superposition R;(7)

Again, the junctions are made between semiedges of the same color: between semiedge
u- and a semiedge of superedge &4 (or &5); or between semiedges of superedges &, and
&s. Moreover, the endpoints of the edges corresponding to these junctions have different
colors. Note that the junctions of these semiedges preserve the colors, since the same
junctions are made in the 4-total coloring of R}(7) depicted in Figure 23(b). This ends
the proof. O
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5. Superposition: Loupekine with -Semi Blowup

In this section, we present a construction of an infinite family of snarks obtained from a
Kochol superposition of Loupekine snarks with ¢-SemiBlowup snarks, and show that all
members of the presented family are Type 1. For each odd ¢ > 3, let L.(i) be the snark
obtained by a superposition of Loupekine snark L; with a ¢-SemiBlowup snark, ¢ > 6.

"

2341 23c 1 23423 4 14, 3 4 2 14 2
by Cy cy|C2
1 " 3 + 4 | 3 3 4 2 3 3
( Y ]
167 —1-—e1 1 2 e 4 1 ¢3 3 e
3 3 2 .2
Julhy [ 2l 4 f 11 40 NEBED.
1 7 R 1 3 1 p. —93
- 3 2 2 1
7 2 | 3
1 3 4 3 2 4
R 2 'I 2 ka4 1 b

Fig. 24. A 4-total coloringof semigraph B, that appears in every t-SemiBlowup, with ¢ > 6. Vertices
that are removed to construct the superedges £ are highlighted in colors

Superedge | Deleted | Superedge | Deleted
U1 {b1,i3} [ {c1,d1}
P2 {ca, b} ¥s {ha, ks}
Y3 {d1, 1} (3 {c2,c1}

Table 3. Deleted vertices in t-SemiBlowup snark and their corresponding superedges

1‘/}1 7//' 2 Y 3
4 2 2 2 1 2
2 4 1 y 1 3 1
3 4 3 2 3
Yy s Y
2 1 2 2 4 4
1 1 2 2
4 2 3 3 1 1

Fig. 25. The colored superedges 1, ¥s, 13, ¥4, 15 and g

We refer to Table 3 and Figure 24 with the semigraph B, (which appears in every
t-SemiBlowup with ¢t > 6) and the superedges that are necessary for the construction of
Ry (7). Similarly to the previous superpositions, the superedges 1; for 1 < i < 6, depicted
in Figure 25, are formed by deleting, from the ¢-SemiBlowup snark, with ¢ > 6 (Figure 24),
the two nonadjacent vertices represented in Table 3, and replacing each edge incident to
these vertices with the corresponding semiedge.

Consider the Loupekine snark Lj presented in Figure 4(a). To obtain its superpo-
sition L;(3), depicted in Figure 26(a), replace the following edges by the corresponding
superedges: edge vgu; by a copy of the superedge v;; edge v;u; by a copy of the superedge
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W35 edge urug by a copy of the superedge v; edge ugw; by a copy of the superedge 1y;
edge wrywg by a copy of the superedge 11; and edge wgvg by a copy of the superedge 5.

Second, make the junction of the remaining semiedges (which are those of the same
color and extreme vertices of different colors), between pairs of clockwise consecutive
superedges accordingly, say 1 with 3, 13 with 11, 1y with g, 14 with 11, ¢ with 1o,
Wy with 1.

We refer to Figures 26(b) and 28(b), for the superpositions L;(5) and L;(7) obtained
from L5 (Figure 4(c¢)) and L7 (Figure 5), respectively. Similarly, the superpositions L; (i)
with odd ¢+ > 5 and t > 6 are obtained by replacing: the edges vgv;, v7u7, urug, by a
copy of the superedge v, 13, 11, respectively; the edges ugub, udwsr, wrws, wevg, vive by
a copy of the superedge vy, Vg, 11, Vo and 5, respectively; the edges uéu]}, Uév;, odd
5 < j <1 by a copy of the superedge 11; the edges u%fQUé, vév%d, for odd 5 < j < by
a copy of the superedges 15, 1, respectively; and make the junctions of the remaining
semiedges between pairs of clockwise consecutive superedges, respectively.

Following Kochol’s construction, the remaining edges (resp. vertices) are replaced by
superedges L' (resp. supervertices K'), which is equivalent to maintain the original edges
(resp. vertices) of the L;, for odd i > 5. Moreover, if v € V' is incident to e € F, then a
connector in 1, is linked with a connector in & through the junction of semiedges.

Theorem 5.1. All snarks L,(i) obtained by a superposition of a Loupekine snark L;, odd
i > 3, with a t-SemiBlowup snark, t > 6, have X" (L(7)) = 4.

Proof. Let t > 6. The proof is by induction. As previously explained, L;(i), odd i > 3 is
obtained from L; by replacing certain edges with superedges 1.

It is easy to verify that the assignment presented in Figure 26(a) (resp. 26(b)) is a
4-total coloring for L;(3) (resp. L(5)), since this coloring preserves the colors of the
corresponding elements in Lg (resp. Ls); the junctions are made between semiedges of
the same color; and the extreme vertices of the edges corresponding to these junctions
have different colors.

The 4-total coloring of each superedge 1 is obtained from the 4-total coloring of the t-
SemiBlowup snark with the two deleted nonadjacent vertices of By represented in Table 3
(Figure 24). The colors of the semiedges are the colors of the respective edges incident to
these deleted vertices. This is possible since the 4-total coloring of semigraph B4 appears
in every t-SemiBlowup, with ¢ > 6.

The proof is similar to the previous proofs. For example, it is straightforward to
construct L,(7) from Figures 27(a), and 27(b). In general, for L,(7), the 4-total coloring of
the superedges that replaced the edges vgvt, ugu’ from L; o are the same of the coloring
of ¥5 and 14, respectively; the 4-total coloring of the superedges that replaced the edges
vivg, ubul from the link graph L; are the same of the coloring of v;; the 4-total coloring
of the superedges that replaced the edges vi v}, ut2u} from the link graph L; are the
same of the coloring of 15 and v, respectively; and the 4-total coloring of the remaining
superedges 1 in L;(i) is obtained from the 4-total coloring of its corresponding superedge
in L;(i — 2).
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Fig. 27. (a) A 4-total coloring for the link graph indicating the superedge that replaces each edge and
semiedge. (b) A 4-total coloring for Ls indicating the superedge that replaces each edge to obtain L:(5)

Again, the junctions are made between semiedges of the same color whose endpoints
have different colors. Note that the junctions of these semiedges preserve the colors, since
the same junctions are made in the 4-total coloring of L.(7) (the superedges of L; are
indicated in Figure 28(a) and depicted in Figure 28(b)). This ends the proof. O

6. Superposition: Loupekine with {-Blowup

In this section, we present a construction of an infinite family of snarks obtained from a
Kochol superposition of Loupekine snarks with ¢-SemiBlowup snarks, and show that all
members of the presented family are Type 1. For each odd i > 3, let Lj(i) be the snark
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Fig. 28. (a) A 4-total coloring for L7 indicating the superedge v that replaces each edge to obtain L:(7)
(link graph is highlighted with dashed lines); (b) A 4-total coloring of a semigraph of a superposition
Ly(i), for i > 7

obtained by a superposition of Loupekine snark L; with a ¢-Blowup snark, ¢t > 6.

3 2 3 1 3 4 3 1 3 2 3 | 3 4 34
4 2hy 4 1 2 ag24 2 1 1 ag 2 4 1 2 4 2 1
3

3 4 1 3 l34 13 1

Fig. 29. A 4-total coloring of semigraph B) that appears in every ¢-Blowup, with ¢ > 6. Vertices that
are removed do construct the superedges ¢’ are highlighted in colors.

Similarly to the previous superpositions, the superedges 1] for 1 < ¢ < 6, depicted in
Figure 30, are formed by deleting, from the t-Blowup snark, with ¢ > 6 (Figure 29), the
two nonadjacent vertices represented in Table 4, and replacing each edge incident to these
vertices with the corresponding semiedge.

Consider the Loupekine snark L3 presented in Figure 4(a). To obtain its superpo-
sition L}(3), depicted in Figure 31(a), replace the following edges by the corresponding
superedges: edge vgv7 by a copy of the superedge 15; edge v;ur by a copy of the superedge
Yy; edge urug by a copy of the superedge 15; edge ugw; by a copy of the superedge ;
edge wr;wg by a copy of the superedge ¢|; and edge wgvg by a copy of the superedge v%,.

Second, make the junction of the remaining semiedges (which are those of the same
color and extreme vertices of different colors), between pairs of clockwise consecutive
superedges accordingly, say 14 with v, ¢y with o5, ¢4 with ¢L, L with ¢}, ¢ with ¢}
and 95 with 5.

We refer to Figures 31(b) and 33(b), for the superpositions L;(5) and L;(7) obtained
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Superedge | Deleted | Superedge | Deleted
1 {az, a3} ¥l {F1, 13}

2 {br, s} V5 {k1, ha}

Yy {az, js} Vs {b1,b4}

Table 4. Deleted vertices in ¢-Blowup snark and their corresponding superedges
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Fig. 30. The colored superedges o}, ¥, ¥5, ¥, ¥i and ¢

from L5 (Figure 4(c¢)) and L7 (Figure 5), respectively. Similarly, the superpositions L} (i)
with odd ¢« > 5 and ¢t > 6 are obtained by replacing: the edges vgvr, v7u7, usug, by a
copy of the superedge v}, 1, 14, respectively; the edges ugub, udws, wrws, wevy, vive by

a copy of the superedge %, 4, ¥}, 1, and v, respectively; the edges ulul, vjvl, odd

5 < j < i by a copy of the superedge |, ¥} respectively ; the edges uj%_Qué, vévg_Q, for
odd 5 < j < i by a copy of the superedges v, 1}, respectively; and make the junctions

of the remaining semiedges between pairs of clockwise consecutive superedges.

Following Kochol’s construction, the remaining edges (resp. vertices) are replaced by
superedges L' (resp. supervertices K'), which is equivalent to maintain the original edges
(resp. vertices) of the L;, for odd i > 5. Moreover, if v € V' is incident to e € F, then a
connector in ¥, is linked with a connector in &, through the junction of semiedges.

Theorem 6.1. All snarks Lj(i) obtained by a superposition of a Loupekine snark L;,
i >0, with a t-Blowup snark, t > 6, have x"(L,(i)) = 4.

Proof. Let t > 6. The proof is by induction. As previously explained, L;(i), odd i > 3 is
obtained from L; by replacing certain edges with superedges 1.

It is easy to verify that the assignment presented in Figure 31(a) (resp. 31(b)) is a
4-total coloring for L}(3) (resp. Lj(5)), since this coloring preserves the colors of the
corresponding elements in Lg (resp. Ls); the junctions are made between semiedges of
the same color; and the extreme vertices of the edges corresponding to these junctions
have different colors.

The 4-total coloring of each superedge v is obtained from the 4-total coloring of the
t-Blowup snark with the two deleted nonadjacent vertices of B) represented in Table 4
(Figure 29). The colors of the semiedges are the colors of the respective edges incident to
these deleted vertices. This is possible since the 4-total coloring of semigraph B) appears
in every t-Blowup, with ¢t > 6.

The proof is similar to the previous proofs. For example, it is straightforward to
construct L,(7) from Figures 32(a), and 32(b). In general, for L(i), the 4-total coloring of
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Fig. 31. (a) A 4-total coloring for L}(3), t > 6; (b)A 4-total coloring for L;(5),t > 6

the superedges that replaced the edges vivg, ugub from L, , are the same of the coloring
of ¢ and 1;, respectively; the 4-total coloring of the superedges that replaced the edges
vivg, ubul from the link graph L; are the same of the coloring of 14 and v}, respectively;
the 4-total coloring of the superedges that replaced the edges vi vi, ui 2uf from the
link graph L, are the same of the coloring of v, and 1, respectively; and the 4-total
coloring of the remaining superedges ¢’ in L}(i) is obtained from the 4-total coloring of
its corresponding superedge in Lj(i — 2).

Fig. 32. (a) A 4-total coloring for the link graph indicating the superedge that replaces each edge. (b)
A 4-total coloring for Ly indicating the superedge that replaces each edge to obtain L;(5)

Again, the junctions are made between semiedges of the same color and the extreme
vertices of the edges corresponding to these junctions have different colors. Note that the
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junctions of these semiedges preserve the colors, since the same junctions are made in the
4-total coloring of L;(7) (the superedges of L; are indicated in Figure 33(a) and depicted
in Figure 33(b). This ends the proof. O

Fig. 33. (a) A 4-total coloring for L indicating the superedge ¢’ that replaces each edge to obtain L}(7)
(link graph is highlighted with dashed lines); (b) A 4-total coloring of a semigraph of a superposition
Li(i), for i > 7

7. Conclusion

In this paper, we analyze Question 1.2, proposed by Brinkmann, Preissmann and D.
Sasaki [2|, investigating the Problem 1.1 for cubic graphs. We emphasize that the
Loupekine, Goldberg, t-SemiBlowup and ¢-Blowup snarks studied in this paper have girth
greater than or equal to 5. Hence, once the studied graphs Ry(i), R;(i), L;(i) and L} (7)
are obtained by Kochol’s superposition, the girth of the resulting graph is determined by
the smallest cycle between the original graphs involved in this operation. Thus, for fixed
1 or t, we construct a family of Type 1 cubic graphs with girth greater than or equal to
5, and these results provide evidence of negative answer for the Question 1.2.
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