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ABSTRACT

A proper total coloring of a graph G such that there are at least 4 colors on those vertices and
edges incident with a cycle of G, is called an acyclic total coloring. The acyclic total chromatic
number of G, denoted by x.(G), is the smallest number of colors such that G has an acyclic total
coloring. In this article, we prove that for any graph G with A(G) = A which satisfies " (G) < A
for some constant A, and for any integer r, 1 < r < 2A, there exists a constant ¢ > 0 such that if
9(G) > 2 log A727 then x,(G) < A+r.
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1. Introduction

In this paper, all graphs considered are finite and undirected. Let G = (V, E) be a graph, where
V =V(G) and E = E(G) are the vertex set and the edge set of G, respectively [6]. We use A(G),
)(G) to denote the maximum degree and the minimum degree of a graph G, respectively. The girth
of a graph G, denoted by ¢(G), is the length of the shortest cycle in G. As usual, [k| stands for the
set {1,2,...,k}.

A proper vertex (or edge) k-coloring of a graph G is a mapping ¢ from V(G) (or E(G)) to the color
set [k] such that no pair of adjacent vertices (or adjacent edges) are colored with the same color. A
proper vertex (or edge) coloring of a graph G is called acyclic if there is no 2-chromatic cycle (cycle
colored with precisely two colors) in G, i.e., the union of any two color classes induces a forest in G.
The acyclic chromatic number of G, denoted by x,(G), is the smallest number k of colors such that
G has an acyclic k-coloring. The acyclic chromatic index of G, denoted by x,(G), is the smallest
number £ of colors such that G has an acyclic edge k-coloring.
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The concept of acyclic coloring of a graph was introduced by Griinbaum [14] who conjecture that
every planar graph is acyclically 5-colorable, which was proved by Borodin [7]. In 2011, Kostochka
et al. [21] proved that every graph with maximum degree 5 has an acyclic 7-coloring, i.e., x.(G) < 7.
In 2014, Zhao and Miao et al. [31] proved that every graph with maximum degree 6 is acyclically
10-colorable, i.e., x,(G) < 10.

In 2001, Alon et al. |2] proposed the Acyclic Edge Coloring Conjecture, which states that for every
graph G, x,(G) < A(G)+2. This conjecture was justified for several classes of graphs, including non-
regular graphs with maximum degree at most 4 [1], subcubic graphs [3, 26|, outerplanar graphs [17,
23|, series-parallel graphs [16], planar graphs without small cycles [15, 16], ete. In 2010, Borowiecki
et al. |11] proved the conjecture for planar graphs with girth at least 5 and for planar graphs not
containing cycles of length 4, 6, 8 and 9. They also show that x,(G) < A(G) + 1 if G is planar
with girth at least 6. In 2012, Lin et al. [22]| proved that for a graph G with maximum degree A
and girth ¢(G), and for any integer r with 1 < r < 2A, there exists a constant ¢ > 0 such that if
9(G) > = log(ATz), then v, (G) < A+7r+ 1.

A proper total k-coloring of a graph G is a mapping ¢ : E(G)UV(G) — {1,2,...,k} such that no
two adjacent or incident elements receive the same color. The total chromatic number of G, X”(G),
is the smallest integer k such that G has a proper total k-coloring. An acyclic total k-coloring is
a proper total k-coloring of a graph G such that there are at least 4 colors on those vertices and
edges incident with a cycle of G. The acyclic total chromatic number of G, denoted by x. (G), is the
smallest number £ of colors such that G has an acyclic total k-coloring.

Behzad [5] and Vizing [29] independently conjectured that A(G) +1 < x"(G) < A(G) + 2 (the
Total Coloring Conjecture). In 1971, Rosenfeld [24] proved that if G is a graph with A(G) < 3,
then x"(G) < 5. In 1977, Kostochka [19] proved that if G is any multigraph with A(G) < 4, then
¥ (G) < 6. In 1996, Kostochka [20] proved that for each multigraph G with A(G) < 5, X" (G) < 7.
Borodin [8] proved that every planar graph with A(G) > 9 is total (A(G) + 2)-colorable. This result
was improved to the case A(G) > 8 by employing Four-Color Theorem and Vizing’s Theorem on
the edge coloring [18]. More recently, Sanders and Zhao [25] further settled the A(G) = 7 case.
For planar graphs, the Total Coloring Conjecture remains open only for the A(G) = 6 case. It was
shown that " (G) = A(G) + 1 if G is a planar graph with A(G) > 14 [8], with A(G) > 12 [9], with
A(G) = 11 [10] and with A(G) = 10 [30].

The acyclic total coloring was introduced by Sun and Wu [28], who proved that the acyclic total
chromatic number of a planar graph G is at most A(G)+2if A(G) > 12, orif A(G) > 6 and g(G) > 4,
or if A(G) > 5 and g(G) > 5, or if g(G) > 6. Furthermore, they proved that y, (G) = A(G) + 1 if G
is a series-parallel graph with A(G) > 3. They also showed in the same paper that x| (G) < A(G)+2
for a bipartite graph G. Lastly, they posed the following conjucture.

Conjecture 1.1. A(G) +1 < . (G) < A(G) + 2 for any graph G.

For a planar graph G of maximum degree at least k and without [ cycles, the conjecture is proved
to be true if (k,1) € {(6,3),(7,4),(6,5),(7,6)} [27]. For every plane graph G, x.(G) = A(G) + 1 if
A(G) > 9 and g(G) > 4, or if A(G) > 6 and ¢g(G) > 5, or if A(G) > 4 and g(G) > 6, or if A(G) > 3
and ¢g(G) > 14 [12].

To the best of our knowledge, there are not many results on the bounds of the acyclic total
chromatic number. In this paper, we investigate the acyclic total coloring of graphs with large
girths, and prove the following theorem.
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Theorem 1.2. For any graph G with A(G) = A which satisfies X (G) < A for some constant A,
and for any integer r, 1 < r < 2A, there exists a constant ¢ > 0 such that if g(G) > % log ATQ, then
Xa(G) < A+r.

Corollary 1.3. For any graph G with A(G) = A which satisfies ¥ (G) = A+1, and for any integer
r, 1 <r <2A, there exists a constant ¢ > 0 such that if g(G) > % log ATQ, then Xg(G) <A+4+r+1.
Thus, for r =1 such graphs also satisfy Conjecture 1.1.

Corollary 1.4.  For any graph G with A(G) = A which satisfies X (G) = A+2, and for any integer
r, 1 <r < 2A, there ezists a constant ¢ > 0 such that if g(G) > < log ATQ, then X (G) < A+r+2.

In Section 2, we give some preliminaries, including the definitions, symbols and conclusions used
in this paper. We then give the proof of the main result in Section 3.

2. Preliminary lemmas

A cycle is a graph such that each its vertex is of degree two. The length of a cycle is the number of
its edges. A cycle of length k is called a k-cycle. A half-edge contains a vertex and one of its incident
edges.

Lemma 2.1. [28] If G is a cycle, then x,(G) = 4.

The proof of Theorem 1.2 relies heavily on the following general form of the Lovész local lemma
[1, 13].

Lemma 2.2. Let Ay, Ay, ..., A, be the random events, and suppose that there exist real numbers
X1, Lo, ..., Ty sSuch that 0 < x; < 1,i=1,2,...,n, and
PrA) <z [ (-, (1)
{i.}€E(D)

Then Pr(N, 4;) > 0.

The graph D involved in the lemma above is called dependency graph. The vertex set V(D) consists
of all events A;, in which every event A; is mutually independent of all A; with {i,j} & E(D).

3. Proof of Theorem 1.2

The technique used in the proof is similar to that in |22].

In the following, we will prove the theorem by showing that if g(G) > < log(ATQ), then there exists
an acyclic total coloring of G with A + r colors. Without loss of generality, we suppose that the
graph G is connected.

If A =0, namely G is a trivial graph, then x, (G) = 1.

If A =1, namely G is an edge, then y, (G) = 3.

If A =2, then G is a path, a parallel edge or a cycle. If G is a path, then x,(G) = 3. If G is a
parallel edge, then Y, (G) = 4. Otherwise, x,(G) = 4 by Lemma 2.1.

So we can suppose that A > 3. The proof consists of two steps. First, since X”(G) < A, we
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can properly color the vertices and edges of G by A colors. Let ¢ denote this total coloring. Next,
each vertex and each edge is recolored with the remaining r colors randomly and independently with
probability p;, pa, respectively. Let us denote the set of those remaining r colors by [r] = {1,2,...,7}.
Now, it suffices to show that with positive probability:

(A) the total coloring remains proper: no two adjacent or incident elements are colored with color
i for some i € [r], and

(B) the total coloring becomes acyclic: every cycle of G contains at least four different colors. To
assume that (A) and (B) hold, we need only to avoid the following six types of “bad" events.

Type 1. For each pair of adjacent vertices L = {vy, v}, let Ep be the event that both v; and v,
are recolored with ¢ for some i € [r].

Type 2. For each pair of adjacent edges C' = {ey, e}, let Ec be the event that both e; and e
are recolored with ¢ for some i € [r].

Type 3. For each half-edge D = {vy,e1}, let Ep be the event that both v; and e; are recolored
with ¢ for some i € [r].

Type 4. For each 3k-cycle F' which has three colors in the first total coloring, let Er be the event
that both of V(F) and E(F) are not recolored.

For each 3k-cycle H = vpeqv1eqvs - - - €3p_10U35_1€3500 = T1T2 -+ * Tep_1TexpL1. Wemark O = {xq, 2y, ...

P ={x9,25,..., 2661}, Q = {x3, %6, ..., 7} After the first total coloring ¢ in G, a 3k-cycle H is
called partial-monochromatic if at least one of the sets O, P, () is monochromatic. Note that this
includes cycles which contain three colors by the first total coloring.

Type 5.  For each partial-monochromatic 3k-cycle H in the first total coloring, let Ey denote
the event that at least % of the vertices and edges of H are recolored such that H is properly total
3-chromatic in the new total coloring.

Type 6. For each 3k-cycle J which is not a partial-monochromatic cycle in the first total coloring,
let £/; be the event that J is properly total 3-chromatic in the new total coloring.

We claim that if no events of Types 1-6 appear, then (A) and (B) hold. It is easy to see that (A)
holds if no events of Types 1, 2 or 3 appear. Since total colorings of (3k+1)-cycles and (3k+2)-cycles
are acyclic, only 3k-cycles can be 3-chromatic in the new total coloring. If no element of such the
3k-cycle was recolored with some new color, then the cycle would be of Type 4. Otherwise, if the
3k-cycle was recolored, then such the cycle would be either partial-monochromatic and consequently
of Type 5 or non-partial-monochromatic and consequently of Type 6. Thus (B) holds if no elements
of Types 4, 5 or 6 appear. Thus it suffices to show that none of these events occur with positive
probability, namely, the probability that both (A) and (B) hold is positive. Now, let K be the
dependency graph whose vertex set consists of all the events of the six types, in which two vertices
Ex and Ey (X,Y € {L,C,D, F, H, J}) are adjacent if and only if X and Y share a common vertex
or a common edge. It is immediate that the probabilities of the above six types are as follows.

1) Pr(Ep) = rp% for each event Ep of Type 1.

Pr(E¢) = rp3 for each event E¢ of Type 2.

W N

(1 —7p1)®*(1 — rps)3® for each event Er of Type 4, where F is of length 3z.

Ut
-

) (Ec) =
) Pr(Ep) = rpip, for each event Ep of Type 3.
) Pr(Ep) =
) r(En) < 3(})pips for each event Ey of Type 5, where H is of length 3z.
6) Pr(E;) <3!(3)pips" for each event E; of Type 6, where J is of length 3x.
In order to apply the Lovasz local lemma, we also need to estimate the degrees of vertices of each
type in K.

y Lk—2
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Lemma 3.1. For any given vertex v in GG, we have that
(1) at most A vertices are adjacent to v;

2) at most A half-edges contain v;

w

(2)

(3) at most A 3k-cycles which are properly total 3-chromatic contain v;
(4)  fewer than A** partial-monochromatic 3k-cycles contain v;

()

fewer than A%*~' 3k-cycles contain v.

Proof. It is obvious that (1), (2) hold. To prove (3), we find a total 3-chromatic 3k-cycle H =
Ve1v1Ee9Vy - - E3k_ 131630 as follows. For vertex v in G, select an edge e; which is incident to v (at
most A possibilities). We use v; to denote the other endpoint of e;. Then, select an edge e; which is
adjacent to e; such that c(eq) = ¢(v) and c(vy) = c(ey), where vy is the other endpoint of e;. There
is at most one such edge e, since the total coloring c is proper. If such a vertex v, does not exist, the
number of cycles is smaller than the bound presented in the lemma. Then, for i = 2,3, ..., 3k, there
is at most one possible edge e; such that the 3k-cycle H is total 3-chromatic. Therefore the number
of 3k-cycles which are properly total 3-chromatic that contain vertex v is at most A.

To prove (4), we find a partial-monochromatic 3k-cycle M = vejvieqvs - - - €3p_10V3_1€350
= X1%9 -+ Ter_1Terx1 (Without loss of generality, we assume that v = z; and @ is monochromatic,
since other cases are similar) as follows. Select an edge zo which is incident to z; (at most A
possibilities). Next, select an edge x, which is adjacent to z5 (at most A — 1 possibilities). Then,
select an edge xg which is adjacent to x4 such that c¢(xg) = c¢(x3). There is at most one such edge x4
since the total coloring ¢ is proper. If such an edge does not exist, the number of cycles is smaller
than the bound presented in the lemma. Next, we proceed similarly. For i = 2,... k, we select in
turn the edge x4;_4 (at most A — 1 possibilities), z4;_2 (at most A — 1 possibilities) and z4; such that
c(xg;) = c(xpi—3) (at most one possibility). Therefore the number of partial-monochromatic 3k-cycles
that contain v is fewer than A%,

To prove (5), we find a 3k-cycle N = vejvieqvy - - - egr_1v3,_1€3,0 as follows. For vertex v in G,
select an edge e; which is incident to v (at most A possibilities). Next, for i = 2,...,3k — 1, there
are at most A — 1 possible edges e; and at most one possible edges e3; such that N is a 3k-cycle.
Therefore the number of 3k-cycles that contain vertex v is fewer than A3%—1,

This completes the proof of Lemma 3.1. m

Lemma 3.2.  For any given edge e in G, we have that
(1) fewer than 2A edges are adjacent to e;

2)  exactly two half-edges contain e;

w

(2)

(3) exactly one 3k-cycle which is properly total 3-chromatic contains e;
(4)  fewer than 2A%~1 partial-monochromatic 3k-cycles contain e;
(5)

5)  fewer than 2A%2 3k-cycles contain e.

Proof. It is obvious that (1), (2), (3) hold.

To prove (4), we find a partial-monochromatic 3k-cycle M = wvgevieqvy - - €3 _1Vsp_ 163600 =
1Ty - - Tek_1%erx1 (Without loss of generality, we assume that e = x5 and P is monochromatic, since
other cases are similar) as follows. Select an edge x4 which is adjacent to x such that c(x5) = c(z2) (at
most 2(A — 1) possibilities). Next, fori = 2,..., k, we select in turn the edge x4;_¢ which is adjacent
to zg;_s (at most A — 1 possibilities), xg;_4 which is adjacent to xg_g such that c(xe;_4) = c(z6i_7)
(at most one possibility), and xg;_» which is adjacent to xg;_4 such that c¢(zg;_1) = c(xg_4) (at most
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A — 1 possibilities). Finally, there is at most one possible edge xg, for all k, such that M is a partial-
monochromatic 3k-cycle. Therefore the number of partial-monochromatic 3k-cycles that contain e
is fewer than 2A%¢—1,

To prove (5), we find a 3k-cycle N = vgevieqvs - - - €3,_1U3,_1€3x00 as follows. For edge e in G,
select an edge e; which is adjacent to e (at most 2(A — 1) possibilities). Then, for i =3,...,3k — 1,
there are at most A — 1 possible edges e; and at most one possible edge es; such that N is a 3k-cycle.
Therefore the number of 3k-cycles that contain edge e is fewer than 2A3%~2,

This completes the proof of Lemma 3.2. O

It follows from Lemma 3.1 and Lemma 3.2 that each event Ex, where X contains x vertices and
y edges, is adjacent (in the dependency graph K) to
(1) at most Az events of Type 1;

(2) at most 2Ay events of Type 2;
(3) at most Az events of Type 3;
(4) at most Az + y events of Type 4;
(5) at most (Az + 2y)A%*~1 events of Type 5, for all k > 1;
(6) at most (Ax + 2y)A3*~2 events of Type 6, for all k > 1.
Now, we shall check that (1) holds for all events. To this end, let us put
1 A A2
pL=p2=g5x,9 = 9(G) = 855—log —,
r
T1 = Lo = Lq — ———
for Type 1, 2, 3, respectively,
’
Ty = ——
tT 51247
with 3k-cycle for Type 4,
r
Ty = ————
P ARA)R
with 3k-cycle for Type 5,
’
T = ot
6 (2A>3k7

with 3k-cycle for Type 6 .
It remains to show that the following inequalities hold.

Pr(EL) = rp} <zi(1— 1) 2 (1 — 23)2 (1 — ) T (1= a5)2 T (1 — 26)*™ @)

k>4 k>4
Pr(Ec) =rp3 < ma(1 — 22)* (1 — 2g)? [ (1 — 25)"™ " [T (1 — we)*2™ ™, )
k>3 k>4

Pr(Ep) = rpips <x5(1 — 1) (1 — 29)*2(1 — 23)2 (1 — )~}

H(l _ $5)(A+2)A2’“*1 H(l _ xG)(A—i-Q)AS’“*Q’ (4)

g g
k>3 k>4
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PI’(EF) :(1 . Tp1>3m(1 . T’pg)gm S JZ4(1 . xl)ngu . x2>6mA( ) ( . x4)3$(A+1)
H(l o x5)3z(A+2)A2’“*1 H(l . x6)3x(A+2)A3k 2 for all z > % (5)
k>4 k>4

r ; :
Pr(EH) <3 (1>p:10p§ < 335(1 - xl)‘“A(l — .’L‘Q)GIA(l - $3)3IA<1 - x4)3x(A+1)
_ , (6)
H(l _ $5)3x(A+2)A2k ! H(l _ $6)3x(A+2)A3k 2’f0r all > %,
k>4 k>4
PY(EJ) §3| (3)p?xp§x < 376(1 . xl)f}xA(l . xQ)Ga:A(l o $3)3IA( ) z(A+1)
(1-— IICs)gm(AH)A%i1 H(l - x@)gx(AH)Agk * for all x % (7)
k>4 k>4
Remark 3.3. If r < 2, then there is no Type 6 and all
H(l _ $6>3x(A+2)A3’“*27
k>2
above shall be deleted.
Since (1 — %)“ > %1 for all a > 2, we have
1 A% 1 G 1 isz% 2% S 1\, %1,
Ha=em=113) = =(3)"
23 23
T 1
_ 1) 22ka2 1 szz% 22k 1\ 28,
1 — A% S 1 _ (2 S [(L)e¥ A
kl:[g( w2 1143 4 =\4 !
23 23
T 1
1)\ 23%a 1 szz% 23k 1\ 29-1a
1 . A3k—1 > - _ - -
[[a-a* =11 (5 1 =\1 ’
k> k>4
T 7 1 7
_ 1)\ 23ka2 1 szz% 23k 1\ 29-1a2
1 _ ASk 2 > + _ + > =+ .
’E( o) 2 11 4 =\4
=3 =3
Noting that » < 2A and g > 855A log ® > 32, we have that
(1 . $1)2A(1 — 2 2A 2A H 2A2k H(l B $6>2A3k_1
k>4 k>4
is at least

1 2536TA + %92:1A + ngrlA 1 32A 1
- 2 > = > -,
4 2 2

which implies that (2) hold. Similarly,
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A

T T 4r 4r
( 1) 128A T 256A2 +22?g,1 9 to9-TA2

(1 — gjl)A(l — 3}2)2A(1 — $3)A(1 - 334)A+1 H(l . x5)(A+2)A2k71 H(l _ $6)(A+2)A3k—2
k3§ k>4
T(A+1)+ r(A+2) + r(A+2)

r
1 To8at 512A2 29 29—12
> - 273 A2

27

1 128A+256A+T,1+29*1A
S 23 A
4

1Y\ 3224
> | = >
()

Egs. (3) and (1) hold.
In order to prove inequality (5) , it suffices to show that

3rz
__ 3rzx r 1 164
e 16A <L 512A2 (5) s (11)

by (1 —rp)* < e " for all z > 0. It is immediate that (3.10) holds since z >
16A log 2t

— and A > 3.

3rlog £
Using (10) we have

(10)

DN | —

855A A2
Z 3r lOgT >

wle

(1 _ xl)S:cA(l . xz)GxA(l . xB)SxA(l . x4)3x(A+1)

H(l R H(1 S I (%) e (%) ' (12)

g g
k>4 k>4

855A 1., A2

og 835 1og &
It is immediate that (6) holds since 12~ > % >4 ()0 82 (%) TS A Noting that
r—1,r—2<2A, we have that
—1)(r—2) 402
3' 3z, 3x — T(T < 13
(3)p e (32A)00 = (32A)6 (13)

which implies that (7) holds. This completes the proof of Theorem 1.2.
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