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ABSTRACT

This paper investigates the number of rooted biloopless nonseparable planar near-triangulations and
presents some formulae for such maps with three parameters: the valency of root-face, the number
of edges and the number of inner faces. All of them are almost summation-free.
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1. Introduction

Throughout this paper we consider the rooted maps on the plane. Definitions of terms not given
here may be found in [14]. The concept of a rooted map was first introduced by W.T. Tutte. His
series of census papers |21, 22, 21] laid the foundation for the theory. Since then, the theory has been
developed by many scholars such as Arqu‘es [1], Brown [1], Mullin [19, 20|, authors |2, 3], Liskovets
[10, 11], authors [16, 15], Walsh et al. [23], Mednykh & Nedela [17, 18], Chapay & Dolega [7], Gao
[8, 9], Liu [12, 13, 14] and Cai & Liu [5, 6]. In this article we deal with the enumerative problem
of biloopless nonseparable planar near-triangulations with the valency of root-vertex, the valency of
root-face, the number of edges and the number of inner faces as parameters.

A map is a connected graph cellularly embedded on a surface. A map M is said to be rooted if an
edge is distinguished as the root-edge and given a direction and one its two sides is also distinguished
as the right-hand side. We denote the root-edge of M by e,.(M) and its tail vertex is chosen to be
the root-verter of this map, the face on the right-hand side of the root-edge is called the root-face.
Without loss of generality, the root-face may be chosen as the infinite face. An isthmus of a map
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M is such an edge belonging only one face in map M. A map is called biloopless if there are no
loops in the map and also in its dual map, i.e., there are no loops and no isthmuses in this map.
A near-triangulation on a surface is a map on the surface such that each face possibly the root-face
has valency three. A triangulation is a near-triangulation with root-face valency also bing three. A
near-triangulation is said to be 2-boundary if its root-face valency is two.

A map is always denoted by M = (X,P), where X = > _\ Kz,Kz = {z, ax, Bz, afzr}, K is the
Klein group of four elements denoted by 1, «, 8, a3, X is a finite set and P is a basic permutation on
X (A permutation P on X is said to be basic if for any = € X’ there does not exist an integer k such
that Pz = ax).

For the power series f(z), f(x,y) and f(z,y, z), we use the following notations:

o f(x), o) f(a,y), and Ot f(x,y, 2),

to represent the coefficients of 2™ in f(x), 2™y in f(z,y) and 2™y'2™ in f(z,y, 2), respectively.

In what follows we will enumerate rooted biloopless nonseparable planar near-triangulations. Sev-
eral explicit expressions of its enumerating functions will be derived. And all of them are summations-
free.

2. Functional equations

In this section we will set up the functional equations satisfied by the enumerating functions for
rooted biloopless nonseparable planar near-triangulations.

We first introduce some operations on the maps in M. For any map M € M, let M — e.(M) and
M e e,.(M) be the maps obtained by deleting e,.(M), the root-edge, from M and contracting e, (M)
into a vertex as the new root-vertex, respectively.

Given two maps M; and M, with roots r = r(M;) and o = r(Ms), respectively. We define
M = M;¥M, to be the map obtained by identifying the vertex V(pag)r, Of M; and the root-vertex
vy, of My, the root-edge of M is the same as those of M;, but the root-face of M is the composition
of the root-faces of M; and M,. Further, for two sets of maps M; and M, the set of maps
MiOMy = {MyFM,y|M; € M;,i = 1,2}.

Let 7 be the set of all rooted biloopless nonseparable planar near-triangulations. Suppose that its
enumerating function is

fr(z,y, z,w) Z ™ 2 gy (M)

MeT

where m(M), (M), n(M) and s(M) are, respectively, the root-vertex valency, the root-face valency,
the number of edges and the number of inner faces of M. Moreover, we write that

97’(9; <, U)) = fT(]-a Y, z, U)), hT(% U)) = gT(y7 17 ’LU) = fT(17 Y, 17 U))
The family 7 may be partitioned into three parts as
T=Ti+T+Ts, (1)

where Ty consists of only the triangle and 7o = {M|M € T,M —e.(M) € T }.
Further, 73 is divided into two parts as follows:

773 - 751 + 7;)27 (2)
where 731 = {M|M € T, M — e,(M) has an isthmus}.
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Lemma 2.1. Let Toos = {M —e,.(M)|M € T3}. Then,
T =T = T(2), (3)
where T (2) is the set of all rooted 2-boundary biloopless nonseparable planar near-triangulations.

Proof. For any map M’ € T_o-, there is a map M € T such that M’ = M — e.(M). It is obvious
that the valency of the root-face of M’ ia at least three. It implies that M’ is a member of the set of
right hand side in (3). On the other hand, for any map M’ € T — T (2), one may yield a map M by
adding a new edge from the root-vertex v,» of M’ to the vertex vipag)2, of M’; the new edge is the
root-edge of M, and M € Ts. m

If map has a single edge, and the edge is not a loop, then it is called the link map denoted by L.
We now have the following:

Lemma 2.2. Let T_3;> = {M —e.(M)|M € T31}. Then,
Tesi> = LOT + TOL. (4)

Proof. For any map M’ € T_3;-, there exists a map M € T such that M’ = M — e,.(M) has an
isthmus. If the isthmus is the root-edge of M’, M’ € LOT; Otherwise, M’ € TOL. Conversely, for
any map M’ = L¥M" (or M' = M"FL), where M” € T, one may obtain a map M by adding a
new edge from the root-vertex v, of M’ to the vertex v(pag)2,» of M'; the new edge is the root-edge
of M. Obviously, M € Ts;. n

Lemma 2.3. Let Togo» = {M —e,.(M)|M € T32}. Then,

Tesos = TOT. (5)

Proof. For any M’ € T_35-, where M' = M — e.(M),M € T33. Since M’ has no isthmus and
M’ is separable, it has a cut-vertex. This implies that M’ € T®T. On the other hand, for any
M' = My¥M, (M; € T,i = 1,2), one may yield a map M by adding a new edge from the root-
vertex v,, of My to the vertex vg,, of My; the new edge is the root-edge of M, and M & Ts,. O

We now present the first main result.

Theorem 2.4. The enumerating function f = fr(x,y, z,w) satisfies the following equation:

(y — v2w — vy?22w — x2wg) f = 22y* 2w + 2222 wg — 2yt 2wy, (6)
where g = fr(1,y,2,w) and Fy = Fy(x, z,w) is the coefficient of y* in f.
Proof. Let f7. be the enumerating function of 7;. We are now going to evaluate the contribution fr;
of T, to f (i =1,2,3).
It is clear that

fr = 2%y 2P w.
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By Lemma 2.1, we have

f7_2 _ :L’yflzw Z xm(M)yl(M)Zn(]VI)ws(M) _ xyflzw(f . y2Fw2)7
MeT-T(2)

where Iy = Fy(z, z,w) is the coefficient of 3 in f.
By Lemma 2.2, we have

fra =ryz*w Z y! D )y s )y oy 220 Z g M) 1M (M) 5(M)
MeT MeT

=22y wg + xywf,

where g = gT(y7Z ’LU) = fT(17y>Zaw)'
By Lemma 2.3, we have

me :xy_lzw( Z xm(Ml)yl(Ml)Z”(Ml)ws(Ml))< Z yl(M2)Z"(M2)wS(M2))

MeT MoeT

=zy 2w fyg,

where g = g7(y, z,w) = fr(l,y, z,w).
Thus,

Ir =l + fn = 5623/221‘]9 + xyzwa + xyilzwfg-
Since f = fr; + fr, + fr, the theorem can be obtained soon. m

If x =1, then we have:

Corollary 2.5. The enumerating function g = g7 (y, z, w) satisfies the following equation:
2wg? + (2y° 22w + 2w — y)g + v Pw — y?2wGy = 0, (7)

where Gy = Ga(z,w) = Fy(1, 2,w) is the coefficient of y>
Let z =1 in (7). Then we get

Corollary 2.6. The enumerating function h = hr(y,w) satisfies the following equation:
wh? + (2y*w +w — y)h + y*w — y*wHy = 0, (8)

where Hy = Hy(w) = Go(1,w) = Fy(1,1,w) is the coefficient of y?

3. Enumeration

In this section we concentrate on finding the explicit formulae for enumerating functions g =
97 (y, z,w) and h = hr(y,w) by using Lagrangian inversion [24| here.
The discriminant of Eq. (7) is

3y, z,w) :(2y2z2w + zw — y)? — dzw(y* 2w — y?2wGy)
=22w? — 2zwy + (1 + 42°w* + 422w>Gy)y? — 422wy (9)
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Although (9) is not necessarily to be a perfect square, we may assume that

0(y, z,w) = (2w — ay)*(1 — 2by)
= 22w? — 2zw(a + bzw)y + (a® + 4abzw)y? — 2a*by?, (10)
in which a and b are functions of y, z and w.

By identifying the coefficients of y® in (9) and (10), one may find the parametric expressions as

follows:
a+bzw =1,

a’b = 22w, (11)
a® + 4abzw = 1 + 423w + 422w%Gs.
If introducing the parameter 1 such that bzw = 27, one may follow from (11) that

a=1-2n,
bzw = 2n,
! (12)
St =1 - ),
22w?(Gy + 2) = n(1 — 3n).
By (12) we obtain the following parametric expressions of function Gy = Ga(z, w):
Buw?=n(1-2 2,
(1 —2n) (13)
22w?(Gy + 2) = n(1 — 3n).
Theorem 3.1. The coefficient of y* in fr(y,z,w) is
27+ (3n)!
G2 — 3n+1l, 2n (14)
; n! (2n + 2)!
Proof. Applying Lagrangian inversion [24] to (13), we have
ZSn—Qan—Z dn—l 1— 67]
GQ + 2z = |: ‘|
RZZI n! dp*=t [(1=2n)*"],_,
_ Z 2”71 3n—2 _3 3n—3 Z3n_2w2n_2
n n—1 n—2
n>1
_ Z 21 (3n — 3)!Z3n—2w2n—2
= n!(2n —1)!
_ 271 Bn)! s on
! (2n +2)! ’
and it implies that
271 (3n)!
G2 — 3n+1 2n’
; n! (2n + 2)!
as desired. O

Let z = 1in (14). Then we yield
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Corollary 3.2. The coefficient of y* in hr(y,w) is

2" Bn)! o

Hy =S = 2,
= n! (2n 4 2)!

(15)

As a consequence of Theorem 3.1, the number of rooted 2-boundary biloopless separable planar
near-triangulation with 2n inner faces (or 3n + 1 edges) is

27+ (3n)!
n! (2n + 2)!’
for n > 1. Tt is easy to see that there exists a 1-1 correspondence between the sets of all rooted

2-boundary biloopless nonseparable planar near-triangulations and all rooted biloopless nonseparable
planar triangulations. Thus, we have the following

Corollary 3.3. The number of rooted biloopless nonseparable planar triangulations with 2n—1 inner
faces (or 3n edges) is

2n+1 3n)!
ﬁ’ (16)
n! (2n + 2)!
forn > 1.
Now, let 1 — 2by = o2, then by (10), (12) and Eq. (7), we have
Yy — 2w — 2222w + (2w — ay)o
g= 5 ( ) : (17)
2w
Furthermore, let o = % By (12) and (17), one may find the following parametric expression of
the function g = gr(y, z, w):
-1 _ &
Y = ey
w? = n(1—2n)?, (18)
= n
_ P22+ &P
9= ey (d+en?
By (18) we have
e (1 —&n)(1 —6n)
Aeny = |57 106y = : (19)
0 = (@+&n1—2n)

Theorem 3.4. The enumerating function g = gr(y, z,w) has the following explicit expression:

2s+1 925+l (4 — G5 — 2)! (n—1)!

UUEDEDSEDY (2n—3s—2)1(2n —3s — 1)1 (25 —n + 1)! (2n — 25)!

3>1 [35+2 ]

y2n—3sznws. (20)

Proof. By employing Lagrangian inversion with two parameters [24], from (18) and (19) one may
find that

Zza(ls (14 &n)* (1 —&n)(1 —6n)

gr (y> = w 1 _ 277)25—1-1

[>0 s>0
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X

Enf(l-2n2+8 & I 35—, 25—

{ (1+én)t (1+§n)2]yz v

B [6(12,52) (L+&n)2 22+ &)1 — &n)(1 — 6n)

- (&m) (1 _ 277>2s
1>2 s>2

5— 1+ 23 1-6 s— s—
8(1 2 2) ( 577)(1_(277)25871)1( 77):|yl23 Lyp2s—l

_Z {Zza(l 2,5-2) (14 En)*2(1 — &n)(1 — 6n)

_ 2s
s>2 1>2 (1 217)

o2y (L+E&n)*°(1 = &n)(1 - 6n)
+Za(én3 ! . (1 277)22 k

>3

s— 1 + =3 - 1-6 s— s—
B Zaz 2, 2) 577)(1 _(277)2?1)1( U)]ylzza Lyp2s

1>2
s

TAZ() - () e e
+ i Kzll_—;) - (2;__45”02‘”1 %

=3

S 20— 3 20-3 sy 1—06n I 3s—1, 2s—1
= Kl—?) (l—3>}a (1—2n)28+1}yz ‘
2°(3s =3)1

2°(3s — 3)! 2352 252 aa (20 —5)!2 s—i41 L — 67
(5= 1)1 (2s)! ><2s> AP D ey L 2

s

1—6n ] 1 2
s l 1. 3s—1, 2s—1
E y' 22w
_ ' | _ 25+1
— l 2 l (1 —2n)

25(3s — 3)!
_ (3s )! y2z3s—2w28—2

= (s — 1! (2s)!

s

s+1 s—I1+1
2 U=2)!'Bs=1-1)! | 5 9y
2 e e

8

s>2 =3

s+1 s—
_ZZ 25712 — 2)1 (35 — 1 — 1)! 2l
(=21 (=1 (s—1L+1)(2s)!

2257 (4n — 65 — 2)! (n — 1)!
_Z Z (2n — 35 —2)1(2n —3s — 1)l (25 —n + 1)! (2n — 2s)1”

This completes the proof of Theorem 3.4.

The first few terms of g = g7 (y, z,w) are as follows:

gr(z,y, 2,v) = v¥* 25w + y?2tw? + 2y 2Pw? + 4320w + 502w + -

Finally, we give several useful corollaries of Theorem 3.4.

2n—3s n, s
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Corollary 3.5. The enumerating function h = hy(y,w) has the following explicit expression:

s+1 257 (4] — 25 = 2)! (1 + s — 1)! ol s s
Z Z (20l — s —2)! (l—s—l).(s—l+1)!(21)!yl w (21)

s>1 = 8+2]

Proof. It follows easily from (20) by taking z =1 and n =1+ s. O

Corollary 3.6. The number of rooted biloopless nonseparable planar near-triangulations with n edges
and s inner faces is

2257t (4p — 65 — 2)! (n — 1)!

22
(2n—3s—=2)!(2n —3s — 1)! (2s —n+ 1)! (2n — 2s)!" (22)

for s >1 and [%} <n<2s+1.
Proof. It follows immediately from (20) with y = 1. O

Corollary 3.7. The number of rooted biloopless nonseparable planar near-triangulations with n edges
18
24

2n=2 (6 — 2n — 2)! (n — 1)!

23
-;21 Bi—n—2)1Bi—n—1)(n—2i+1)2)" (23)
=1
forn > 3.
Proof. It follows easily from (20) by putting y =w =1 and s =n — 1. O

Corollary 3.8. The number of rooted biloopless nonseparable planar near-triangulations with s inner

faces is
Z 2 (4i —2s —2)! (s +1i—1)! (24)
it (20 —s—=2)1 (20 —s — 1) (s =i+ 1)1 (20))
=Ty
for s > 1.
Proof. It follows immediately from (21) with y =1 and | = 1. O
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