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abstract

This paper investigates the number of rooted biloopless nonseparable planar near-triangulations and

presents some formulae for such maps with three parameters: the valency of root-face, the number

of edges and the number of inner faces. All of them are almost summation-free.
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1. Introduction

Throughout this paper we consider the rooted maps on the plane. De�nitions of terms not given

here may be found in [14]. The concept of a rooted map was �rst introduced by W.T. Tutte. His

series of census papers [21, 22, 21] laid the foundation for the theory. Since then, the theory has been

developed by many scholars such as Arqu`es [1], Brown [4], Mullin [19, 20], authors [2, 3], Liskovets

[10, 11], authors [16, 15], Walsh et al. [23], Mednykh & Nedela [17, 18], Chapay & Dolega [7], Gao

[8, 9], Liu [12, 13, 14] and Cai & Liu [5, 6]. In this article we deal with the enumerative problem

of biloopless nonseparable planar near-triangulations with the valency of root-vertex, the valency of

root-face, the number of edges and the number of inner faces as parameters.

A map is a connected graph cellularly embedded on a surface. A map M is said to be rooted if an

edge is distinguished as the root-edge and given a direction and one its two sides is also distinguished

as the right-hand side. We denote the root-edge of M by er(M) and its tail vertex is chosen to be

the root-vertex of this map, the face on the right-hand side of the root-edge is called the root-face.

Without loss of generality, the root-face may be chosen as the in�nite face. An isthmus of a map
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M is such an edge belonging only one face in map M . A map is called biloopless if there are no

loops in the map and also in its dual map, i.e., there are no loops and no isthmuses in this map.

A near-triangulation on a surface is a map on the surface such that each face possibly the root-face

has valency three. A triangulation is a near-triangulation with root-face valency also bing three. A

near-triangulation is said to be 2-boundary if its root-face valency is two.

A map is always denoted by M = (X ,P), where X =
∑

x∈X Kx,Kx = {x, αx, βx, αβx},K is the

Klein group of four elements denoted by 1, α, β, αβ,X is a �nite set and P is a basic permutation on

X (A permutation P on X is said to be basic if for any x ∈ X there does not exist an integer k such

that Pkx = αx).

For the power series f(x), f(x, y) and f(x, y, z), we use the following notations:

∂m
x f(x), ∂

(m,l)
(x,y) f(x, y), and ∂

(m,l,n)
(x,y,z) f(x, y, z),

to represent the coe�cients of xm in f(x), xmyl in f(x, y) and xmylzn in f(x, y, z), respectively.

In what follows we will enumerate rooted biloopless nonseparable planar near-triangulations. Sev-

eral explicit expressions of its enumerating functions will be derived. And all of them are summations-

free.

2. Functional equations

In this section we will set up the functional equations satis�ed by the enumerating functions for

rooted biloopless nonseparable planar near-triangulations.

We �rst introduce some operations on the maps in M. For any map M ∈ M, let M − er(M) and

M • er(M) be the maps obtained by deleting er(M), the root-edge, from M and contracting er(M)

into a vertex as the new root-vertex, respectively.

Given two maps M1 and M2 with roots r1 = r(M1) and r2 = r(M2), respectively. We de�ne

M = M1+̂M2 to be the map obtained by identifying the vertex v(Pαβ)r1 of M1 and the root-vertex

vr2 of M2, the root-edge of M is the same as those of M1, but the root-face of M is the composition

of the root-faces of M1 and M2. Further, for two sets of maps M1 and M2, the set of maps

M1⊙̂M2 = {M1+̂M2|Mi ∈ Mi, i = 1, 2}.
Let T be the set of all rooted biloopless nonseparable planar near-triangulations. Suppose that its

enumerating function is

fT (x, y, z, w) =
∑
M∈T

xm(M)yl(M)zn(M)ws(M),

where m(M), l(M), n(M) and s(M) are, respectively, the root-vertex valency, the root-face valency,

the number of edges and the number of inner faces of M . Moreover, we write that

gT (y, z, w) = fT (1, y, z, w), hT (y, w) = gT (y, 1, w) = fT (1, y, 1, w).

The family T may be partitioned into three parts as

T = T1 + T2 + T3, (1)

where T1 consists of only the triangle and T2 = {M |M ∈ T ,M − er(M) ∈ T }.
Further, T3 is divided into two parts as follows:

T3 = T31 + T32, (2)

where T31 = {M |M ∈ T ,M − er(M) has an isthmus}.
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Lemma 2.1. Let T<2> = {M − er(M)|M ∈ T2}. Then,

T<2> = T − T (2), (3)

where T (2) is the set of all rooted 2-boundary biloopless nonseparable planar near-triangulations.

Proof. For any map M ′ ∈ T<2>, there is a map M ∈ T2 such that M ′ = M − er(M). It is obvious

that the valency of the root-face of M ′ ia at least three. It implies that M ′ is a member of the set of

right hand side in (3). On the other hand, for any map M ′ ∈ T − T (2), one may yield a map M by

adding a new edge from the root-vertex vr′ of M
′ to the vertex v(Pαβ)2r′ of M

′; the new edge is the

root-edge of M , and M ∈ T2.

If map has a single edge, and the edge is not a loop, then it is called the link map denoted by L.
We now have the following:

Lemma 2.2. Let T<31> = {M − er(M)|M ∈ T31}. Then,

T<31> = L⊙̂T + T ⊙̂L. (4)

Proof. For any map M ′ ∈ T<31>, there exists a map M ∈ T such that M ′ = M − er(M) has an

isthmus. If the isthmus is the root-edge of M ′, M ′ ∈ L⊙̂T ; Otherwise, M ′ ∈ T ⊙̂L. Conversely, for
any map M ′ = L+̂M ′′ (or M ′ = M ′′+̂L), where M ′′ ∈ T , one may obtain a map M by adding a

new edge from the root-vertex vr′ of M
′ to the vertex v(Pαβ)2r′ of M

′; the new edge is the root-edge

of M . Obviously, M ∈ T31.

Lemma 2.3. Let T<32> = {M − er(M)|M ∈ T32}. Then,

T<32> = T ⊙̂T . (5)

Proof. For any M ′ ∈ T<32>, where M ′ = M − er(M),M ∈ T32. Since M ′ has no isthmus and

M ′ is separable, it has a cut-vertex. This implies that M ′ ∈ T ⊙̂T . On the other hand, for any

M ′ = M1+̂M2 (Mi ∈ T , i = 1, 2), one may yield a map M by adding a new edge from the root-

vertex vr1 of M1 to the vertex vβr2 of M2; the new edge is the root-edge of M , and M ∈ T32.

We now present the �rst main result.

Theorem 2.4. The enumerating function f = fT (x, y, z, w) satis�es the following equation:

(y − xzw − xy2z2w − xzwg)f = x2y4z3w + x2y2z2wg − xy2zwF2, (6)

where g = fT (1, y, z, w) and F2 = F2(x, z, w) is the coe�cient of y2 in f .

Proof. Let fTi be the enumerating function of Ti. We are now going to evaluate the contribution fTi
of Ti to f (i = 1, 2, 3).

It is clear that

fT1 = x2y3z3w.
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By Lemma 2.1, we have

fT2 = xy−1zw
∑

M∈T −T (2)

xm(M)yl(M)zn(M)ws(M) = xy−1zw(f − y2F2),

where F2 = F2(x, z, w) is the coe�cient of y2 in f .

By Lemma 2.2, we have

fT31 =x2yz2w
∑
M∈T

yl(M)zn(M)ws(M) + xyz2w
∑
M∈T

xm(M)yl(M)zn(M)ws(M)

=x2yz2wg + xyz2wf,

where g = gT (y, z, w) = fT (1, y, z, w).

By Lemma 2.3, we have

fT32 =xy−1zw

( ∑
M1∈T

xm(M1)yl(M1)zn(M1)ws(M1)

)( ∑
M2∈T

yl(M2)zn(M2)ws(M2)

)
=xy−1zwfg,

where g = gT (y, z, w) = fT (1, y, z, w).

Thus,

fT3 =fT31 + fT32 = x2yz2wg + xyz2wf + xy−1zwfg.

Since f = fT1 + fT2 + fT3 , the theorem can be obtained soon.

If x = 1, then we have:

Corollary 2.5. The enumerating function g = gT (y, z, w) satis�es the following equation:

zwg2 + (2y2z2w + zw − y)g + y4z3w − y2zwG2 = 0, (7)

where G2 = G2(z, w) = F2(1, z, w) is the coe�cient of y2 in g.

Let z = 1 in (7). Then we get

Corollary 2.6. The enumerating function h = hT (y, w) satis�es the following equation:

wh2 + (2y2w + w − y)h+ y4w − y2wH2 = 0, (8)

where H2 = H2(w) = G2(1, w) = F2(1, 1, w) is the coe�cient of y2 in h.

3. Enumeration

In this section we concentrate on �nding the explicit formulae for enumerating functions g =

gT (y, z, w) and h = hT (y, w) by using Lagrangian inversion [24] here.

The discriminant of Eq. (7) is

δ(y, z, w) =(2y2z2w + zw − y)2 − 4zw(y4z3w − y2zwG2)

=z2w2 − 2zwy + (1 + 4z3w2 + 4z2w2G2)y
2 − 4z2wy3. (9)
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Although (9) is not necessarily to be a perfect square, we may assume that

δ(y, z, w) = (zw − ay)2(1− 2by)

= z2w2 − 2zw(a+ bzw)y + (a2 + 4abzw)y2 − 2a2by3, (10)

in which a and b are functions of y, z and w.

By identifying the coe�cients of yi in (9) and (10), one may �nd the parametric expressions as

follows: 
a+ bzw = 1,

a2b = 2z2w,

a2 + 4abzw = 1 + 4z3w2 + 4z2w2G2.

(11)

If introducing the parameter η such that bzw = 2η, one may follow from (11) that
a = 1− 2η,

bzw = 2η,

z3w2 = η(1− 2η)2,

z2w2(G2 + z) = η(1− 3η).

(12)

By (12) we obtain the following parametric expressions of function G2 = G2(z, w):{
z3w2 = η(1− 2η)2,

z2w2(G2 + z) = η(1− 3η).
(13)

Theorem 3.1. The coe�cient of y2 in fT (y, z, w) is

G2 =
∑
n≥1

2n+1(3n)!

n! (2n+ 2)!
z3n+1w2n. (14)

Proof. Applying Lagrangian inversion [24] to (13), we have

G2 + z =
∑
n≥1

z3n−2w2n−2

n!

dn−1

dηn−1

[
1− 6η

(1− 2η)2n

]∣∣∣∣
η=0

=
∑
n≥1

2n−1

n

[(
3n− 2

n− 1

)
− 3

(
3n− 3

n− 2

)]
z3n−2w2n−2

=
∑
n≥1

2n−1(3n− 3)!

n! (2n− 1)!
z3n−2w2n−2

=
∑
n≥0

2n+1(3n)!

n! (2n+ 2)!
z3n+1w2n,

and it implies that

G2 =
∑
n≥1

2n+1(3n)!

n! (2n+ 2)!
z3n+1w2n,

as desired.

Let z = 1 in (14). Then we yield
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Corollary 3.2. The coe�cient of y2 in hT (y, w) is

H2 =
∑
n≥1

2n+1(3n)!

n! (2n+ 2)!
w2n. (15)

As a consequence of Theorem 3.1, the number of rooted 2-boundary biloopless separable planar

near-triangulation with 2n inner faces (or 3n+ 1 edges) is

2n+1(3n)!

n! (2n+ 2)!
,

for n ≥ 1. It is easy to see that there exists a 1-1 correspondence between the sets of all rooted

2-boundary biloopless nonseparable planar near-triangulations and all rooted biloopless nonseparable

planar triangulations. Thus, we have the following

Corollary 3.3. The number of rooted biloopless nonseparable planar triangulations with 2n−1 inner

faces (or 3n edges) is

2n+1(3n)!

n! (2n+ 2)!
, (16)

for n ≥ 1.

Now, let 1− 2by = α2, then by (10), (12) and Eq. (7), we have

g =
y − zw − 2y2z2w + (zw − ay)α

2zw
. (17)

Furthermore, let α = 1−ξη
1+ξη

. By (12) and (17), one may �nd the following parametric expression of

the function g = gT (y, z, w): 
z−1w−1y = ξ

(1+ξη)2
,

z3w2 = η(1− 2η)2,

g = ξ2η2(1−2η)(2+ξ)
(1+ξη)4

− ξ2η2

(1+ξη)2
.

(18)

By (18) we have

∆(ξ,η) =

∣∣∣∣∣1−ξη
1+ξη

∗
0 1−6η

1−2η

∣∣∣∣∣ = (1− ξη)(1− 6η)

(1 + ξη)(1− 2η)
. (19)

Theorem 3.4. The enumerating function g = gT (y, z, w) has the following explicit expression:

gT (y, z, w) =
∑
s≥1

2s+1∑
n=⌈ 3s+2

2
⌉

22s−n+1(4n− 6s− 2)!

(2n− 3s− 2)! (2n− 3s− 1)! (2s− n+ 1)!

(n− 1)!

(2n− 2s)!
y2n−3sznws. (20)

Proof. By employing Lagrangian inversion with two parameters [24], from (18) and (19) one may

�nd that

gT (y, z, w) =
∑
l≥0

∑
s≥0

∂
(l,s)
(ξ,η)

(1 + ξη)2l−1(1− ξη)(1− 6η)

(1− 2η)2s+1
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×
[
ξ2η2(1− 2η)(2 + ξ)

(1 + ξη)4
− ξ2η2

(1 + ξη)2

]
ylz3s−lw2s−l

=
∑
l≥2

∑
s≥2

[
∂
(l−2,s−2)
(ξ,η)

(1 + ξη)2l−5(2 + ξ)(1− ξη)(1− 6η)

(1− 2η)2s

− ∂
(l−2,s−2)
(ξ,η)

(1 + ξη)2l−3(1− ξη)(1− 6η)

(1− 2η)2s+1

]
ylz3s−lw2s−l

=
∑
s≥2

[∑
l≥2

2∂
(l−2,s−2)
(ξ,η)

(1 + ξη)2l−5(1− ξη)(1− 6η)

(1− 2η)2s

+
∑
l≥3

∂
(l−3,s−2)
(ξ,η)

(1 + ξη)2l−5(1− ξη)(1− 6η)

(1− 2η)2s

−
∑
l≥2

∂
(l−2,s−2)
(ξ,η)

(1 + ξη)2l−3(1− ξη)(1− 6η)

(1− 2η)2s+1

]
ylz3s−lw2s−l

=
∑
s≥2

{ s∑
l=2

2

[(
2l − 5

l − 2

)
−

(
2l − 5

l − 3

)]
∂s−l
η

1− 6η

(1− 2η)2s

+
s+1∑
l=3

[(
2l − 5

l − 3

)
−

(
2l − 5

l − 4

)]
∂s−l+1
η

1− 6η

(1− 2η)2s

−
s∑

l=2

[(
2l − 3

l − 2

)
−

(
2l − 3

l − 3

)]
∂s−l
η

1− 6η

(1− 2η)2s+1

}
ylz3s−lw2s−l

=
∑
s≥2

2s(3s− 3)!

(s− 1)! (2s)!
y2z3s−2w2s−2 +

∑
s≥2

[ s+1∑
l=3

(2l − 5)! 2

(l − 3)! (l − 1)!
∂s−l+1
η

1− 6η

(1− 2η)2s

−
s∑

l=3

(2l − 3)! 2

(l − 2)! l!
∂s−l
η

1− 6η

(1− 2η)2s+1

]
ylz3s−lw2s−l

=
∑
s≥2

2s(3s− 3)!

(s− 1)! (2s)!
y2z3s−2w2s−2

+
∑
s≥2

s+1∑
l=3

2s−l+1(2l − 2)! (3s− l − 1)!

(l − 2)! (l − 1)! (s− l + 1)! (2s)!
ylz3s−lw2s−l

=
∑
s≥2

s+1∑
l=2

2s−l+1(2l − 2)! (3s− l − 1)!

(l − 2)! (l − 1)! (s− l + 1)! (2s)!
ylz3s−lw2s−l

=
∑
s≥1

2s+1∑
n=⌈ 3s+2

2
⌉

22s−n+1(4n− 6s− 2)! (n− 1)!

(2n− 3s− 2)! (2n− 3s− 1)! (2s− n+ 1)! (2n− 2s)!
y2n−3sznws.

This completes the proof of Theorem 3.4.

The �rst few terms of g = gT (y, z, w) are as follows:

gT (x, y, z, v) = y3z3w + y2z4w2 + 2y4z5w2 + 4y3z6w3 + 5y5z7w3 + · · · .

Finally, we give several useful corollaries of Theorem 3.4.
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Corollary 3.5. The enumerating function h = hT (y, w) has the following explicit expression:

hT (y, w) =
∑
s≥1

s+1∑
l=⌈ s+2

2
⌉

2s−l+1(4l − 2s− 2)! (l + s− 1)!

(2l − s− 2)! (2l − s− 1)! (s− l + 1)! (2l)!
y2l−sws. (21)

Proof. It follows easily from (20) by taking z = 1 and n = l + s.

Corollary 3.6. The number of rooted biloopless nonseparable planar near-triangulations with n edges

and s inner faces is

22s−n+1(4n− 6s− 2)! (n− 1)!

(2n− 3s− 2)! (2n− 3s− 1)! (2s− n+ 1)! (2n− 2s)!
, (22)

for s ≥ 1 and ⌈3s+2
2

⌉ ≤ n ≤ 2s+ 1.

Proof. It follows immediately from (20) with y = 1.

Corollary 3.7. The number of rooted biloopless nonseparable planar near-triangulations with n edges

is

⌊n+1
2

⌋∑
i=⌈n+2

3
⌉

2n−2i+1(6i− 2n− 2)! (n− 1)!

(3i− n− 2)! (3i− n− 1)! (n− 2i+ 1)! (2i)!
, (23)

for n ≥ 3.

Proof. It follows easily from (20) by putting y = w = 1 and s = n− i.

Corollary 3.8. The number of rooted biloopless nonseparable planar near-triangulations with s inner

faces is

s+1∑
i=⌈ s+2

2
⌉

2s−i+1(4i− 2s− 2)! (s+ i− 1)!

(2i− s− 2)! (2i− s− 1)! (s− i+ 1)! (2i)!
, (24)

for s ≥ 1.

Proof. It follows immediately from (21) with y = 1 and l = i.
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