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ABSTRACT

For a graph G = (V| E) of size ¢, a bijection f: E — {1,2,...,q} is a local antimagic labeling if it
induces a vertex labeling f* : V — N such that f™(u) # f(v), where f*(u) is the sum of all the
incident edge label(s) of u, for every edge uv € E(G). In this paper, we make use of matrices of fixed
sizes to construct several families of infinitely many tripartite graphs with local antimagic chromatic
number 3.
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1. Introduction

Let G = (V,E) be a graph of size q. For integers ¢ < d, let [c,d] = {n € Z | ¢ < n < d}. A
bijection f : E — [1,q] is called a local antimagic labeling if f™(u) # f*(v) whenever uv € E,
wheref*(u) =Y f(e) over all the edge(s) e incident to u. The mapping [T is called a vertex labeling
of G induced by f, and the labels assigned to vertices are called induced colors under f. The color
number of a local antimagic labeling f is the number of distinct induced colors under f, denoted by
c(f). Moreover, f is called a local antimagic c(f)-coloring and G is local antimagic c(f)-colorable.
The local antimagic chromatic number x;,(G) is defined to be the minimum number of colors taken
over all colorings of G induced by local antimagic labelings of G [1]. Thus y;.(G) > x(G), the
chromatic number of G.

Very few results on the local antimagic chromatic number of regular graphs are known (see [1, 3]).
Throughout this paper, we let O,, be the null graph of order m and aP, be the 1-regular graph of
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a > 1 component(s) of path P. Moreover, let V(aP, V O,,) = {u;,vi,2; | 1 <i <a,1 <j<m}
and E(aPs V Oy,) = {wzj,vizj,wv, | 1 < i < a1 < j < m}. We alsolet V(a(P2V O,,)) =
{uj,vi,2;; |1 <i<a,1<j<m}and E(a(P2V Oy)) = {ux;j,viz;;,uwv; | 1 <i<a,1<j<m}

cIn [2], the author proved that all connected graphs without a P, component admit a local an-
timagic labeling. On the other hand, it is clear that O,, and a graph with a P, component cannot
have a local antimagic labeling. Thus, O,,, m > 1 and aP,, a > 1 are the only families of regular
graphs without local antimagic chromatic number. In [1], it was shown that x;,(aP, V O1) = 3 for
a > 1. In the following sections, we extend the ideas in |1, 5] to construct various families of tripartite
graphs of size (4n + 1) x (2k + 1) and (4n + 3) x (2k + 1), for n, k > 1, respectively, and proceed
to prove that all these graphs have local antimagic chromatic number 3. Consequently, we obtained
new families of regular tripartite graphs with local antimagic chromatic number 3.

2. Graphs of size (4n + 1) x (2k + 1)

For k > 1, we now consider the following (4n + 1) x (2k + 1) matrix for n > 2. Note that when
n = 1, the required 5 x (2k + 1) matrix is given by rows f(u;, z;1), f(us, Ti2), f(uvi), f(vix;1) and
f(v12;2) of the matrix below. Moreover, the entries in column k + 1 appears in both parts of the
matrix. In the following matrix, 2 < 7 < n.

i 1 2 3 o k-1 k k1
k+2-+ k+3 + k+4-+ 2k+ 2k-+1+ 1+
fluizia) n(8k+4) | n(Sk+4) | n(8k+4) | | n@®k+4) | n(8k+4) | n(8k+4)
2k-2 1 2k-4 + 2k-6+ Ak+2+ 4k okl t
fluiziz) n(8k+4) | n(Sk+4) | n(8k+4) | | n@®k+4) | n(8k+4) | n(8k+4)
f(ua: ) '71) 9k-+6-+ 9k+7+ 9k+8+ o 10k-+4-+ 10k+5+ 8k+5-+
#i2=1) 15y (8k+4) | (n-j)(8k+4) | (nj)(8k+4) (nj) (8k+4) | (n-§)(8k-+4) | (n-j)(8k+4)
f(u:v ) ) bk+2+ 5k+1+ 5k-+ o 4k-+4+ 4k+3-+ 6k+3+
B (n-j)(8k+4) | (n-j)(8k+4) | (n-j)(8k+4) (n-j)(8k+4) | (n-j)(8k+4) | (n-j)(8k-+4)
f(wv;) 1 2 3 e k-1 k k+1
Fvizir) 3k+2 3k+3 3krd | - 4k Ak+1 1k+2
Fvizin) 8k+4 8k+2 8k 1 6ki8 6k+6 6k+4
5k-2t Bk-1+ Bk Akt 4k-3+ 4k-2 +
FOiz) | sgeeay | ojsked) | ojsked) || k) | jsked) | j(skrd)
K+ k1t k2t 2k+3+ | -2kl Okt
f(Uﬂi,Qj)

j(8k+4) j(8k-+4) iBk+4) | | j(8k+4) j(8k+4) j(8k+4)
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i k+1 k+2 k+3 o 2k-1 2k 2k+1
1+ 2+ 3+ k-1+ k+ k+1+
Jluiwia) n(8k+4) | n(8k+4) | n(8k+4) | | n(Sk+4) | n(8k+4) | n(Sk+4)
Ok-1+ 2k-3 1 2k-5 1 4k+3+ Akt 1+ 4k-1+
Jwiiz) n(8k+4) | n(8k+4) | n(8k+4) | | n(8k+4) | n(8k+4) | n(S8k+4)
f(ua: 2j—1) 8k+5+ 8k+6+ 8k+T7+ o 9k+3+ 9k+4+ 9k-+5+
o (n-j)(8k+4) | (n-j)(8k+4) | (n-j)(8k+4) (n-j) (8k+4) | (n-j)(8k+4) | (n-j)(8k+4)
f(u:r} ) ) 6k+3+ 6k+2+ 6k+1+ o ok+5+ ok+4+ o5k+3+
#0250 () (8k+4) | (n-j)(8k+4) | (n-)(8k+4) (n-)(8k-+4) | (n-j)(8k+4) | (n-j)(8k+4)
I uv;) k+1 k+2 k+3 e 2k-1 2k 2k+1
Fviziy) k42 2k+2 2k+3 |- 3k-1 3k 3k+1
F(viis) 6k+4 8k+3 8k+1 | ---| 6k+9 6k+7 6k+5
a2 6k-2+ 6k-1+ | | -bk5+ Sk-4+ 5k-3+
w2 j(8k-+4) j(8k-+4) j(8k-+4) j(8k-+4) j(8k-+4) j(8k-+4)
f(v»x- , ) -2k+ 0+ -1+ o -k+3+ -k+2+ -k+1+
2 j(8k-+4) j(8k+4) j(8k+4) j(8k+4) j(8k-+4) j(8k-+4)

Let us list the range of entries for each row of the above matrix:

‘ Row ‘ f(uia:i,l) ‘ f(uixm) ‘ f(ulvl) ‘
| Range | [4nK +1,(4n+ 1)K] | [1 + (4n — 2)K, (4n — K] | [1,K] |
‘ Row ‘ iz 05-1) ‘ f(uii o)
| Range | [1+ (4n — 4j + 4)K, (4n — 4j + 5)K] | [1 + (4n — 45 + 2) K, (4n — 4j + 3) K]
‘ Row ‘ f(vizia) ‘ f(viwiz) ‘ f(viwigj—1) ‘ f(viwiz))
| Range | [1+ K,2K] | [1+3K,4K] | [1+ (4) — 1)K, 45K] | [1 + (4) — 3)K, (4j — 2)K] |

where K = 2k + 1 and j runs through 2 to n. One may see that the entries of the matrix form
1, (4n +1)(2k + 1)].

We now have the following observations.

(a) For n > 2 and each ¢ € [1,2k+ 1], the sum of the first 2n+1 row entries is f*(w;) = [f(wiz;1) +
fuiwig) + f(uivg) |4 30 (f (wigj—1) + f(wiza;) = 2n(8k+4) —k+1]+ > [2(n—j)(8k +4) + 14k +8] =

j=1 J=2

8kn? + 6kn + 4n® + k + 4n + 1. Note that, this formula also holds when n = 1.

(b) Similar to (a), for n > 2 and each i € [1,2k + 1], the sum of the last 2n 4+ 1 row entries is

[T (vi) =11k + 7+ Y [25(8k +4) — 6k — 2] = 8kn*+ 2kn + 4n* + k + 2n + 1. Note that, this formula
j=2

also holds when n = 1.

(c) Foreachi € [1,k] and j € [1,2n], each of f(w;x; ;)+f(Vakro—i%orto—ij), [(vitij)+f(Uokto—iTorio—i;)
and f(ugt12k+1,5) + f(Uks1Tr11) 18 & constant n(8k + 4) + 4k + 3.

(d) We may write down the expression for each f(w;z;;) and f(v;x;;) as follows:
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(2n—1)4k+2)+5k+3+14, 1<i<k;
Cn—1)(4k+2)+3k+2+4, k+1<i<2k+1.
(Ak+2)—k—1+4, 1<i<k+1,;

flvizia) = . .
(4k+2)—3k—2+i, k+2<i<2k+1.
on(dk +2) — 2k — 2, 1<i<k;
2n(dk +2)+1—-2i, k+1<i<2k+1.
{4k5+2)+4k5+4—22 1<i<k+1;

floiwip) = .
4k +2)+6k+5—2i, k+2<i<2k+1.

(
(
(2n —2j +1)(4k +2) + 5k +3+1i, 1<i<k;
2n—27+1)4k+2)+3k+2+4, k+1<i<2k+1

(2] —1)4k+2)—k+1+4, 1<i<k+1;
(2] —1)(4k+2)—3k—2+14, k+2<i<2k+1
(2n —2j5)(4k+2) + 5k +3 —i, 1<i<Ek;
(2n—2j)(4k+2)+Tk+4—14, k+1<i<2k+1.

) -

)

For 2 < ] < n, f(uia:i,gj,l) = {
fviigj1) = {

f(uﬂz',zj) = {

2j(4k+2)—k+1—4, 1<i<k+1,;
fluiming) = § .
2j(4k +2)+k+2—1, k+2<i<2k+1.
(e) Suppose 2k +1 = (2r +1)(2s + 1), r;,s > 1. Note that 1 < i < k if and only if £ +2 <
2k +2 — i <2k+ 1. For 1 <i <k, we may see from Observation (d) that

fuizioi—1) + f(Vokto—i, Topra—i2j—1)
=[2n—2j+1)4k+2) + 5k +3 4+ +[(2) —1)(4k +2) =3k — 2+ (2k +2 — 1)
=2n(4dk +2)+4k+3 =n(8k +4) + 4k + 3.

Similarly, we may obtain that f(w;z;;)+ f(vogta—i, Tokro—iy) = n(8k +4)+4k+3 for each [ € [1, 2n].
Thus, for each a € [1,7] and j € [1,2n], each of

2s+1

Z [f(U(a—l)(25+1)+b$(a—1)(2s+1)+b,j) + f(02k+2—(a—1)(2s+1)—b$2k+2—(a—1)(25+1)—b,j)], (1)
b=1
2s+1

Z [f(U(a—l)(2s+1)+b$(a—1)(2s+1)+b,j) + f(U2k+2—(a—1)(2s+1)—b$2k+2—(a—1)(25+1)—b,j)], (2)
b=1
2s+1

Z [f(Ur(2s+1)+b$r(25+1)+b,j) + f(U2k+2—r(25+1)—b=’172k+2—r(2s+1)—b,j)], (3)
b=1
is a constant (2s + 1)[n(8k +4) + 4k + 3.

Consider G = (2k 4+ 1)(P, V Os,). By Observations (a) and (b) above, we can now define a
bijection f : E(G) — [1,(4n + 1)(2k + 1)] according to the table above. Clearly, for 1 <i <2k + 1,
[ (i) > [ ().

Now, for each ¢ € [1,k] and j € [1,2n], first delete the edges v;x;; and vogio_;Tog1o—i;, and then
add the edges vop oz, ; and v;Topio—;; with labels f(vorio_iTopio—i;) and f(vz;;), respectively.
Finally, we rename z;; by vy, ; and zopi0-;; by 2;;. We still denote this new labeling by f. By
Observation (¢), fT(yi;) = f1(z;) = n(8k+4) +4k + 3. It is easy to verify that f*(u;), f*(v;) and
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T (y:;) are distinct for all possible n, k. We denote the resulting graph by Ga,(k + 1). Note that
Gian(k + 1) has k + 1 components.

Theorem 2.1. For n,k > 1, we have x;o(Gan(k + 1)) = 3.

Proof. By definition, x;,(Ga,(k + 1)) > x(Gan(k + 1)) = 3. From the above discussion, we know
that G, (k+ 1) is a tripartite graph with &£+ 1 components that admits a local antimagic 3-coloring.
The theorem holds. []

Example 2.2. Consider n = 2 and k£ = 4. We have the following table.

112 |3 |4 |5 |6 |7 [8 |9
)| 78 | 79| 80 | 81 [ 73 | T4 |75 |76 |77
wiz;,2) | 62 | 60 | 58 | 56 | 63 | 61 | 59 | 57 | 55
)
)

42 143 | 44 |45 | 37 | 38 | 39 | 40 | 41

i

f(

f(

f(

f( 22121 120119 | 27|26 |25 |24 | 23
£ (uiv;) 1 12 |3 |4 |5 |6 |7 [8 ]9
f(

f(

f(

f(

1411516 |17 |18 | 10| 11 |12 | 13

)

) [3634]32]30|28|35|33|31|29
v, 3) | 50 | 51 | 52 | 53 | b4 | 46 | 47 | 48 | 49

)

68 | 67 | 66 | 65| 64 | 72| 71| 70 | 69

1 7 . 9 Vi 2 b Y,
1 Z Z z ’ ) 8
77 5550 63 _& 2 . 76 L5158 &
=
1‘ 179 “ :}Z - >
73 27
.’(5’4
18 64
u v, Vs u, Ve
y _ y
\
T - 33 44.47 20 10 15
Vi 32 Vi3 V34 7 Yar /a2 ¢ y
3 23 25 Z 5 Z33 Z34 4 Zi Z45 61 43 Zya 6
52 : 66 74 6! 53 65
A . N - N
e o >
V. u, v Ug

Fig. 1. A local antimagic 3-coloring of G4(5) with induced vertex labels 91, 169 and 205

We may make use of Observation (e) to construct a new graph with local antimagic chromatic
number 3 from Gy, (k+1). Let us show an example first. Suppose 2k+1= (2r+1)(2s+1), r,s > 1.
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Example 2.3. Consider n = 2, k = 4 again. Now we have r = s = 1. Consider the graph
Observation (d) we have

T g) + F (2g) + [ (yag) = [f(wzn) + fugwe )] + [f (uawa ;) + f(vss5)]

+ [ (uszs ;) + f(vrae ;)] = 273,

[f(viz1;) + f(ugze ;)] + [f(v2way) + f(usws;)]
+ [f(vszs;) + flurzq ;)] = 273,

F(yag) + [T (wsg) + [T (za) = [ (warj) + f(v6w2,)] + [f(uss5) + f(05755)]
+ [f(uswe 5) + flvaza ;)] = 273.

(1) + fr(225) + [T (235)

For each j € [1,4], we (i) merge the vertices y1 ;, 2, Y3, as a new vertex (still denote by y; ;) of
degree 6; (ii) merge the vertices zj j, 22 j, 23 ; as a new vertex (still denote by z; ;) of degree 6; and
(iii) merge y4 ;, %55, 24 (denote by x5 ;) of degree 6.

Fig. 2. A local antimagic 3-coloring of G4(3,3) with induced vertex labels 169, 205 and 273

Suppose 2k+1 = (2r+1)(2s+1), r, s > 1. Consider the graph Gy, (k+1). Foreach a € [1,r] and j €
[1,2n], we can merge all 2s5+1 vertices in {y—1)@s+1)165 | 0 € [1,25+1]}, {Z(a—1)@2s41)45, | D € [1,25+
1]}, and {r(2541)48,; | b € [1,2541]}. The new vertices are denoted by y(a—1)(2s41)+1,j5 Z(a—1)(25+1)+1,j
and 41 j, respectively. By Eqgs.(1), (2) and (3), we have f*(yu_1)@2s+1)415) = [T (Z(a—1)@2s41)41,) =
J T (@k15) = (25 + 1)[n(8k + 4) + 4k + 3]. Let the graph just obtained be G, (2r + 1,2s + 1). Note
that Go,(2r + 1,25 4+ 1) has r + 1 components.

Theorem 2.4. For n,r,s > 1, we have x;a(Gan(2r + 1,25 4+ 1)) = 3.
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Proof. By definition, x;,(Gan(2r+1,25+1)) > x(G2,(2r+1,2541)) = 3. From the above discussion,
we know that 2k+1 = (2r+1)(2s+1), r,s > 1 and G5, (2r+1,2s+1) admits a bijective edge labeling
f with induced vertex labels (1) = (2s+1)[n(8k +4) + 4k + 3], (2) = 8kn? + 6kn +4n* + k + 4n + 1,
and (3) = 8kn? + 2kn +4n* + k + 2n + 1. Clearly, (2) > (3). We now show that (1) # (2), (3). Now,

(1) — (2) = 16kns — 8kn* + 2kn + 8ks — 4n® + 8ns + 3k + 65 + 2
= (8kn +4n +3)(2s —n) + 2kn + 8ks + 3k + 3n + 2
>0 if2s>n.

Otherwise, 2s — n < —1 (equivalently, —n < —2s — 1), (1) — (2) < —6kn —n — 1+ 8ks + 3k =
—n(6k +1) — 1+ 8ks + 3k < (=25 — 1)(6k + 1) — 1 + 8ks + 3k = —4ks — 3k — 25 — 2 < 0. Thus,
(1) # (2). Similarly,

(1) — (3) = 16kns — 8kn? + 6kn + 8ks — 4n* + 8ns + 3k + 2n + 65 + 2
= (8kn +4n + 3)(2s — n) + 6kn + 8ks + 3k + dn + 2
>0 if 2s > n.

If2s—n=-1,(1)—(3) = —2kn+n—1+8ks+3k = —n(2k —1) — 1 +8ks + 3k = (—2s —
1)(2k —1) — 14+ 8ks + 3k = 4ks + k +2s > 0. Otherwise, 2s —n < —2 (equivalently, —n < —2s —2),
(1) = (3) < —10kn —3n — 4 + 8ks + 3k < (—2s — 2)(10k + 3) — 4 + 8ks + 3k < 0. Thus, (1) # (3).
Therefore, f is a local antimagic 3-coloring. The theorem holds. [

3. Graphs of size (4n+3) x (2k + 1)

In what follows, we refer to the following (4n + 3) x (2k + 1) matrix to obtain results similar to
Theorems 2.1 and 2.4. For 1 < 5 < n, we have

i 1 2 3 2k 2k+1
Fluazing 1) 10k+5 + 10k+4 + 10k-+3 8k+6 + 8k+5 +
R (9n47) (4k42) | (20-)) (4k+2) | (20-7)(4k+2) (20-7) (4k+2) | (2n-j)(4k+2)
s Gk+4 + 6k+5 + k16 + | 8k+3 8k+4 +
R (2n-j) (4k+2) | (2n-j)(4k+2) | (2n-j)(4k+2) (2n-j) (4k+2) | (2n-j)(4k+2)
Fustias) 2k-+1 + 2k (2k-1)+ 2 + 1+
R (1) (4k+2) | (n+1)(4k+2) | (n+1)(4k+2) (n+1)(4k+2) | (n+1)(4k+2)
F(0i525) 4k+3 + 4k+4 + Ak+5 + 6k+2 + 6k+3 +
e (-1)(4k+2) | (-1)(4k+2) | (-1)(4k+2) (5-1)(4k+2) | (5-1)(4k+2)
f(v-x- ‘ ) 8k + 4 + 8k+3 + 8k+2 + 6k+5 + 6k+4 +
RV A1) (4k+2) | F1)(ak+2) | (G-1)(4k+2) (5-1)(4k+2) | (j-1)(4k+2)
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Let us list the range of entries for each row of the above matrix:
Row ‘ fluizi2j—1) fluizi 2;) fluizi 2nt1)
Range | [1+ (4n —2j +4)K, (4n — 2j +5)K] | [L+ (4n — 2j +3)K, (4n — 2j + K] | [1+ (2n + 2)K, (2n + 3)K] |

Row ‘ f(Uz'Uz') ‘ f("Uixi,l) ‘ f(Uz'l“mj) ‘ f(UiZUi,zjﬂ) ‘
Range | [1,K] | [1+ K,2K] | [l + 25K, (2j + 1)K] | [1 + (2] + 1)K, (2j + 2)K] |
where K = 2k + 1 and j runs through 1 to n. One may see that the entries of the matrix form
1, (4n + 3)(2k + 1)].
By a similar argument for Observations (a) to (e) in Section 2, we have the following observations.
(1) For each column, the sum of the first 2n+2 entries is f*(u;) = (n+1)(3n+1)(4k+2)+n+2k+2.
(2) For each column, the sum of the last 2n + 2 entries is f(v;) = (n + 1)*(4k +2) +n + 1.
(3) For each i € [1,k] and j € [1,2n + 1], each of f(wz;;) + f(Vopso—i®orto—ij), f(viwij) +
f(uokso—i%okto—ij), and f(ugy1Tr41;) + f(Vkp12541,) is a constant (2n + 2)(4k + 2) + 1.
(4) Suppose 2k +1 = (2r +1)(2s+ 1), r,s > 1. For each a € [1,7] and j € [1,2n + 1], each of
2541

Z [f(U(a—1)(25+1)+b33(a—1)(2s+1)+b,j) + f(U2k+2—(a—1)(2s+1)—b$2k+2—(a—1)(2s+1)—b,j)]a (4)
b=1
2s+1
Z [f(U(a—1)(2s+1)+b9€(a—1)(2s+1)+b,j) + f(U2k+2—(a—1)(2s+1)—b9€2k+2—(a—1)(2s+1)—b,j)]a (5)
b=1
2s+1
Z L (Ur(2541)+6Tr(2541)+b,5) + f (Vakt2—r(2541)—bT2k42—r(2541) b5 )] (6)
b=1
is a constant (2s + 1)[(2n + 2)(4k +2) + 1].
Similar to graph G, (k+1) in Theorem 2.1, we also define Go,,11(k+1) of k+1 components similarly

such that the i-th component has vertex set {w;, v;, Usgro—i, Vogra—is Yij, zij | 1 < j < 2n+ 1} and
edge set {U;V;, Uskto—iVokt2—is Uilli j; Vakt2—iYi > ViZij, Uokta—iZij | 1 < J < 2n+ 1} for 1 <4 <k, and
the (kK + 1)-st component is the P, V Oq,qq with vertex set {ugi1,Vkt1, Zpr1, | 1 < j < 2n+ 1}
and edge set {wpi1Vk1, Wpp1 k1,5, Vk1Th41; | 1 < § < 2n+ 1}. Moreover, by Observation (3),
[T (yi;) = fT(zij) = 2n+2)(4k + 2) + 1. It is easy to verify that f*(u;), f*(v;) and f*(y, ;) are
distinct for all possible n, k.

Theorem 3.1. For n,k > 1, xa(Gons1(k + 1)) = 3.

Proof. By definition, xi,(Gont1(k+1)) > x(Gant1(k+1)) = 3. From the discussion above, we know
Gont1(k+1) is a graph with £+ 1 components that admits a local antimagic 3-coloring. The theorem
holds. O

For 2k+1=(2r+1)(2s+1),r,s > 1, by Observation (4) above, we also define Ga,,41(2r 4+ 1,2s +
1) as in Theorem 2.4 with r + 1 components and similar vertex set with vertices y(a—1)(2s+1)+1,j:
Za-1)(2s+1)41,5 and g1 for 1 <a < 2r4+1,1 < j < 2n+ 1. By Egs. (4), (5) and (6), we have
T Wanestyrg) = [T Fa-nesiy+g) = (@) = (25 + 1)[(2n + 2)(4k +2) + 1.

Theorem 3.2. Forn,r,s > 1, we have xja(Gons1(2r + 1,25+ 1)) = 3.

Proof. Similar to the proof of Theorem 2.4, we know 2k +1 = (2r + 1)(2s + 1), r,s > 1 and
Goni1(2r+1,2s41) is a tripartite graph with 7+ 1 components that admits a bijective edge labeling
f with induced vertex labels (1) = (2s+1)[(2n+2)(4k+2)+1], (2) = (n+1)(2n+1)(4k+2)+n+2k+2
and (3) = (n + 1)?(4k + 2) + n + 1. Clearly, (2) > (3). We now show that (1) # (2), (3).
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Now,

(1) — (2) = —8kn? + 16kns — 4kn + 16ks — 4n® + 8ns + 2k — 3n + 10s + 1
= (8kn +4n + 4k 4+ 5)(2s —n) + 2n + 8ks + 2k + 1
>0 if2s>n.

If2s—n < -1, (1) —(2) < —=8kn —2n—2k —4+8ks < (—2s —1)(8k +2) — 2k — 4+ 8ks < 0. Thus,
(1) # (2). Similarly,

(1) — (3) = —4kn® + 16kns + 16ks — 2n® + 8ns + 4k — n + 10s + 2
= (4kn +2n +2)(4s — n) +n + 16ks + 2s + 4k + 2
>0 ifds>n.

Ifds—n < -1, (1)—(3) < —4kn—n+16ks+2s+4k < (—4s—1)(4dk+1)+16ks+2s+4k = —2s—1 < 0.
Thus, (1) # (3). Therefore, f is a local antimagic 3-coloring. The theorem holds. O

Example 3.3. Take n =2, k = 4, we have the following table and graph G5(5) (Figure 3) with the
defined labeling.

i 123456789
Fluiris) | 99 |98 97 [ 96|95 |94 | 9392 | 91
Fluiriz) | 82 |83 84|85 |86 |87 | 88|89 |90
Flugris) | 8180 |79 |78 |77 |76 | 75 | 74 | 73
f(uiwia)
f(uiwis)

64|65 |66 | 67|68 |69 |70 | 7L |72
63|62 |61 |60 |59 |58 |57 |56 55

Flowin) [18 17116 [ 15[ 14 [ 13 [ 12 ] 11 10
Fluwiz) [19 20 |21 (2223 (242526 27
Fluwis) |36 |35 |34 333231302928
Floiwia) [ 37381394041 [ 424344 45
(

f(vizis) | b4 | 53 | 52 | 51 | 50 | 49 | 48 | 47 | 46
If we take r = s = 1, we can get G5(3,3) which is a 6-regular graph (Figure 4).

Note that we may also apply the delete-add process that gives us Theorem 2.6 in [1| to the graphs
Gon(2r + 1,25 + 1) and Gopy1(2r + 1,25 + 1) to obtain two new families of (possibly connected or
regular) tripartite graphs with local antimagic chromatic number 3. Denote the respective families
of graph as Ry, (2r 4+ 1,25+ 1) and R, 41(2r + 1,25+ 1). For example, from graph G4(3,3), we may
remove the edges vgy; 1, u1y1,1 with labels 13,78 and w425 1, ugxs,1 with labels 81, 10 respectively; and
add the edges vgxs; with label 13, uyx5; with label 78, w4y, with label 81, and wugy;; with label
10. The new graph is in R4(3,3) and is connected. If we apply this process to G5(3,3) involving
the edges with labels 99,10 and 96, 13 respectively, we get a connected 6-regular graph in R5(3, 3).
Thus, we have the following corollary with the proof omitted.

Corollary 3.4. Forn,r,s > 1, if n = 2s, Ron11(2r + 1,25 4+ 1) is a family of (possibly connected)
(2n + 2)-regular tripartite graphs with local antimagic chromatic number 3.
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Fig. 4. A local antimagic 3-coloring of G5(3,3) with induced vertex labels 165, 327 and 390

4. Conclusions and Discussion

In this paper, we constructed several families of infinitely many tripartite graphs of size (4n + 1) X
(2k + 1) and (4n + 3) x (2k + 1) respectively. We then use matrices to show that these graphs have
local antimagic chromatic number 3. As a natural extension, we shall in another paper show that
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such families of graphs of size (4n + 1) x 2k and (4n + 3) X 2k respectively are bipartite but they
also have local antimagic chromatic number 3. Interested readers may refer to [6] for more related

results.
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