ARS COMBINATORIA 162 (2025) 51-70

Ars Combinatoria “’

www.combinatorialpress.com /ars

Combinatorial Press

Outer independent double Roman domination in unicyclic
and bicyclic graphs

S. Nazari-Moghaddam!, M. Chellali?, S.M. Sheikholeslami®™

! Department of Mathematics University of Ilam Ilam, Iran
2 LAMDA-RO Laboratory, Department of Mathematics, University of Blida, B.P. 270, Blida, Algeria

3 Department of Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran

ABSTRACT

An outer independent double Roman dominating function (OIDRDF) of a graph G is a function
f:V(G) —{0,1,2,3} satisfying the following conditions: (i) every vertex v with f(v) = 0 is adjacent
to a vertex assigned 3 or at least two vertices assigned 2; (ii) every vertex v with f(v) = 1 has a
neighbor assigned 2 or 3; (iii) no two vertices assigned 0 are adjacent. The weight of an OIDRDF is
the sum of its function values over all vertices, and the outer independent double Roman domination
number 7,4z (G) is the minimum weight of an OIDRDF on G. Ahangar et al. [Appl. Math. Comput.
364 (2020) 124617] established that for every tree T of order n > 4, Yoar(T) < 2n and posed the
question of whether this bound holds for all connected graphs. In this paper, we show that for a
unicyclic graph G of order n, Yoqr(G) < 242
characterize the graphs attaining these bounds, providing a negative answer to the question posed

, and for a bicyclic graph, Ypar(G) < %. We further

by Ahangar et al.
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1. Introduction

Throughout this paper, G is a simple graph with vertex set V(G) and edge set E(G) (briefly V, E).
The order |V| of G is denoted by n = n(G). For every vertex v € V(G), the open neighborhood of v
is the set Ng(v) = N(v) = {u € V(G) | wwv € E(G)} and the degree of v € V' is deg(v) = |[N(v)|. A
leaf of G is a vertex with degree one while a support vertex is a vertex adjacent to a leaf. A support
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vertex is strong if it has at least two leaf neighbors. We denote by L(v) the set of all leaves adjacent
to a vertex v and by L(G) the set of leaves of G.

A path and a cycle of order n are denoted by P, and C,, respectively. The corona cor(H) of a
graph H is the graph obtained from H by adding for each vertex v € V(H) a new vertex v and
the edge vv’. A graph G is called a cactus graph if each edge of G belongs to at most one cycle. A
connected cactus graph is a tree if it has no cycle, a unicyclic if it has exactly one cycle and it is
bicyclic if it has two cycles.

A double Roman dominating function, abbreviated DRDF, on a graph G is a function f : V —
{0,1,2,3} having the property that if f(v) = 0, then vertex v has at least two neighbors assigned 2
or one neighbor assigned 3 under f, and if f(v) = 1, then vertex v has at least one neighbor assigned
2 or 3. Double Roman domination was introduced in 2016 by Beeler et al. [2], and has been widely
studied ever since. For further details on this concept, we refer the reader to book chapter of Chellali
et al. [3] and the survey paper of Poklukar and Zerovnik [5]. The complexity of double Roman
domination has been studied in [6].

In this paper, we are interested in a variation of double Roman domination introduced in 2020
by Ahangar et al. [l]. An outer independent double Roman dominating function f, abbreviated
OIDRDF, on a graph G is a DRDF such that no two vertices assigned 0 under f are adjacent. The
weight of an OIDRDF is the sum of its function values over all vertices, and the outer independent
double Roman domination number ~,,4r(G), abreviated OIDR-domination number, is the minimum
weight of an OIDRDF on G. The concept of outer independent double Roman domination was
subsequently studied in [4, 7, 10, 8, 9]. As an example, the graph depicted in Figure 1 has an
OIDR-domination number equal to 5, where the center vertex is assigned 3. But since the set of
the remaining vertices in not independent, then one vertex of degree 2 of each triangle is assigned
1, and the three remaining vertices are assigned 0 (see Figure 1). Moreover, it is worth noting that
the decision problem associated with v,,4r(G) has been shown to be NP-complete in [1] for bipartite
and chordal graphs, while in [4] for planar graphs of degree at most four. Therefore the interest
in establishing bounds on this parameter that are easily verified, that is, expressed in terms of the
order, maximum degree, minimum degree, etc.

1 1

Fig. 1. A graph G with v,,4r(G) =5

In [1], Ahangar et al. have given an upper bound for the OIDR-~-domination number of any tree T
of order at least three in terms of the order and number of support vertices.

Theorem 1.1 ([1]). For each tree T of order n > 3,
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s(T)
2 Y

Yoiar(T) < n +
where s(T) is the number of support vertices of T.
Since for any tree T" of order n > 3, s(T') < 7, the following upper bound has been derived.

Corollary 1.2 ([1]). For each tree T of order n > 3, vour(T) < 2.

Furthermore, the authors [1] raised the question of whether the upper bound in Corollary 1.2 re-
mains valid for every connected graph of order at least four. It is worth noting that a characterization
of all trees T" attaining the bound in Corollary 1.2 was given in |7] as follows: let T be the family of
trees 1" obtained from disjoint copies of a path P, by adding edges between support vertices of paths
so that the resulting graph is a tree.

Theorem 1.3 ([7]). Let T be a tree on n > 4 vertices. Then Yoiar(T) = 2 if and only if T € T.

In this paper, we are interested in establishing an upper bound of the OIDR-number for unicyclic
and bicyclic graphs. More precisely, we show that if G' is a connected unicyclic graph of order n,
then v,qr(G) < %, while if G is a connected bicyclic graph, then 7,qr(G) < 5”4—“. Moreover, we
characterize all connected unicyclic and bicyclic attaining the aforementioned bounds, respectively,
which therefore provides a negative answer to the previous question asked in [1].

We close this section by a useful result established in 1] that gives the exact value of the OIDR-
domination number for paths and cycles.

Proposition 1.4 ([1]). Forn >3,
) n if n=3,
0 voan(P2) = {

n if n is even,
n+ 1 otherwise.

n + 1 otherwise.

(ii) %z’dR(Cn) =

2. Unicyclic graphs

In this section, we present an upper bound on the OIDR-domination number of connected unicyclic
graphs, and we characterize the extremal unicyclic graphs attaining this bound. We begin by con-
sidering a specific unicyclic graph, namely the corona of a cycle C;, where the exact value of the
OIDR-domination number will be provided.

Proposition 2.1. Fort > 3,

% if ¢ is even,

Yoiar(cor(Cy))=

% otherwise.

Proof. Let V(C}) = {z1,x9,...,2¢} and L(cor(Cy)) = {y1,92, - .., y:}, where for each i, y; is the leaf
neighbor of z;. Note that cor(C}) has order 2t. First, assume that ¢ is even and consider the function
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f defined by f(x9;-1) =3, f(yx) =2fori=1,...,% and f(u) = 0 for any other vertex u. Obviously,
f is an OIDRDF on cor(C}) of weight % Assume now that t is odd, and consider the function g
defined by g(z2i—1) = g(x) = 3, g(ya;) = 2 for i = 1,..., 5%, and g(u) = 0 for any other vertex u.
Obviously, g is an OIDRDF on cor(C}) of weight 5t7+1 This proves the upper bound.

To prove the inverse inequality, we use an induction on ¢. Let f be a ~,,r(cor(C;)) such that
f(V(C})) is as large as possible. First observe that if f(z;) = 1 for some i, then by definition of an
OIDRD-function, f(y;) = 2, and thus the function g defined on cor(C;) by g(x;) = 3, g(y;) = 0 and
g(u) = f(u) otherwise, is a Ypar(cor(Ct)) with more weight on V(C}), which contradicts the choice
of f. Likewise, if f(z;) = 2 for some i, then the minimality of f implies that f(y;) = 1, and as before
reassigning x; and y; the values 3 an 0 provides a 7yqr(cor(Cy)) that contradicts the choice of f.
Therefore f(x;) € {0,3} for each i. As a result, since f is an OIDRD-function, if f(z;) = 0, then
we must have f(z;_1) = f(x;41) = 3. Now, without loss of generality, assume that f(z;) = 3, and
thus f(y1) = 0. If t = 3, then 3 € {f(x2), f(x3)}, say f(z2) = 3 and thus f(y3) =2 and f(z) =0 for
x € {y1,y2, x3}. Hence Yoiqr(cor(Cy)) = 8 = 2HL establishing that base step. Let ¢ > 4 and assume
that for any ¢’ with 3 <t < t, we have

! . .
%t if ¢ is even,

Yoiar(cor(Cy)) >

4 .
E’t—;l otherwise.

First, let t > 4 is even. If f(x;) = f(xz;41) = 3 for some i, say @ = 1, then the restriction of f to
cor ((Cy — {z2}) + x123) is an OIDRD-function on cor((Cy — {z2}) + x123). Applying the induction
hypothesis on cor(C; — {z2}) + x123 leads to w(f) > 5('5_2& +3 = %2 Now let ¢ > 5 is odd.
Then we must have f(z;) = f(x;41) = 3 for some 4, say i = 1. In this case, the restriction of f
to cor ((Cy — {x2}) + x123) is an OIDRD-function on cor((Cy — {z2}) + z123) and by the induction
hypothesis on the resulting corona, we get w(f) > @ +3= % In either case,

% if ¢ is even,

Yoiar(cor(Cy)) =

% otherwise.

and the proof is complete. O

In the following, the graphs U; and U, depicted in Figure 2 will be considered in the proof of the
main result of this section.

Fig. 2. Unicyclic graphs U; and Us.

Let U be the family of unlabeled unicyclic graphs G that can be obtained from a sequence
Gi,...,Gj (j > 1) of unicyclic graphs such that G; = cor(C;) for some odd ¢ and, if j > 2,
then ;.1 can be obtained recursively from G; by the operation O below.
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Operation O: Assume that u is a support vertex of GG;. Then G, is obtained from G; by adding
a path Py : wjwowsw, and the edge uwy (see Figure 3).

w1

Fig. 3. The Operation O

Fig. 4. A graph obtained from Cor(Cs5) by applying Operation O twice

Figure 4 shows a graph obtained from Corona C5 by applying Operation O twice. The following
lemma will useful in what follows, but since its proof is quite simple, we will omit it.

Lemma 2.2. If G € U, then v,ur(G) = 5”Tjr2. Moreover,

(i) for any leaf u of G with support vertex v, there exists a Voqr(G)-function that assigns 2 to u
and v is doubly Roman dominated by vertices of G — .

(ii) for any support vertex v of G, there exists a Voiar(G)-function that assigns at least 2 to v.

Theorem 2.3. If G is a connected unicyclic graph of order n, then

5n + 2

Yoiar(G) < 1

with equality if and only if G € U.

Proof. We use an induction on the order n. It can be seen that for n € {3,4,5,6, 7}, Yoiar(G) < 222,

with equality if and only if G = cor(Cs), establishing the base case. Let n > 8 and assume that the
result holds for all unicyclic graphs of order less than n. Let G be a unicyclic graph of order n. If
G is a cycle, then by Proposition 1.4, v,,4r(G) € {n,n + 1}, and thus v,4r(G) < % < %, since
n > 8. Hence we can assume that G # C,, and so we must have at least one leaf. Let C' denote

the unique cycle of G, and let ag be a vertex of C' such that deg(ap) is as maximum as possible.

Moreover, let ag...ax, with & > 1, be a path from ag to a farthest leaf a; of G, where every a; is
outside C for i € {1,...,k}. Suppose that |V (C)|= m, and let V(C) = {ag,c1,¢2, ..., Cm_1}, where
m > 3, ag is adjacent to ¢; and ¢,,_1, and ¢; is adjacent to ¢;q for i € {1,...,m — 2}. Before going
further, we need to prove the following claim.
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Claim 1. If x € C'is a strong support vertex of degree at least four such that all its neighbors but
two are leaves, or z € V(G) — C' is a strong support vertex such that all its neighbors but one are

leaves, then 7,4r(G) < %.

Proof of Claim 1. Assume first that x € C is a strong support vertex of degree at least four such
that all its neighbors but two are leaves and let x; and x5 be the neighbors of x on C. Consider
the graph G’ obtained from G by removing the edges xxq,zz5. Clearly, G’ has two components,
each of which is a tree. Let T' be the component of G’ that contains z; and note that |V(T)|> 2. If
|[V(T)|> 3, then every 7,iqr(T)-function can be extended to an OIDRDF of G by assigning 3 to x
and 0 to each leaf neighbor of x. It follows from Theorem 1.1 that

5(n — 3) 5n + 2
T+3< 1

Yoidr(G) < Yoiar(T) + 3 <

Now, if |V(T)|= 2, then the function f defined on V(T') by f(x) =3, f(x1) =1 and f(w) = 0 for
w € V(G) —{z,x}, is an OIDRDF of G of weight 4, and clearly, v,ar(G) < %.

Assume now that = € V(G) — C'is a strong support vertex such that all its neighbors but one are
leaves. Consider the graph G’ obtained from G by removing x and all its leaf neighbors. Clearly,
G’ is unicyclic graph of order at least three, and since every 7,4r(G’)-function can be extended to
an OIDRDF of G by assigning 3 to = and 0 to each leaf neighbor of x, we obtain by applying the
induction hypothesis on G’,

5(n—3) 42 Bn + 2
e L e
4 * 4

as desired. []

Yoidr(G) < Yoiar(G') + 3 <

For the remainder, consider the following two cases.

Case 1. k > 3.

We first note that by Claim 1, a;_; has degree two. We distinguish two other situations.

Subcase 1.1. deg(ag_o) > 3. Suppose that a;_» has ¢; neighbors as support vertices of degree two
and ¢y neighbors as leaves. Clearly ¢; > 1 (because of a;_1) and ¢; + g2 > 2 (because of the degree
of ar_s). Let G’ be the component of G — a;_» that contains a3 and let f’ be a v,,4r(G")-function.
Note that G’ is unicyclic of order at least 3. If ¢o > 1, then f’ can be extended to an OIDRDF of G
by assigning 3 to ax_o and 0 to its neighbors with the exception of a;_3, 2 to any other remaining
vertex. By the induction hypothesis on G’ and since ¢; > 1 and ¢ > 1, we obtain that

Yoidr(G) < Yoiar(G") + 2q1 + 3
< 5(n—2q1 —qa— 1) +2

< 1 +2¢1 +3
§5n—2q1—5q2+7+2§5n+2. (1)
4 4
Further if 7,;4r(G) = %2, then we have equality throughout the inequality chain (1). In particular
g1 = q2 = 1 and v,;qr(G’) = Sm=D+2 [t follows from the induction hypothesis that G' € U. If aj_3 is
1

a leaf in G’; then by Lemma 2.2, G’ has a Y,;qr(G’) that assigns 2 to ax_3 and ay_4 is doubly Roman
dominated by the vertices in G’ — a,_3. Then reassigning a;_3 a 1 and assigning 3 to ax_o, 2 to ag
and 0 to a;_; and the leaf neighbor of a;_5, provides an OIDRDF of G of weight vyqr(G") + 4 which
leads to a contradiction. Thus v,_3 is a support vertex of G’ and so G € U.
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Now, if ¢o = 0, then ¢; > 2 and f’ can be extended to an OIDRDF of G by assigning 0 to all
neighbors of ay_o except ax_3 and 2 to any other remaining vertex. By the induction hypothesis on
G’ and since ¢; > 2, we obtain that

Yoidr(G) < Yoiar(G") + 2q1 + 2
L B(n— 2 —1) +2
- 4
< on — 2q1 +3+2
- 4
o+ 1 _ 5n + 2
4 4

+2q1 + 2

IN

Subcase 1.2. deg(ag—o) = 2.

Observe that if a;_3 has a neighbor t; outside C' such that there is a path ay_stitsts from a;_3 to
a leaf t3, then t3 plays the role of a; (since t3 is as far from ag as the vertex ay). Which leads that
deg(t;) = deg(ta) = 2. Thus, any neighbor of a;_3 outside C' is a leaf, a support vertex of degree
two (because of Claim 1), or a vertex of degree two which is adjacent to a support vertex of degree
two. Accordingly, suppose that a;_3 is adjacent to hy leaves, hy support vertices of degree two and
hs vertices of degree two each of which is adjacent to a support vertex of degree two, that we recall
are all outside C. Clearly hg > 1, because of a;_s.

First, assume that & > 4. Remove the edge ay_sar_4 from G and consider the component G’
that contains ay_4. Note that G’ is unicyclic of order at least 3. Let f’ be a 7,qr(G’)-function. If
hi > 1, then f’ can be extended to an OIDRDF of G by assigning 3 to a,_3 and to each support
vertex at distance 2 from a,_3, 2 to any leaf at distance two from a;_3 and 0 to any other vertex in
V(G) — V(G'). By the induction hypothesis on G’ and since hy > 1 and h3 > 1, we obtain that

’YoidR(G) S fYoidR<Gl) + 2h2 + 3h3 + 3

< 1 + 2hy + 3hg + 3
- 4

on+1  dn+2
< < .
- A4 4
If hy =0, then f’ can be extended to an OIDRDF of G by assigning 3 to each support vertex at

distance 2 from ag_3, 2 to a,_3 and any leaf at distance two from it and 0 to any other vertex in
V(G) — V(G'). By the induction hypothesis on G’ and since hy > 1, we have

’YOidR(G) < 'VoidR(G/) + 2h2 + 3h3 + 2

< 1 + 2hy + 3hg + 2
- 4
on + 2
< . 2
< @)

Further if v,qr(G) = 5’"‘:2, then we have equality throughout the inequality chain (2). In particular

hs =1,hy =0 and v,4r(G’) = W' By the the induction hypothesis, G’ € U, where a;_, can be

a leaf or a support vertex. But in any case, by items (i) and (ii) of Lemma 2.2, G’ has a 7,;qr(G’)-
function f’ that assigns at least 2 to ay_4. In this case, assigning 2 to ay, ay_s, and 0 to ag_1, ap_s,



58 NAZARI-MOGHADDAM ET AL.

f’ can be extended to an OIDRDF of G of weight v,4r(G’) + 4 which leads to a contradiction.
Therefore, the equality does not holds, that is 7,;qr(G) < %.

Finally, assume that k£ = 3. Remove vertex ag from G, and consider T the component of G — ag
that contains ¢;. Note that T is a tree and has order at least 2. Let f’ be a 7yqr(T)-function, and
assume first that |V(T')|> 3. If hy > 1, then f’ can be extended to an OIDRDF of G by assigning 3
to ap and to each support vertex (not in T') at distance 2 from ayg, 2 to any leaf (not in T') at distance
two from ay and 0 to any other vertex in V(G) — V(T'). By Theorem 1.1, and since hy > 1 and

hs > 1, we obtain that

Yoidr(G) < Yoiar(T') + 2ho + 3h3 + 3

— hy —2ho —3hy — 1
R 2 — 3hs )+2h2+3h3+3

- 4
<5n—5h1—2h2—3h3+7
- 4
<5n

4.

If hy = 0, then f’ can be extended to an OIDRDF of G by assigning 3 to each support vertex (not
in T') at distance two from ag, 2 to ag and to any leaf (not in T') at distance two from ag and 0 to
any other vertex in V(G) — V(T). By Theorem 1.1 and since hy > 1, we have

Yoidr(G) < Yoiar(T) + 2ho + 3hs + 2

OBy — 3 — 1
D=2k =3hs = 1) o 4o

- 4

< 5n — 2hy — 3hs + 3
- 4

<5n 5n+2'

=7 "1

Now, let |V(T")|= 2. Then n = 3hs + 2hy + hy + 3. Define the function f on V(G) that assigns
3 to ap and each support vertex at distance 2 from it, 2 to any leaf at distance two from ag, 1 to
c; and 0 to any other vertex. Obviously, f is an OIDRDF of G of weight 4 + 3h3 + 2ho, and so
Yoiar(G) < 22,

Case 2. k € {1,2}.

Note that any neighbor of ay outside C' is either a leaf or a support vertex of degree two. Let hy
be the number of support vertices outside C' that are adjacent to ag and let hy be the number of leaf
neighbors of ay. Consider the following two subcases.

Subcase 2.1. deg(ag) > 4.

Claim 1 implies that k = 2, and thus h; > 1 and hy + ho > 2. Let T be the component of G — ag
that contains ¢; and f’ be a v,4r(T)-function. Note that T is a tree of order at least two. First, let
|[V(T)|> 3. If hog > 1, then f" can be extended to an OIDRDF for G by assigning 3 to ag, 0 to its
neighbors outside (', and 2 to any other remaining vertex. By Theorem 1.1, we have;

Yoidr(G) < Yoiar(T) +2h1 + 3
. 5n—2h1—5h2+7
N 4

+2h; + 3
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5n  bn+ 2
< — K .
- 4 4

Hence we can assume that hy = 0, and thus h; > 2. In this case, we extend the function f’ to an

OIDRDF on G by assigning 0 to the neighbors of ay outside C', and 2 to any other remaining vertex
(including ag). It follows from Theorem 1.1 that;

5(n—24h1 - 1) b 42 < 5n4—1 _ 5n2—2‘

Assume now that |V(T')|= 2. Clearly, n = 2h; + hy + 3. Define an OIDRDF on V(G) of weight
44 2hy as follows: assign 3 to ag, 0 to any neighbor of ay except ¢q, 1 to ¢; and 2 to any other vertex.
It follows that;

Yoidr(G) < Yoiar(T') +2hy + 2 <

5(2hy +hy+3)+2  5n+2
4 4

%idR(G) =4+ 2h1 <

Subcase 2.2. deg(ay) = 3.

By the choice of ag, any vertex on C of degree three is either a support vertex or it is adjacent to
a support vertex of degree two. Let x be a vertex of C' adjacent to a support vertex w ¢ C. Let v
denote the leaf neighbor of w. Remove vertices x,w, v from G and let T" be the resulting tree. Since
n > 8, |[V(T)|> 3 and by Theorem 1.1, v,;qr(T) < @. In this case, any Yoiqr(T)-function can be
extended to an OIDRDF on G by assigning 2 to x,v and 0 to w, and therefore,
5(n —3) S5n+1  5n+2
1 +4< 1 < 1
Hence, GG has no support vertex outside C. If each vertex of C is a support vertex, then by
Proposition 2.1 we have v,qr(G) < 5”:2, with equality if and only if G = cor(Cy) for some odd ¢,
and so G € U. Hence we can assume that at least one vertex of C' has degree two. In this case, let x

Yoidr(G) < Yoiar(T) +4 <

be a support vertex of C' having a neighbor y € C' of degree two. Let y; denote the second neighbor
of y on C. If deg(y;) = 3, then consider the tree T" obtained from G by removing z,y, y; and the two
leaf neighbors of = and y;. Since n > 8, we have |V (T')|> 3 and by Theorem 1.1, vpqr(T) < @.
In this case, we extend any v,qr(7)-function to an OIDRDF on G by assigning 3 to x,y; and 0 to
any other vertex. It follows that;

5(n—5)+6_5n—1 <5n+2
4 4 4

Hence we can assume that deg(y;) = 2 and let yo denote the second neighbor of y; on C. If

Yoidr(G) < Yoiar(T) + 6 <

deg(y2) = 3, then consider the tree T obtained from G by removing vertices z,y, 41, y2 and the two
leaf neighbors of x and y,. Since n > 8, it follows that [V (T)|> 2. Now, if |V(T')|= 2, then G is one
of the two graphs U; or U, of Figure 2, but for both graphs we have v,4r(G) < %. Hence, we
assume that |V(T)|> 3 and thus by Theorem 1.1, v,iqr(T) < w. As before, we can extend any
Yoiar(T)-function to an OIDRDF on G by assigning 3 to x,ys, 1 to y and 0 to any other vertex. It

follows that;

5(n —6) bn—2  bn+2

; < v, < =
’YozdR(G) =~ ’VozdR(T> + 7 >~ 4 -+ 7 4 < 4

Finally assume that deg(yz) = 2, and let T' be the tree obtained from G by removing vertices
z,y,y1,y2 and leaf neighbor of x. Since n > 8, we have |V(T)|> 3 and thus by Theorem 1.1,
Yoiar(T) < 5(”T_5). Clearly, any v,qr(7)-function can be extended to an OIDRDF on G by assigning
3 to x, 2 to Y2, 1 to y; and 0 to any other vertex. It is easy to see that Y,.ur(G) < Yeiar(T) +6 < %".
This completes the proof. O
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3. Bicyclic graphs

In this section, we present an upper bound on the OIDR-domination number of connected bicyclic
graphs, and we characterize all extremal bicyclic graphs attaining this bound.

Let B be the family of bicyclic graphs G that can be obtained from two graphs Gy,Gy € U by
adding an edge between their support vertices so that the resulting graph is bicyclic (for eaxmple
see Figure 7).

Fig. 5. A bicyclic graph in B.

Lemma 3.1. If G € B, then v,ur(G) = %. Moreover,
(i) for any leaf u of G with support vertex v, there exists a Voar(G)-function that assigns 2 to u
and v 1s doubly Roman dominated by vertices in G — u.

(ii) for any support vertex v of G, there exists a Voiar(G)-function that assigns at least 2 to v.

Theorem 3.2. If G is a connected bicyclic graph of order n, then

n + 4
4 )

Yoiar(G) <

with equality if and only if G € B.

Proof. The proof is by induction on n. Clearly, n > 5, and one can easily check that the statement
holds for all bicyclic graphs of order n € {5,6, 7}, establishing the base case. Let n > 8, and assume
that the result holds for all bicyclic graphs of order less than n. Let G be a bicyclic graph of order
n. Let C' and C’ denote the cycles of G, where V(C) = {vy,...,v,} and V(C") = {wy,...,wy}.
Without loss of generality, assume that d(C,C”) = d(vi,w;), and let P denote the shortest path
between v; and w;. Before going further, we need to state some claims. The first one can be proven
similarly to Claim 2, and thus the proof is omitted.

Claim 2. If v € V(P)U V(C)U V(C") is a strong support vertex such that all of its neighbors
outside P U C' U C" are leaves, or v € V(G) — V(P)UV(C)UV(C") is a strong support vertex such
that all of its neighbors but one are leaves, then v,,4r(G) < %.

Claim 8. If ay € V(P)UV(C)UV(C’) and there is a path of length £ > 3 from ag to a farthest
leaf aj from ay that intersects P U C U C” only in ag, then 7,4r(G) < 5”14, with equality only if
GeB.
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Proof of Claim 3. Suppose that there is a path aga; - - - ag to a leaf a; such that £ > 3 and no
a; for any ¢ > 1, belongs to V(P),V(C) or V(C"). By Claim 2, deg(ay—1) = 2. First, assume that
deg(ax_2) > 3. Suppose that a;_» has ¢; neighbors as support vertices of degree two and gs neighbors
as leaves. Clearly ¢; > 1 (because of a;_1) and ¢; + ¢2 > 2 (because of deg(ay_2) > 3). Remove
ap—o from G and consider the component G’ that contains a;_s3. Note that G’ is bicyclic. If ¢o > 1,
then any v,4r(G’)-function can be extended to an OIDRDF of G by assigning 3 to ax_» and 0 to its
neighbors but a;_3, 2 to any other vertex. By the induction hypothesis on G’ and since ¢; > 1 and
g2 > 1, we obtain that;

Yoidr(G) < Yoiar(G") + 2q1 + 3

< 1 +2¢: +3
§5n—2q1—5qz+7+4§5n+4' 3)
4 4
Further if 7our(G) = 22, we have equality throughout the inequality chain (3). In particular
@1 = g2 = 1 and Y,4r(G") = w. It follows from the induction hypothesis that G’ € B. If aj_3 is

a leaf in G, then by Lemma 3.1, G’ has a v,,4r(G’) that assigns 2 to a;_3 and aj_4 is doubly Roman
dominated by the vertices in G’ — ai_3. In this case, reassigning a;_3 the value 1 and assigning 3
to ap_s2, 2 to ap and 0 to ai_1 and the leaf neighbor of a;_s, provides an OIDRDF of G of weight
Yoiar(G") + 4 which leads to a contradiction. Thus ax_3 is a support vertex of G’ and thus G € B.

Hence we can assume that go = 0. Then ¢; > 2 and any 7,;,4r(G’)-function can be extended to an
OIDRDF of G by assigning 0 to neighbors of ax_o but a;_s, 2 to any other remaining vertex. By the
induction hypothesis on G’, and since ¢; > 2, we obtain that;

Yoidr(G) < Yoiar(G") + 2q1 + 2
_ B(n—2g —1) +4

= 1 +2q1 + 2
< 5n—2q2+3+4 - 5712—4.

In the sequel, we will assume that deg(ay_2) = 2. Note that any neighbor of a;_3, except ax_4
when k& > 4 or its neighbors in V(P) U V(C) U V(C’) when k = 3, is either a leaf, a support vertex
of degree two (because of Claim 2), or a vertex of degree two which is adjacent to a support vertex
of degree two. Accordingly, assume that a,_3 is adjacent to hy leaves, hy support vertices of degree
two and hg vertices of degree two each of which is adjacent to a support vertex of degree two (all
outside C). Because of a;_», we have hy > 1.

Assume that & > 4, and let G’ be the component of G containing a,_4 after the removal of the
edge ay_sax_4. Observe that G’ remains bicyclic. Now, if Ay > 1, then every v,,4r(G’)-function can
be extended to an OIDRDF of G by assigning 3 to ax_3 and to each support vertex (note in G’) at
distance 2 from ay_3, 2 to any leaf (note in G’) at distance two from a;_3 and 0 to any other vertex
in V(G) — V(G'). By the induction hypothesis on G’ and since hy > 1 and hs > 1, we obtain that

Yoidr(G) < Yoiar(G') + 2hy + 3h3 + 3

5(n — hy — 2hy — 3ha — 1) + 4
< A= T )4 o 3k 43
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Hence let hy = 0. Then any v,,4r(G’)-function can be extended to an OIDRDF of G by assigning
3 to each support vertex (note in G') at distance 2 from a;_3, 2 to a;_3 and any leaf (note in G') at
distance two from ay_3 and 0 to any other vertex in V(G) — V(G’). By the induction hypothesis on
G’ and since hz > 1, we obtain

Yoidr(G) < Yoiar(G") + 2ha + 3hs + 2

—2ho —3hs — 1 4
< 5(n=2hy = 3hs — 1) + 4 2Ry + 3hg + 2

- 4
- 4
4
< on + ‘ (4)
4
Further if v,4r(G) = 245, then we have equality throughout the inequality chain (4). In partic-

ular, hy = 0 and hy = 1 and 7,;qr(G’) = w. By the the induction hypothesis, G’ € B, where
ai—4 can be a leaf or a support vertex. But in any case, by items (i) and (ii) of Lemma 3.1, G’ has
a Yoiar(G’)-function f” that assigns at least 2 to ay_4. In this case, assigning 2 to ag,ax_», and 0
to ag_1,ax—3, f' can be extended to an OIDRDF of G of weight v,;4r(G’) +4 < 5”I2, leading to a
contradiction. Therefore, the equality does not holds, that is v,,4r(G) < 5”Tf2.

In the following, we can assume that £ = 3. Denote by A the set of all neighbors of ay outside
of C'UC"U P, and recall that hy > 1. Let G’ be the union of the components of G — (A U {ag})
containing neighbors of ay on P U C,,, U Cy.

Consider the following situations.

e ap € V(P)—{vy,w}.

Since ag € V(P), the graph G’ is the disjoint union of two unicyclic graphs and thus by Theorem
2.3, Yoiar(G") < w. Now, if hy > 1, then we extend any 7,;4r(G’)-function to an OIDRDF for
G by assigning 3 to ap and to each support vertex (not in G’) at distance 2 from ao, 2 to any leaf
(not in G’) at distance two from ay and 0 to any other vertex in V(G) — V(G’). Since hy > 1 and

hs > 1, we obtain that

Yoidr(G) < Yoiar(G') + 2hy + 3hs + 3

5(n — hy — 2hy — 3hg — 1 4
< <n ! 2 3 )+ —|—2h2+3h3+3

- 4
- 4
- on +4

1 .

Hence we may assume that hy = 0. Then any 7,4r(G’)-function can be extended to a OIDRDF
of G by assigning 3 to each support vertex (not in G') at distance 2 from ay_3, 2 to ay and to any
leaf (not in G’) at distance two from it and 0 to any other vertex in V(G) — V(G’). As before, it can
be seen that

’YOidR(G) S ’yoidR(G/) + 2h2 + 3h3 + 2

5(r — 2hy — 3hs — 1) + 4
< bl =2h — )4 oy 4 3hy 42
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Further if 7,,4r(G) = %, then we have equality throughout inequality chain (5). In particular

hy = 1, hg = 0 and 7,;qr(G’) = w. It follows that G’ is the disjoint union of two unicyclic
graphs G”,G"” € U. By Lemma 2.2, G’ has a 7,,qr(G’)-function such that assigns at least 2 to the
neighbors of ag in G’, and such a 7,;4r(G’)-function can be extended to an OIDRDF of G by assigning

2 to ay,a3 and 0 to ag, as which leads to a contradiction. Hence we deduce that ~,qr(G) < 5”4—+4
5n+4
SRR

which is a contradiction. Therefore, the equality does not holds, that is 7,ar(G) <

e ay € V(C)UV(C)\ {v1,w:}.

Since ag € V(C)UV(C"), the graph G’ is unicyclic and thus by Theorem 2.3, v,iar(G’) < w.
Now, if h; > 1, then we extend any 7,;4r(G’)-function to an OIDRDF for G by assigning 3 to a¢ and
to each support vertex (not in G’) at distance 2 from ag, 2 to any leaf (not in G') at distance two
from ag and 0 to any other vertex in V(G) — V(G'). Since hy > 1 and hz > 1, we obtain that

Yoidr(G) < Yoiar(G') + 2ha + 3hs + 3

<5(n—h1—2h2—3h3—1)+2

+ 2hy + 3h3 + 3

- 4
- 4
- on +4

1 .

Hence we may assume that h; = 0. Then any v,,4r(G’)-function can be extended to a OIDRDF of
G by assigning 3 to each support vertex (not in G') at distance 2 from aj_3, 2 to ay and to any leaf
(not in G”) at distance two from it and 0 to any other vertex in V(G) — V(G’). As before, we have

Yoidr(G) < Voiar(G') + 2hg + 3hs + 2

—2hy — 3h3 — 1 2
<5(TL 2 33 >+ —|—2h2+3h3+2

- 4
_ 51— 2hy —3hs +3+2
- 4
Sn +4
< . 6
< )
Further if 7o4r(G) = 2%, then we have equality throughout the inequality chain (6). In partic-

ular, hy = 0 and hy = 1 and y,ar(G") = 222 By the induction hypothesis, G’ € U, where a
neighbor of ao in V(C') U V(C”) that belongs to G’ is either a leaf or a support vertex. But in either
case, by items (i) and (ii) of Lemma 2.2, such a neighbor in G’ is assigned at least 2 under some
Yoiar (G')-function f’ that can be extended to an OIDRDF of G of weight v,,4r(G’) + 4 by assigning
1 to ap, 3 to as and 0 to both a3 and a;. Clearly, all this leads to a contradiction. Therefore, the
equality does not holds, that is v,qr(G) < %.

e ay € {v,w;}.

If ag = v1 = wy and G’ = K3 U Ky, then the function f defined on V(G) by assigning 3 to ao
and each support vertex at distance 2 from ag, 2 to any leaf at distance two from ag, 1 to vy, wo
and 0 to any other vertex in V(G) — V(G'), is an OIDRDF of G of weight 3hs 4+ 2hs + 5, and

%. Hence, without loss of generality, we assume that ag = v;. If G’ has no

5n+4
4

clearly v,iar(G) <
Ks-component, then using a similar argument as before, we can see that v,,4r(G) <
let G” be the component of G — ag of order at least three and containing no vertex of A. If v; = wy,
then the graph G” is a tree, otherwise G” is a unicyclic graph and thus by Theorems 1.1 and 2.3,
Yoiar(G") < LWJ In this case, we extend any 7,ar(G”)-function to an OIDRDF of G by

. Otherwise,
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assigning 3 to v; and to each support vertex (not in G”) at distance 2 from it, 2 to any leaf (not in
G") at distance two from vy, 1 to vy and 0 to any other vertex in V(G) — V(G”). Now, we have

’YOidR(G) < VoidR(G”) + 2h2 + 3h3 +4
o 4
< 5n—5h1—2h2—3h3+3
o 4
on +4

< .
4

+ 2hy + 3hs + 4

]

Therefore, in the next we can consider that & < 2, that is every leaf in G (if any) is at distance at
most two from some vertex of V(P)U V(C)UV(C"). We proceed with the following claim.

Claim 4. Ifv e V(P)UV(C)UV(C") — {v1,w: } and deg(v) > 4, then v,4r(G) < 224, Moreover,
if the equality holds, then G € B.

Proof of Claim 4. Let v € V(P)UV(C)UV(C’) — {v,w;} such that deg(v) > 4. By Claims 2
and 3, each neighbor of v outside V(P)U V(C) U V(C") is a leaf or a support vertex of degree two.
Suppose that the neighbors of v outside V(P) UV (C)UV(C") are hy support vertices of degree two
and hs leaves. Clearly, hy + hy > 2. Remove v from G, and consider the following two situations.

e v V(CYUV(C) — {v,ws }.

Let G’ be the component of G — v containing v;. Then G’ is a unicyclic graph. Now, if hy > 1,
then any 7,.4r(G’)-function can be extended to an OIDRDF of G by assigning 3 to v and 0 to its
neighbors outside C'U C’, and 2 to any other vertex. By Theorem 2.3 and since hy > 1, we obtain
that

Yoidr(G) < Yoiar(G") + 2hy + 3
(=2 —hy—1) +2

< 1 +2hy +3
< 5n — 2hy — bhy +5+4
- 4
- 5n + 4
Y

If hy = 0, then hy > 2 and any 7,,4r(G’)-function can be extended to an OIDRDF of G by assigning
0 to neighbors of v outside C'U C’, and 2 to any other vertex (including v). By Theorem 2.3 and
since hy; > 2, we obtain that

Yoidr(G) < Yoiar(G") + 2hy + 2
- 4
< 5n —2h1 +1+4
- 3
5n +4

< .
4
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evc V(P).

Let G’ be the component of G — v containing v; and G” be the component of G — v containing
wi. Then G" and G” are unicyclic graphs. Now, if hy > 1, then any v,,4r(G’ U G”)-function can be
extended to an OIDRDEF of G by assigning 3 to v and 0 to its neighbors outside C' U C’, and 2 to
any other vertex. By Theorem 2.3 and since h; > 1, we obtain that

Yoidr(G) < Yoidr(G") 4+ Yoiar(G") + 2hy + 3

< 7 +2h; +3
< Sn —2hy —bhe + 7+ 4

- 4

< 5 + 4

- 4

Further if 7oar(G) = 2%, then we have equality throughout the previous inequality chain. In
particular hy = hy = 1, v,ur(G’) = mﬁﬁ and v,qr(G") = w. Theorem 2.3 implies that
G',G" € U. Let u be a vertex of G’ which is the neighbor of v on the path P. If u is a leaf, then by
Lemma 2.2, G' has a 7,qr(G’)-function f” such that assigns weight 2 to v and the support vertex
of w in G’ is doubly Roman dominated by vertices in G’ — w. In this case, if f” is a v,4r(G")-
function, then reassigning u the value 1, and assigning 3 to v, 2 to the leaf at distance 2 from v not
in V(G")UV(G”) and 0 to the neighbors of v not in V(G") UV (G"), provides an OIDRDF of G with
weight Yoiar(G') + Yoiar(G") + 4, leading to a contradiction. Thus the neighbors of v in G’ and G’
are support vertices and one can see easily that G € B.

If hy = 0, then hy > 2 and any 7v,,4r(G’ U G”)-function can be extended to an OIDRDF of G by
assigning 0 to neighbors of v outside G’ UG”, and 2 to any other vertex (including v). By Theorem
2.3 and since h; > 2, we obtain that

YoidrR(G) < Yoidr(G") + Yoiar(G") + 2hy + 2
D=2 —1)+4

< + 2hy + 2
Sn—2h1+3+4 bdn+4
< 3 < 1

]

According to Claim 4, if v € V(P)UV(C)UV(C') — {vy,w; }, then deg(v) € {2,3}. In particular,
if deg(v) = 3, then v is either a support vertex or adjacent to a support vertex (outside V(P) U
V(C)UV(C") of degree two. Likewise, if v; # wi, then we may assume that 3 < deg(v;) < 4 and
3 < deg(wy) < 4, and if v; = wy, then we may assume that 4 < deg(v;) < 5. In particular, if
deg(vy) = 5 with v; = w; or deg(v) = 4 with v € {vy,w;} and v; # wy, then v is either a support
vertex or adjacent to a support vertex (outside V(P)UV(C)UV(C")) of degree two or v; = wy. We
continue with following claims.

Claim 5. Let x € V(P)UV(C)UV(C") — {v1,w1} such that deg(xz) = 3 and x is adjacent to a
support vertez outside of V(P)UV(C)UV(C"), then voar(G) < 2.

Proof of Claim 5. Let zx;x9 be a path from x to a leaf xo, with z1, 29 ¢ V(P)UV(C)U V(C").
First assume that 2 € V/(C)UV(C”), and consider the graph G’ obtained from G by removing vertices
x,x1 and zy. Observe that G’ is a unicyclic graph, and thus by Theorem 2.3, v,,4r(G") < W.
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Moreover, since Y,;qr(G’)-function can be extended to an OIDRDF of GG by assigning 2 to x, x5 and
0 to x1, we obtain that

Yoidi(G) < Voiar(G') + 4
< 5(n—3)+2
- 4
B 4+ 3

4
5n +4
<

4

+4

Now assume that x € V(P), and let G’ be obtained from G by removing vertices z, x1, 5. Clearly
G’ is a disjoint union of two unicyclic graphs G; and Gy. If G1,Gy ¢ U, then G’ has a 7v,;qr(G’)-
function f such that w(f) < Em(iﬁ, and thus f can be extended to an OIDRDF of G by assigning
2 to z, x5 and 0 to zy, yielding as above 7,4r(G) < 5"4—+4. If G1,Gy € U, then G’ has a Ypar(G')-
function f such that f assigns at least two to the neighbors of x in G’, and thus f can be extended
to an OIDRDF of GG by assigning 2 to x2, 1 to 21 and 0 to z, leading again v,4r(G) < 5”4—+4. Hence,
we assume that G; € U and Gy ¢ U. Then clearly the graph G3 induced by V(G) — V(Gy) is a
unicyclic graph not belonging to U. Let f; be a y,;qr(G1)-function such that assigns at least 2 to the
neighbor of z in G and let f3 be a 7,;qr(G3)-function. Obviously combining the function f; and f3

provides an OIDRDF of G with weight % < %. O

Claim 6. If v; = wy and v, is adjacent to a support vertex outside of V(P)UV(C) UV (C’), then
f)/oidR(G) < 573%1

Proof of Claim 6. Suppose that v;z1x5 is a path from vy to a leaf xo, with z1, 25 ¢ V(P)UV(C)U
V(C"). Let G" and G” be the components of G — {vy,x1, 22} containing v, and wq respectively. If
G' =2 G" =2 K,, then assigning 3 to vy, 2 to x2, 1 to vy, wy and 0 to vz, w3 provides an OIDRDF of G
and 50 Yoiar(G) < 7 < 2252 Hence we may assume that n(G”) > 3. Clearly G” is a tree of order at
least 3. If G’ = K, then any 7,,4r(G"”)-function can be extended to an OIDRDF of G by assigning
2 to v1, X9, 1 to v9,v3 and 0 to . Using Theorem 2.3 on G” we obtain

Yoidr(G) < Yoiar(G") 46

- 5(n —5)
- 4
on + 4

< .
4

+6

Finally, assume that n(G’) > 3. Clearly G’ and G” are trees, each of order at least 3. Let f; be a
Yoiar(G')-function and f2 be a v,,4r(G")-function. Considering the functions f; and f, and assigning
2 to vy, w9 and 0 to x; provides an OIDRDF of G of weight at most % < 5"4—+4. O

Claim 7. If v; = wy and vy is a support vertex, then v,4r(G) < 5”4—+4.

Proof of Claim 7. Let x be the leaf neighbor of vy, and let G’ and G” be the components of
G — {v1,x} containing ve and ws respectively. If G’ = G"” = K,, then assigning 3 to vy, 1 to vg, wy
and 0 to v3, w3,z provides an OIDRDF of G and so v,ur(G) < 5 < 52—*4. Hence we may assume
that n(G”) > 3. Clearly G” is a tree of order at least 3. If G’ = K, then any 7,iar(G")-function can
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be extended to an OIDRDF of G by assigning 3 to vy, 1 to v and 0 to x,v3. Using Theorem 2.3 on
G" we obtain

Yoid(G) < Voiar(G") + 4

R Ll
on + 4
T

Finally, assume that n(G’) > 3 and n(G”) > 3. Clearly G’ and G” are trees, each of order at least
3. Let f1 be a Y,ar(G’)-function and fy be a vyqr(G”)-function. Considering the functions f; and

f2 and assigning 3 to v; and 0 to = provides an OIDRDF of GG of weight at most % < %. O]

Claim 8. If vy = w; and deg(vy) = 4, then v,4r(G) < %.

Proof of Claim 8. If G —v; = Ky U K, then the function f defined on V(G) by assigning 3 to
v1, 1 to ve, we and 0 to vz, ws, is an OIDRDF of G of weight 5, and clearly v,qr(G) < 5 < 5”4—+4. If
G' = G — vy has no Ky-component, then G’ is a forest with two components each of which is a tree
of order at least 3. Clearly any ~,,4r(G’)-function can be extended to an OIDRDF of G by assigning
2 to v; and using Corollary 1.2, we can see that 7,4r(G) < %. Finally, assume, without loss of
generality, that G” is the component of G — vy of order at least three containing ws. Then G” is a
tree and any 7,;,4r(G")-function can be extended to an OIDRDF of G by assigning a 2 to vy, v, and

0 to v3. Using Corollary 1.2, we can see that v,,r(G) < %. O

Claim 9. Let x € {v1,w,} such that deg(z) = 4 and z is adjacent to a support vertex outside of
V(P)UV(C)UV(C"). Then vpqr(G) < 2E.

Proof of Claim 9. Clearly v; # w;. Suppose, without loss of generality, that x = v; and let
x5 be a path from z to a leaf xq9, with z1,20 ¢ V(P)U V(C)UV(C’). Let G' and G” be the
components of G — {x,x1, x5} containing ve and wsq, respectively, and note that G” is a unicycle
graph. By Theorem 2.3, v,r(G") < w. Now, if G' = K,, then assigning 3 to x, 2 to xg, 1
to vy and 0 to vz, w; provides an OIDRDF of G and 80 Y,qr(G) < 6 < %. Hence we may assume
that n(G’) > 3, thus G’ is a tree. Let f; be a 7,,4r(G’')-function and fy be a 7,qr(G")-function.
Considering the functions f; and f; and assigning 2 to x,x; and 0 to z; provides an OIDRDF of G

: 5n+3 _ 5ntd
of weight at most == < 2=, m

According to the previous claims, each vertex outside of V(P)UV (C)UV(C") is a leaf and vy # wy.
Claim 10. If x € {v1, w1} and deg(z) = 3, then Y,4r(G) < 2.

Proof of Claim 10. Suppose, without loss of generality, that x = v,. Clearly, v; # w;, and thus
let y be the third neighbor of v;. Note that y may be w;. Now, if each vertex of C other than v,
is of degree 2, then let G’ be the graph obtained from G by removing the edge v1y. Let G; be the
component of G’ containing v; and G5 the component of G’ containing w;. Then G; is a cycle and
G2 is a unicyclic graph. Clearly G has a v,,4r(G1)-function f; that assigns at least 2 to v;. Now
combining f; with any ~,.r(G2) provides an OIDRDF of G and by Proposition 1.4 and Theorem
2.3, we have Y,qr(G) < 2. Hence let i be the smallest integer that deg(v;) = 3 and so v; has a leaf
neighbor w. If ¢ > 3, then let G’ be the graph obtained from G by removing the vertices v;, v;_1, w.
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Note that G’ is unicyclic. Also, since any v,,4r(G’)-function can be extended to an OIDRDF of G by
assigning 3 to v;, 1 to v;_1, and 0 to w, Theorem 2.3 leads to Vpar(G) < 5’3%‘. Hence we can assume
that ¢ = 2. If £ = 3 and deg(v,) = 2, then let G’ be the graph obtained from G by removing the
vertices vy, Vg, v3, w. Since any v,,r(G’)-function can be extended to an OIDRDF of G by assigning
3 to vy, 1 to vy, and 0 to vs, w, Theorem 2.3 leads to v,4r(G) < %. If ¢ = 3 and deg(v,) = 3, then
consider the component Gy containing w; obtained by removing the edge v1y. If fo is a Yoar(G2)-
function, then f; can be extended to an OIDRDF on G by assigning 3 to vq, 2 to the leaf neighbor
of vy, 1 to vy and 0 to v, and w. Applying Theorem 2.3 on Gj, we obtain that ~,ur(G) < %.
Finally, assume that ¢ > 4. Remove vy, w from G and let G’ be the resulting unicyclic graph. Clearly,
because of the degree of v; in G'; G’ ¢ U, and thus it satisfies V,qr(G’) < w
Yoiar (G')-function can be extended to an OIDRDF of G by assigning 3 to vy and 0 to w, we obtain
Yoiar(G) < 2. O

. Now, since any

According to Claims 8 and 10 we may assume that v; # w; and deg(v;) = deg(w;) = 4, that is vy
and w; are support vertices.

Claim 11. If z € V(P)UV(C)UV(C’) and deg(z) = 2, then voar(G) < 2.

Proof of Claim 11. First assume, without loss of generality, that x € V(C'). If each deg(v;) = 2 for
each ¢ # 1, then by a similar argument as in the proof of Claim 10, we can see that v,;4r(G) < 5"%1.
Hence, let i be the smallest integer that deg(v;) = 3 and v; # v;. Clearly, i > 2, and again by a
similar argument to that used in the proof of Claim 10, we can see that Yoar(G) < 2%

In the following, we can assume that x € V(P). Choose z such that d(z,V(G) — V(P)) is
minimum. Without loss of generality, assume that d(z,v;) = d(z,V(G) — V(P)). Let P = z;... 2,
where zjv1, z,w; € E(G) and let o = z,. Observe that each z; with ¢ < s is a support vertex of
degree three. Moreover, each vertex of C' and C’ is a support vertex of degree 3, except v; and w,
that are of degree 4. Let z] be the leaf neighbor of z; every i < s.

Assume first that s > 4. Let GG; be the component of G — 2523 containing z, and G5 the component
of G — 2923 containing wy. Then Gy € U, since z; is a vertex of degree 2 in GG5. Therefore, by Theorem
2.3, Yoiar(Ga) < w. Furthermore, observe that G, is a graph obtained from cor(C') by adding
the path Py : 2]z1 2025 and the edge vy z;. As a result, G belongs to U if and only if C' is an odd cycle.
If Gy € U, then by Lemma 2.2, Gy has a 7,qr(G1)-function f such that f(z3) > 2, and combining
such a function f with any ~,,4r(G2)-function produces an OIDRDF of G leading to Yuiar(G) < %.
If G ¢ U, then ¢ is certainly even and cor(C') has a v,qr(cor(C))-function f that assigns a 3 to v;.
In this case, f can be first extended to an OIDRDF f; on Gy of weight 7,qr(cor(C)) +5 = w
by assigning 3 to z2, 2 to 2] and 0 to z; and z). Then combining such a function f; with any
Yoidr(G2)-function produces an OIDRDF of G leading to v,iqr(G) < %.

Assume that s = 3. Let G; be the component of G' = G — {2, 29, 2], 2}, 23} containing v; and
G5 be the component of G’ containing w;. Note that G’ = cor(C), and thus G’ has a 7,;qr(G’)-
function f such that f(v;) > 2. Let Gy denote the component containing w;. By Theorem 2.3,
Yoidr(G2) < w. Now, considering f and any 7,qr(G2)-function we can extend them to an
OIDRDF of G by assigning 2 to 2}, 3 to 2o, 1 to z3 and 0 to z1, 2} leading to

Yoidr(G) < Yoidr(G") + Yoiar(G2) + 6
. 5(n—45)+4 Lot

The remaining two situations are considered below.
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Case 1. s = 2.

By the choice of x we may assume that z, is a support vertex. Let G’ be the graph obtained from
G by removing the edges v12z; and w;z,.. Let G; and Gy denote the components of G’ containing
vy and wq, respectively, and let G3 be the remaining component. Note that G3 is tree that does

not belong to 7T, since 2o is neither a leaf nor a support vertex. Hence by Theorem 1.3, G3 has

5|V(Gs)|
4

some cycle, let f; be a v,4r(G;)-function such that f;(v;) > 2 for i = 1,2. Combining the functions

f1, J2, f3 we obtain an OIDRDF of G with weight at most 5"5—+3, as desired.
Case 2. s = 1.
Let G' = G — {v121, w12 }. Let the components of G’ containing v;, w; and z; be G, G2 and

a Yoiar(Gs)-function of weight less than . Moreover, since each of G; and (G5 is a corona of

G, and let f; be a v,qr(G;)-function for ¢ = 1,2,3. In particular, f; and f, are chosen such that
fi(v1) > 2 and fo(wy) > 2. Now, if r = 1, then combining the functions f;, fo and assigning 0 to z;
we obtain an OIDRDF of G with weight at most 5”5—+3 If r = 2 and deg(z2) = 2, then considering
the functions fi, fo and assigning 1 to z1, 2o we obtain an OIDRDF of G with weight at most 5”—;2
If r = 2 and deg(z2) = 3, then considering the functions fi, fo and assigning 3 to 2, and 0 to z; and
the leaf neighbor of 29, we obtain an OIDRDF of G with weight at most % Hence we can assume
that r > 3. If deg(z2) = 3, then z3 becomes a strong support vertex in Gz and so G3 € T. Hence
w(fs) < w (see Theorem 1.3). Then considering the functions fi, fo and f3 we obtain an
OIDRDF of G with weight at most 2. Thus, assume that deg(z;) = 2, and let G} and G} denote
the components of G — {21, 22} containing v; and wy, respectively. Clearly fi can be extended to an
OIDRDF f" of G by assigning 2 to 2z, and 0 to z;. In this case, considering f’ together with any
Yoiar (Gh)-function provides an OIDRDF of G' and 80 7yiqr(G) < 5%2. O

According to the above claims, we may assume that each vertex on V(C)UV (C")UV (P)—{v,w;}
has degree 3 and is a support vertex. Also, each of v; and w; has degree 4 and is a support vertex
too. Let P = z1...z,, with zjv1, z,w; € E(G). Since each z; is a support vertex of degree three, let
z! be the leaf neighbor of z;. To achieve the proof, we first assume that »r = 1 (mod 2). If r = 1,
then let G; and G5 denote the components of G — {z, 21} containing v; and w;, respectively. In
addition, let f; be a v,,4r(G;)-function such that fi(v;) > 2 and fo(w;) > 2. Considering fi, fo and
assigning 2 to 2} and 0 to z;, we obtain an OIDRDF of G with weight at most 5%2. Hence we can
assume that r is odd and equals at least 3. Delete the edge v1z; and let Gy be the component of
G — v1z; containing v; and G5 the other component containing z;. Then G5 is a unicyclic graph,
but because of r odd, Gy ¢ U. Moreover, GGy is a unicyclic graph having a v,4r(G1)-function f of
weight at most w with f(v1) > 2. Considering f and any 7,qr(G2)-function together provide
an OIDRDF of G with weight at most 222, Henceforth assume that » = 0 (mod 2). Let Gy and
G be the components containing vertices v; and w;, respectively obtained as follows: by removing
the edge v1z; when r > 2 or by removing the edge v;w; when r = 0. In either case, GGy is a corona
of the cycle C, and has a 7,qr(G1)-function f; such that f(v;) > 2. Now, considering f; with any
Yoiar(G2)-function f; together we obtain an OIDRDF of G leading to

SIV(GOIH2 | BIV(G)l+2 _ 5n+4 0
4 4 4
Further, if v,4r(G) = 5"4“‘, then we have equality throughout the inequality chain (7). In partic-
ular v,4r(G1) = W and Yoiar(Ga) = W. Theorem 2.3 implies that Gy, Gy € U and since
G is obtained from G, Gy by adding an edge between their support vertices, we have G € B. This
completes the proof. O

Yoid(G) < Yoidr(G1) + Voiar(G2) <
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According to Theorems 1.1, 2.3 and 3.2, we conclude with the following conjecture.

Conjecture 3.3. If G is a connected cactus graph of order n and having k cycles, then v,4r(G) <

5n4-2k

4
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