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ABSTRACT

Let g be a positive integral power of some prime p and Fg» be a finite field with ¢™
elements for some m € N. Here we establish a sufficient condition for the existence of
primitive normal pairs of the type (e, f(¢)) in Fym over F, with two prescribed traces,
Trg,m /v, (€) = a and Trg ., /r,(f(€)) = b, where f(x) € Fym(z) is a rational function with
some restrictions and a,b € F;. Furthermore, for ¢ = 5%, m > 9 and rational functions
with degree sum 4, we explicitly find at most 13 fields in which the desired pair may not
exist.

Keywords: finite fields, primitive elements, normal elements, additive and multiplicative
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2020 Mathematics Subject Classification. 12E20, 11T23.

1. Introduction

Given a prime power ¢ and a positive integer m, we denote the finite field with ¢ elements
by F, and its extension field of degree m by Fym. The multiplicative group F. is a
cyclic group and a generator of this group is called a primitive element of Fym. For an
element € € Fym, the elements ¢, €, eq2, e ,(—:qu1 are called conjugates of € with respect
to F,. Sum of all these conjugates is called the trace of € over F, and is denoted by
Trg, . /r,(€). Further, an element ¢ € Fym for which the set {e,eq,qu, . ,eqm_l} forms
a basis of F,m(F,), when considered as a vector space, is called a normal element. An
element that is simultaneously primitive and normal is referred to as a primitive normal
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element. Existence of such elements is firstly given by the following theorem.

Theorem 1.1 (Primitive normal basis theorem). In the finite field Fym, there always
exists some element which is simultaneously primitive and normal.

Lenstra and Schoof proved this result in [14]. Later, Cohen and Huczynska [10] pre-
sented a modified proof of this result with the help of sieving techniques.

In 1985, Cohen [8] proved the existence of consecutive pairs of primitive elements of the
type (6,6 !) in F,. After that, it was further developed in [1, 9, 12], among others. Similar
studies on primitive normal pairs emerged following the development of the primitive
normal basis theorem; they can be studied from |3, 13, 17] etc. and the references therein.

In 2001, Chou and Cohen [5] studied existence of primitive pair (e,e~') in F, such that
both have trace zero over F,. Cao and Wang [2| proved that, for any prime power ¢ and

any positive integer m, there exists an element € € Fym such that € + ¢!

is a primitive
element of Fyn and Trg,,, /r, (€) = a, Trg . /5, (") = b for any prescribed a,b € F}. In [0],
Choudhary et al. discussed the existence of primitive pairs (¢, f(€)) with two prescribed
traces, where f is a rational function with some restrictions. Recently Sharma et al. [16]
considered rational functions f with some minor restrictions over F,m for some prime
power ¢ and m € N and provided a sufficient condition for the existence of primitive
normal pair of the form (e, f(¢)) over IF,,.

Inspired by all these results, we are presenting a sufficient condition for the exis-
tence of primitive normal pair (e, f(€)) in Fym over F, such that Trg_,. /() = a and
Trg,m /v, (f(€)) = b, where f(r) € Fym(7) is a rational function with some restrictions and
a,b € F;. The kind of rational functions we will study in this paper are defined below:

— 4

Definition 1.2. The set R consists of rational functions of the simplest form f f2

of degree sum n = deg(f;) + deg(f2), such that

(i) f # ca’h? for any ¢ € F}, any j € Z, any h € Fgm(x) and any divisor d other than
1 of ¢™ — 1.

(ii) There exists at least one monic irreducible factor g of fs in F,m[x] with multiplicity
r such that ¢™ 1 r.

We will use the notations deg(f1) = n; and deg(f2) = ny throughout. We also note that
the second condition of the above definition implies that ny > 0. This type of rational
function is popularly known as Cohen’s kind of rational function [12] which also includes
Carvalho’s kind of rational function [3].

In Section 3, we derive a sufficient condition for the existence of desired primitive
normal pairs. In Section 4, we use a sieving inequality to improve the sufficient condition
for more efficient results. In Section 5, we study the application of our results over fields
of characteristic 5 and for rational functions of degree sum 4 and prove the following:

Theorem 1.3. Let ¢ = 5*,m > 9 and f € Riyn- Then, for any a,b € ¥, there exists
an element € € Fym with Trg . /v, (€) = a, Trg . /r,(f(€)) = b and (e, f(€)) is a primitive
normal pair in Fem over F, unless (q¢,m) is one of the 13 pairs: (5,9), (5,10), (5,11),
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(5,12), (5,14), (5,16), (5,18), (5,20), (5,24), (52,9), (52,10), (52,12), (52, 24).

Now, we present some notations that are significant to this article. We indicate the
algebraic closure of Fy by F. Let A7 be the set of pairs (g, m) such that there exists an
element ¢ € Fym with Trg . /r,(€) = a and Trg_,./r,(f(€)) = b, where f(x) € R}. and
a,b € F,. For each n € N, we denote the number of prime divisors of n and the number of
square-free divisors of n by w(n) and W (n), respectively. Additionally, for r(z) € F[z],
we indicate the number of square-free and monic irreducible [F-divisors of r by W (r) and
w(r), respectively.

2. Preliminaries

In this section, we review a few definitions, lemmas and notations that will be used in
proving a sufficient condition for the existence of primitive normal pairs of our interest.

Definition 2.1 (Characters). Let G be a finite abelian group. Then, a character x of G
is a homomorphism from G to the group S! := {z € C : |z|= 1}. The characters of G
form a group under multiplication called the dual group or character group of G, which is
denoted by G. Tt is well known that G is isomorphic to G. Also, x; denotes the trivial
character of G defined as xi(a) =1, for all a € G.

A character of a group G of order d is denoted by x4. We also denote all the characters
of order d by (d).

Corresponding to two different abelian group structures present in a finite field Fym i.e.,
(Fgm,+) and (F.., -); two types of characters can be formed. We refer to them as additive
character denoted by v and multiplicative character denoted by x, respectively. Multi-

0 if x # xu,
1ify =x1.
The additive character ¥(e) = e*™ /P for all € € F,, where Tr is the absolute trace

function from I, to IF,, is called the canonical additive character of I, and every additive

plicative characters are extended from Fy.. to Fym by the rule x(0) = {

character v, for o € F, can be expressed in terms of the canonical additive character ¥

as Yo (8) = Y(ap) for all g € F,.

Definition 2.2. (e-free element) For any divisor e of ¢™ — 1, an element ¢ € F,m is called
e-free if € # B for any 8 € F,m and for any divisor d of e other than 1.

An element e € Fy, is primitive if and only if it is (¢ — 1)-free. The characteristic
function for e-free elements of IFZm is defined as follows:

. p(d
e Fyn =+ {0,100 000) 3 2D 50 )
where 0(e) = @ and ¢, denote the Euler’s totient function and Mobius function

respectively.
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The additive group of Fm is a F,[z]-module under the rule foa = 3" a;a?’; for a € Fym
i=0
and f = Y a;z' € F lz]. For a € Fym, the Forder of « is the monic F-divisor g of
i=0
2™ — 1 of minimal degree such that goa = 0.
Similarly, for ¢ € Fym, the Fg-order of ¢ is the monic divisor g of 2 — 1 of minimal

degree such that v o g is the trivial character, where (¢ 0 ¢)(8) = ¥ (g o ).

Definition 2.3. (g-free element) Let g divides ™ — 1 and € € Fym. If € # h oy for any
v € Fym and for any divisor h of g other than 1, then € is called a g-free element.

An element € € Fym is normal if and only if it is (¢ — 1)-free. The characteristic
function for g-free elements of Fym is defined as follows:

Ny i Fyn — {0,1}; 6 O(g Z“§Z¢h 2)
hlg

where ©(g) :=  and ®(g) = &= ml) | and the function y is given by:

deg(g <g>

) (=1)*  ifgis a product of s distinct monic irreducible polynomials,
Hig) =
0 otherwise.

We shall also need characteristic function for prescribed values of trace. For each a € F,
the characteristic function for the elements e € Fym such that Trg . /r,(€) = a, is defined
as follows:

Fym — {0,1};e 5 — Zw Trr, . 5, (€) — a). (3)
¢qu
The following lemmas will be handy while finding sufficient conditions. The first result
was given by Weil [18] as described in [7] at (1.1) to (1.3).

Lemma 2.4. Let f(z) € Fym(x) be a rational function. Write f(z) = H?Zl fi(x)",
where f;(x) € Fym|x] are irreducible polynomials and r; are nonzero integers. Let x be
a nontrivial multiplicative character of Fym of squarefree order d (a divisor of ¢™ — 1).
Suppose that f(x) is not of the form cg(z)? for any rational function g(z) € Fym(x) and
¢ € Fym. Then we have,

>, x(f(a))‘ < (Z;deg(fj) _ 1)617;.

O‘Equ ,f(Oé)?é0,00

Lemma 2.5. [1] Let x and v be two nontrivial multiplicative and additive characters of
the field Fym, respectively. Let f, g be rational functions in Fym(x), where f # Sh" and
g# h? —h+ 3, for any h € Fgm(x) and any 5 € Fym, and r is the order of x. Then

Y x(f(@)plg(@)| < [deglgee) + lo + i = Iz = 2]g"2,

CME]qu \S
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where S denotes the set of all poles of f and g, go denotes the pole divisor of g, ly
denotes the number of distinct zeroes and finite poles of f in the algebraic closure F of
F,, l1 denotes the number of distinct poles of g (including infinite pole) and ly denotes the
number of finite poles of f, that are also zeroes or poles of g.

Using these, we can now proceed to find all the pairs (¢, m), for which there exists a
rational function f € Rp. of degree sum n such that (e, f(¢)) is a primitive normal pair
with Trg,_,. /r, (¢) = a and Tr]F‘qm/IE‘q(f<€>> = b for some prescribed values a,b € F;. Let A}
denotes the set of all such pairs (g, m), where ¢ is power some prime p. If (g,m) ¢ A7,
we refer to such pair as an exceptional pair.

3. A sufficient condition for elements in A]Tj

Let eq, es be two divisors of ¢" — 1 and g1, g» be two divisors of ™ — 1. We denote the
number of ¢ € F,m such that € is both e;-free and g;-free and f(¢) is both es-free and
go-free with Trg .. /r,(€) = a and Try_,, /r, (f(€)) = b, where a,b € F; and f(z) € Rf. by
Nyap(er, ez, g1, g2). Since the trace of an element is nonzero if and only if it is (x —1)—free,
therefore to show that an element is g;—free, for ¢« = 1,2, it is enough to prove that the
element is L, —free, where L, is the largest divisor of g; such that (x —1) 1 L,,. Let S be
the set containing all zeros and poles of f(z) along with 0. Now, using the characteristic
functions (1), (2), and (3), we get,

Nrap(ers ez Lo L) = Y per(€)pea(F(€)ny, (€)1, (F(€))7a(€)T(f(€))

e€F m\S
0(e1)0(e2)O(Ly,)O(Ly,) Z pldy) pu(do) p' (T ' (2)
q2

dyle1,dzle2
t1 |Lg1 ,t2|L92

X Z Xfab(dy, da,ty,t2),

Xdq-Xdo

Pty Pty

where,

Xf,fl,b<d17 d27t17t2) = Z Xdy (G)Xd2<f(€))wt1 (€>wt2<f(€)) Z ¢(TT(€) - a)

ecF,m\S d,e]fr;
X Y G(Te(f(e) = b),
pel,

= Z Xdi (€)Xa (f (€)W, (€)r, (f(€))

GEFq'm \S

X > (Tr(ure) — wa) Y O(Tr(uaf(€)) — usb).

u1 €Fy uz€Fy

Here we have considered u,uy € Fy, such that 1(3) = ¥ (u18) and () = ¥ (uyf3) for
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all B € Fym. Let us denote ¥(Tr(e)) = 1'(¢), Ve € Fym, which is an additive character of
F,m. Then the above equation takes the form,

Xfap(di,da, 1, ta) = Z Y(—ura — ugh)

u1,u2€F,

X > X (€)Xar (F(€) e, (€0, (f ()Y (wr€ + use).
EG]qu\S
There exist, vy, vy € Fym, such that ¢y, (€) = ¢’ (vi€) and ¢, (€) = ¢'(v2 f(€)). Moreover
we consider x4, = Xym_; and Xa, = Xyn_, for some multiplicative character x,m 1 of order

g™ — 1, where my € {0,1,...,¢" — 2} and my = qw;;l. Then we get,

Xfap(di,da, 1, ta) = Z (—ura — ugb)

u1,u2€ly
X Z Xgm—1 (€™ f(€)™ )Y (vie + vaf(€) + ure + ua f(e))
e€Fm\S
= > dma—uwb) 3 Y e (AW (Fa(e),
u1,u2€lyg ecF,m\S

where,
Fy(x) =2™ f(x)™,
Fy(z) =(ur + v1)z + (u2 + v2) f(2).
Case I. Fy(z) # r(z)? — r(zx) + B for any r(z) € Fm(z), f € Fm and Fi(z) =

2™ f ()™ # B(h(z))? " for any h(z) € Fym(x).
In this case, we can use Lemma 2.5 to derive the following :

X ran(d, da t1, )| < ¢2(2n 4 1)g™? + ¢*(|S|-1).

Case II. F5(z) = h(x)? — h(z) + B for some h(z) € Fym(x), 8 € Fym.

For Fy(z) = h(z)? — h(z) +  for some h(z) € Fym(x),8 € Fym; we can show that
g1 = g2 = 1. For this let us consider f(z) = cla:j% and h(x) = CkaZ—;, where ¢; €
Frn,co € Fim,j,k € Z and f1, fo € Fym[x], hy, ha € Fgm[z] are monic polynomials such

that x divides none of them and ged(fi, fo) = 1, ged(hq, he) = 1. Then
(ur +v1)x + (ug + v2) f(z) =h(x)? — h(z) + 5.
Setting (uy + v1) = k1 and (ug + va) = ko we get,
(k12 fa + kacy@? f1) 1l =(cha*hY — cox® by By~ + BRY) fo. (4)

Let ky # 0, then from (4), we get fo|h5, since (fi, fo) = 1. Also, since ged(hh, cha*Phf —
coxPhihh "t + BhB) = 1, it will imply h3|fy. This further gives us f, = h5, which cre-
ates contradiction due to coprimality restrictions i.e., ged(fi, fo) = 1,gcd(hy, he) = 1.
Therefore, we must have ky = 0 i.e., us + v9 = 0.
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So,

kyzh = cha*Ph? — coxfhy k" + Bhb, (5)
i.e., hy divides BaFPh? — cox®hyh5~" + BRY. This gives a contradiction since

ged(hg, hakPhy — chkhlhg_l) = 1. Therefore, k; = 0 i.e., u; +v; = 0.
Let us take 94, to be an additive character of F -order ¢;. Then we will have,

Yy(tioa)=0 = ¢ (ntioa)=0 = Y'(—ut;oa) =0,V € Fym.

Since uy € F, and F,-order of ¢ is © — 1, we must have x — 1|(—uyt;). Therefore, we
get uy = 0. This further implies v; = 0, since k; = 0.

Similarly, from ky = 0, it can be shown that us = vy = 0. With this, we arrive at the
conclusion that, if Fy(z) = h(z)? — h(z) + S for some h(z) € Fym(z) and S € Fym, then
ty =1,=1.

Let Fy(z) = 2™ f(z)™ # B(h(zx))” " for any h(z) € Fyn(x) and 8 € Fyn. In this
case, we use Lemma 2.4 to prove that

X fap(di, do, b, ta)| < ¢*ng™?* = ng% +2.

In case Fy(z) = 2™ f(x)™ = B(h(x))?" ", for some h(z) € Fym(x) and 3 € Fym, then

f(z) ¢ Ryn due to violation of the first criterion in the definition.

Case III. Fy(z) = h(z)? — h(z) + 8 and Fi(z) = 2™ f(2)™ = B(h(z))" ", for some
h(z) € Fym(x) and B € Fym.

When Fy(z) = 2™ f(z)"™ = B(h(z))? " for some h(z) € Fn(x), we can prove that
d; = dy = 1. One can refer to [16] for the proof. So here we have

(dy,da, tq,t2) = (1,1,1,1).
Summarizing all the above cases, we observe that
X fan(di, da, By ho)| < (204 1)g2 2,
where (dy,dy, hi,hs) # (1,1,1,1). Now,
Nyaplers ez, L L) 25 (4" = 2+ 1) )0V ()W (e)W (L)W (L) = 1),
>rq g 7% = (20 + D)W (er)W (e2)W (Lgy )W (Ly, ),

where £ = 6(e1)0(e2)O(L,,)O(Ly,).

To show that there exists an element € € Fym such that for preassigned a, b € F}, and
a rational function f(z) € Ryu, (¢, f(€)) is a primitive normal pair with Trg .. /r,(€) = a
and Trg .. /r,(f(€)) = b, it is enough to show that Nya,(¢™ —1,¢" —1,2™ —1,2™ 1) > 0,
which is evident if

m

2 2> (2n+ DW (g™ — 1)*W (2™ — 1) (6)
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4. The prime sieve

We will use the following two lemmas to deduce a sieving inequality that will help to
improve the sufficient condition (6).

Lemma 4.1. Let d be a divisor of ¢ — 1 and p1,po,...,p, are the remaining distinct
primes dividing ¢™ — 1. Furthermore, let g be a divisor of x™ — 1 and g1, 9, ...,9s are
the remaining distinct irreducible polynomials dividing ™ — 1. Then

Nf,a,b<qm - 17qm - me - 17Im - 1) Z ZNf,a,b(pid7 d7g7g) + ZNf,a,b<d7pidugug)

i=1 =1

+ Z Nf,a,b(da d> glgag) + ZNf,a,b<da dagagzg) - (274 + 25 — 1)Nf,a,b(d7 dagag)

i=1 =1

Lemma 4.2. Let d,m,q € N, g € F,[z] be such that q is a prime power, m > 5,d|q"™ — 1,
and gla™ — 1. Let e be a prime number that divides ¢™ — 1 but not d and h be any
wrreducible polynomial dividing ™ — 1 but not g. Then we have the following bounds:

INpapled, d, g, 9) — 0(e)Npap(d, d, g, )| <(2n+ 1)8(e)8(d)*O(g)*W (d)*W (9)*¢? ,
INjap(d, ed, g, g) — 0(e)Npap(d, d, g, g)| <(2n+ 1)8(e)8(d)*O(9)*W (d)*W (9)*q ,
INpas(d,d,hg, g) — O(h)Nyas(d,d, g, g)| <(2n + 1)O(h)0(d)*O(9)*W (d)*W (g)*¢*,
INtap(d.d, g, hg) — O(h)Nyap(d,d, g, g)| <(2n+ 1)O(h)0(d)*O(9)*W (d)*W (9)*q" .

Using Lemma 4.1 and Lemma 4.2, we deduce the following:

Theorem 4.3. Letd,m,q € N, g € F [z] be such that q is a prime power, m > 5,d|q™ —
and glz™ — 1. Let d be a divisor of ¢" — 1 and py,pa,...,p. be the remaining distinct
primes dividing ¢™ — 1. Furthermore, let g be a divisor of €™ — 1 such that g1, 9o, ..., gs
are the remaining distinct irreducible factors of ™ — 1. Define:

5_1—22 Zdeggl >0,

and
2
I (r+s)—1 5
l
Then Niap(g™ —1,¢™ —1,2™ —1,2™ —1) > 0 if
q2 %> (2n + D)W (d)*W (9)*L. (7)

Proof. For our convenience, let us denote Ny ,(¢™ — 1,¢™ —1,2™ — 1,2™ — 1) by N.
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Then from Lemma 4.1 and 4.2, we have
N 2 Z{Nf,a,b(pida da g, g) - e(pi)Nf,a,b<d7 d> g, g>}
i=1

+ Z{Nf,a,b<d, pldu g, g) - 6<p’i>Nf,a7b<d7 d7 g, g>}

=1

+ Z{Nﬁa,b(da d> 9.9, g) - ®(gi)Nf,a,b(d7 da g, g)}
=1

+ ) {Nyasld.d, g, 9:9) — ©(9:)Nyas(d,d, g, g)}
=1

+ {2 > ) +2) @(gi)} Nyiap(d;d,g,9) — (2r + 25 — 1)N;sap(d, d, g, 9)
i=1 =1

= Z{Nf,a,b(pida da 9, g) - e(pi)Nf,a,b(da d> g, g)}

i=1

+ Y {Nsap(d,pid, g, 9) — 0(pi)Nyap(d. d. g, 9)}

i=1

+ Z{Nfﬂub(dJ d? 9.9, g) - ®<gi)Nfad,b(d7 d7 g, g)}

=1
+ Z{Nf,a,b<d7 d7 g, gzg) - @<gi)Nf,a,b(d7 d7 g, g)} + le,a,b<d7 d7 g, g)

i=1

>0(d)0(9)*1[{~(2n + DW(APW ()% L} + {¢"* = (n+ 1) + (20 + 1 ¥ )]

Therefore, when [ > 0, then Nyq,(¢™ —1,¢™ — 1, 2™ —1,2™ — 1) > 0 if

m __

g2 %> (2n+ D)W (d)*W(g)>L. (8)

5. Numerical computations

In this section, we particularly study the case when finite fields are of characteristic 5 and
rational functions are of degree sum 4 and try to determine pairs (q,m) € A2. For large
calculations, we use sagemath [15].

The following lemma will be used extensively throughout the process.

Theorem 5.1 ([16], Lemma 2.4). Let v > 0 be a real number and t be a positive integer.

Then W (t) < Dt'", where D = (Q—T)l and pi,pa,...,p, are primes < 2¥ that divide
pip2...pr)v
t.
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Remark 5.2. For large values of ¢ and m, calculation of W (g™ — 1) is very time con-
suming. So, using the above lemma, we find an upper bound for the term W (¢™ — 1) as
follows:

NI

W(g™ —1) < D(¢"™ —1)% < D(¢™).

Also, since 2™ — 1 can have atmost m linear factors in F,[z]. So,
Wi(z™—1) <2™m.
Using these two observations, we rewrite our sufficient condition (6) as:
¢7 72> (2n+ 1)D%¢ v 22", (9)

In our case, n = 4,m > 5,q = 5* for some positive integer k. We choose v = 21.57.
Then we get D < 1.52 x 10%9%. For these values, (9) holds for k > 385897 and m > 5.

Table 1. Values of v and my, corresponding to k

v k My,
13.7 1 1379,1380, ...,385896 | 6
11.3 | 212,213, ..., 1378 7
10.1 84, 85, ..., 211 8
9.52 4849, ..., 83 9
9.2 33,34, ...,47 10
8.9 26,27,..., 32 11
8.7 21,22, ...,25 12
8.6 18,19,20 13
8.5 16,17 14
8.5 14,15 15
8.4 13 16
8.4 12 17
8.5 11 18
8.4 10 19
8.4 9 21
8.5 8 24
8.4 7 28
8.5 6 36
8.8 5 52
9.4 4 99
11.3 3 520

Now, for 3 < k < 385897, we present a Table 1 that shows suitable values of v and an
integer my, corresponding to each value of £ such that for all m > m; and that particular
v, (9) holds.

Analyzing the values of my and corresponding range of k£ from Table 1, we observe that
(9) holds for all £ > 48 and m > 9. Based on this, we claim the following:
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Lemma 5.3. For k>3, and m > 9, (qg,m) € A:.

Proof. Since for 3 < k <47, (9) holds for all m > my, so for 9 < k < my, we first check
the following inequality,

g7 2> (2n + 1) D27 (W (2™ — 1))2. (10)

This inequality reduces the number of possible exceptional pairs to 220. For all these

possibilities, we can find suitable values of d and ¢ ( as defined in Theorem 4.3), so that
(7) holds. O

We study the pairs for k = 1 and k = 2 separately. Let us consider m = m/5’ for j > 0
such that ged(5,m’) = 1. Then, we can divide our discussion into the following two cases:

(i) m'l¢* -1,

(i) m' t ¢* — 1.

Case I. First, let us consider the pairs (g, m), where m/|¢> — 1 and k = 1.

Then possible values of m’ are 1, 2, 3, 4, 6, 8, 12, 24. Since W (z™ — 1) = W (2™ — 1),
we can rewrite (9) as

'57 2m/57

¢ 2> (2n+1)D%* v 22, (11)

Then (11) holds when,

(i)m'=1and j >4,

(il m" =2 .3, 4,6 and j > 3,

(ifi) m’ = 8,12, 24 and j > 2.

Therefore (5,m) € A2 unless m = 10, 12, 15, 20, 24, 25, 30, 40, 50, 60, 75, 100, 120,
125, 150. For these pairs, we directly check sufficient condition (6) and reduce the list of
possible exceptional values of m to 10, 12, 15, 20, 24, 30. Again for these values of m, we
try to find suitable d and g ( as defined in Theorem 4.3) for which (7) is satisfied ( see
Table 2). But for the pairs (5, 10), (5,12), (5,20), (5,24), we could not find such d and g.
So in this case, these are the possible exceptional pairs.

Now let k=2 and m’ { ¢* — 1.

Then possible values of m’ are 1, 2, 3, 4, 6, 8, 12, 13, 16, 24, 26, 39, 48, 52, 76, 104,
156, 208, 312, 624. We find out that (11) holds when,

(i)m"=1,2,3and j > 3,

(i) m' = 4, 6, 8, 12, 13, 16 and j > 2,

(iii) m’ = 24, 26, 39, 48, 52, 76, 104, 156, 208, 312, 624 and j > 1.

Therefore (25,m) € A‘g unless m = 10, 12, 13, 15, 16, 20, 24, 25, 26, 30, 39, 40,
48, 50, 52, 60, 65, 75, 76, 80, 104, 156, 208, 312, 624. We reduce these exceptions
by removing the pairs (25, m) that satisfy (6). This leaves us with possible exceptional
values of m = 10,12, 13,15, 16, 24, 48. For these pairs, we try to find d and g(as defined
in Theorem (1.3)) such that (7) holds( see Table 2). Since we fail to find such d and ¢ for
m = 10,12, 24; so (25, 10), (25, 12), (25,24) adds up to the list of exceptional pairs.

Here ¢ = (x+ 1)(z+2)(z +3)(x +4)(x + B)(z+ B+ 1)(x + B+ 2)(x + 5+ 3)(x +
B+4)(z+20)(x+28+1)(x+28+2)(x+26+3)(x+25+4), with 5 as an generating
element of the field.
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Table 2. Pairs (¢, m) when k = 1,2, for which Theorem 7 holds for the above choices of d, r, g, and s

SL No. | (¢g,m) d r g s l L

1 | 613) | 2 |1 (x + 4) 3 10.990 | 9.07

> | 615) | 2 | 5 (@ +4) 10633 | 19.37
3| (521) | 2 |4 (z + 4) 410850 | 19.65
4| (522) | 6 |4 (@ +1) 5 | 0.480 | 37.04
5 (5,30) | 462 | 7 (x+1) 3 10.298 | 65.71
6 | (530) | 66 |12 | (@+ Dz +2)(z+3)(x+4)| 4 | 0.466 | 68.50
7 (A1) | 6 | 4 (z +4) 2 10.883 | 14.46
8§ | (5%13)| 6 |3 (z +4) 6 | 0.980 | 19.34
9 (52,14) | 6 | 5 (z+1) 5 | 0.692 | 29.45
10 | (5%15)] 6 |9 (@ +4) 2 [ 0.231 | 93.03
11| (5%18) | 42 | 8 (@ +1) 9 | 0.216 | 155.00
12 | (3%21)| 6 |10 (z + 4) 8 | 0.348 | 102.67
13 | (5%,36) | 546 | 12 | (z+ 1)(z +2)(z +3)(z +4) | 16 | 0.095 | 579.62
14 | (5%,48) | 9282 | 10 q 22 | 0.066 | 716.32

Before moving to the second case, let us recall the following lemmas.

Lemma 5.4 ([11], Lemma 6.1). Suppose ¢ =5, m' > 4 and m = ged(q — 1,m’). If M’
denotes the number of distinct irreducible factors of ™ — 1 over F,, e is the order of q(
mod m') and d(q,m) = M?/; Then, the following hold.

q,m) < 3, for m=2m,

Lemma 5.5 ([16], Lemma 5.3). Assume that ¢ = p*, k € N and m = m/p’,j > 0 is a
positive integer such that m' { ¢ — 1 and ged(m/,p) = 1. Let e(> 2) denote the order of
g mod m'. Then d=q™ —1 and g as the product of the irreducible factors of x™ — 1 of
degree less than e. Then, in the notation of Theorem 4.3, we have L < 2m/.

Since m’/ t ¢*> — 1 implies m’' { ¢ — 1 and e > 2, we can transform (9) using the above
two lemmas as follows:

'53 2m

g7 > D2 g dam gy

Y

which is also true if
%

¢% % > 18D%¢ v 22mdam )y (12)

Now, we can proceed to the second case.
Case IL. m' t ¢> — 1. Let k = 1. Then possible values of m’ are 5, 7, 9, 10, 11, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23. Out of these only 16 is there, such that 16 = 4.m. So
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for others, we can rewrite (13) as
5772 > 18D%mb » 275 . (13)

For v = 11.3, (13) holds for m > 1566. So we list out the possible exceptional values
of m in this case to be m =9, 10, 11, 13, 14, 15, 17, 18, 20, 21, 22, 23, 25, 35, 45, 50, 55,
65, 70, 75, 85, 90, 95, 100, 105, 110, 115, 125, 175, 225, 250, 275, 325, 350, 375, 425, 450,
475, 500, 525, 550, 575, 625, 875, 1125, 1250, 1375. Out of them m = 9, 10, 11, 13, 14,
15, 18, 20, 21, 22 don’t satisfy (6). For these values, we try to calculate d and ¢ so that
condition (7) is satisfied ( see Table 2). For m = 9, 10, 11, 14, 18 and 20, we fail to do
so. Therefore, they also belong to the list of exceptional values of m.

The case m’ = 16 is handled separately. For this (11) takes the form

5572 > 18D*mb + 2% (14)

For v = 11.3, (14) holds for m > 342. This leaves us with m = 16, 80. But for m = 16,
neither (6) holds, nor can we find any d and g to satisty (7). So (5, 16) is also a possible
exceptional pair. With this, we exhaust the case for k = 1.

For k = 2, there is no m’ such that m’ = 2m, 4m or 6m. So here we can rewrite (11) as

(25)%72 > 18D*m(25) 7 2%". (15)

With v = 11.3, (15) holds for all m > 159.

Therefore, we need to check for m € {9, 10, .., 158}\{12, 13, 16, 24, 26, 39, 48, 52, 78, 104, 156 }.
Out of these, for m =9, 10, 11, 14, 15, 18, 21 and 36, (6) do not hold. So we search for d
and g so that (7) holds for them. But for m =9, 10, we could not find such d and ¢, so
(25,9), (25,10) are added up to the list of possible exceptional pairs.

In summarizing the discussions in this section, we obtain the proof of Theorem 1.3.
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