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ABSTRACT

We consider a ring R,s = Fy + uFy + u?Fy + u’Fy, u* = 0. We discuss the structure of
self-dual codes, Type I codes and Type II codes over the ring R, in terms of the structure
of their Torsion and Residue codes. We construct Type I and Type IT optimal codes over
the ring R,s for different lengths.
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1. Introduction

There are several researchers working on self-dual codes from the long period of time.
Mallows and Sloane [12] discuss the bound for self-dual codes over the field which we can
use to differentiate the Type of the code. Conway et al. [3] discuss the binary self-dual
code for different length using the bound to talk about the optimality of self-dual codes
upto length 32. We can further look at [15] for the study of self-dual codes. Latter on
scope of self-dual codes have been extended to finite rings. We can refer to series of papers
[1,2,5,8,9, 11, 16, 17] for more detailed description of self-dual codes.

Construction of self-dual codes have been discussed in the following series of papers |7,
10, 13, 18, 21, 20]. Gaborit |6] consider the ring Z4 and F, + ulF, and discuss the mass
formula for self-dual codes over these rings. He also discuss the Residue and Torsion code
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and give a mass formula for quaternary Type II codes, doubly even binary codes and
proved the equivalence of self-dual codes with the characterization of self-dual codes over
these rings. Dougherty et al. [1] consider the commutative Frobenius ring R, = Fy + ulFy,
where u? = 0 and discuss some theoretical concept on self-dual codes over the ring R,
and give the classification of Type I and Type II codes for different lengths.

We consider a Frobenius ring R, = Fy + ulFy + u?Fy + u’Fy, u* = 0 and use some
theoretical concept from [19] to discuss the self-dual codes of different length and give
some optimal codes over the ring. Our main focus in this paper is to discuss the self-dual
codes over R,s. We also characterize the structure of self-dual, Type I and Type II codes
over the ring R,s with generator matrix in terms of the structure of their Torsion and
Residue codes.

2. Preliminaries

We define an ordinary inner product (-,-) on R!; by

(x,y) =z,
=0

where z = (21, 22,...,2,) and y = (Y1, Y2, ..., yn) are in R%. The dual code C* of C' is
the code

Ct={ze€R% | (z,y)=0,Yy € C}.
We say that C is self-orthogonal if C' C C* and self-dual if C' = C*. Note that the
length of binary self-dual codes is always even, but self-dual codes over R,s can have odd
length.

Definition 2.1. A linear code C over the ring R,s of length n is an R,3-submodule of

n
u3*

Definition 2.2. Let ¢ : (Fy + ulFy + u?Fy + u3Fy)™ — Fi" be the map given by
(ﬁ(dl + ub1 + u201 + U3d1) = (CLl + b1 +c + dl, c1 + dl, bl + dl, dl)

It is easy to see that ¢ is a linear map and takes length n binary linear code over
Fy + uFy + u?Fy + u®F, to a binary linear code of length 4n.

Definition 2.3. For any element a, +ub, +u?c, +u3d, € R,3, we define the Lee weight-
Wiy, as ’LUL(Cll + Ub1 + U261 + UBdl) = U)H<Cl1 + b1 +c + dl,Cl + dl, b1 + dl,dl), where Wy
denotes the Hamming weight for binary codes.

Proposition 2.4. If C is a linear code over R,s of length n, size 28 and minimum Lee
distance d, then ¢(C) is a binary [4n, k, d|—linear code.

Proposition 2.5. If C is a self-dual linear code over Rys of length n, then ¢(C) is a
self-dual binary linear code of length 4n.
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In the ring R,s, we have four elements (1,1 + u, 1+ u? 1 4+ u + u® + u®) of Lee weight
1, six elements (u, u? u + u?, u + u®, u? + u®,u + u* + u3) of Lee weight 2, four elements
(1+u®, 1+u+ud 1+ u?+u®, 1 +u+u?) of Lee weight 3, and one element u® of weight 4.

The paper is organized as follows. In Section 2, we discuss self-dual codes over R, and
give the form of the generator matrix with which we discuss Torsion and Residue of the
code and use them to discuss few results on the self-dual codes over R,s. In Section 7?7,
we construct self-dual codes for different lengths over R,s and characterize Type I and
Type II codes.

3. Self-dual codes over R,

Definition 3.1. Let R,s := Fy 4+ ulFy + ©?Fy + v?Fy and R, = Fy + ulF,. A self-dual code
over R, is said to be Type II if the Lee weight of every codeword is a multiple of 4 and
Type I otherwise.

Definition 3.2. Let C be a linear code over R,s. We define the Residue code C(;) and
the Torsion code Co) of C' as follows:

Cay={z € (R,)" |y € (R)" | z +u’y € C},

and
Cip) = {z € (R,)" | v’z € C}.

We denote by (C1); and (Ct), the Residue and Torsion of the dual code C* respec-
tively. It is easy to see that |C|= [C(1)||Cia)|.

Definition 3.3. We denote the residue of C(;y as Res(C(y)) and the torsion of Cy) as
Tor(C(z)) and define as:

Res(Cny) ={z € Fy |y € Fy |z +uy € Cyy},

and
Tor(C)) ={z € Fy |ux € Cg)}.

Lemma 3.4. If C is a linear code over R,s, then
(1) (C’i)l C C'(E) and
(2) (CF)2 = Cy).

Proof. (1) Let z € (C*);, there exists y € R? such that z+u?y € C*. For z € Cy),u’z €
C. Then v’z - (z +u?y) = 0 = u*(2 - ) = 0. Thus = € Cy). Hence (C); C Cpy,.

(2) Let z € Cyy and  +u?y € C. Then v € Cyy and x -z = 0. Thus v’z - (v + vu’y) =
u?(z - x) = 0. Therefore u>z € C* and 2 € (C*),. So Cfy C (CF)2. Now let z € (C*)s,
then u?z € C*+. For each z +u?y € C, z € Cyy and v’z - (z +u?y) = 0= v?(z-2) =0 =
z € C(Ll). Thus (C+), C C(Ll). Hence (C1), = Cé). O
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Lemma 3.5. If C is a self-orthogonal linear code over R,s and C’(Ll) = Clg), then C is a
self-dual code.

Proof. Since C is a self-orthogonal code, C C C*. By Lemma 3.1, we have |Ct|=
|(?L)1||(CL)2|§ IC)|ICGy|- Therefore, |CH< O ||CF) = [CylICz)l= [C|. Thus €' =
C—. m

Theorem 3.6. Let C' be a linear code over R,s, then C' is self-dual if and only if
(1) Cqy is self-orthogonal even code,
(2)x-t+y-s=0 forv+u?y,s+u’t €C, x,t € R" and
(3) Cro) = Cé).

Proof. Let C be a self-dual code over R,s.

(1) Let ,s € C(yy. Then, there exist y and ¢ in (R,)" such that = 4+ u?y, s + vt € C.
Since C' is self-dual, (x+uy)-(s+u’t) = 0. This implies that z-s = 0. Hence C(1) C Cfj.
As the residue code C(y) is self-orthogonal, it contains all even weight vectors. Hence, C)
is even.

(2) Let = + u?y, s + u?t € C. Since C' is self-dual, (z + u?y) - (s + ©*t) = 0. This gives
r-t+y-s=0.

(3) Let © € C(y), then u?z € C. For s € C(y), there exists ¢t € R such that s +u*t € C.
Since C' is self-dual, v’z - (s +u*t) = 0 = w’(z - s) = 0 = z € Cp). Thus Ciy) C Cf.
Let v € Oy and s +u?t € C. Then s € Cpyy and w?v - (s +u’t) = u’(v - 5) = 0= v’ €
Ct=C=zc¢c 0(2). Thus C(Ji) - 0(2). Hence C(Ji) = C(g).

Conversely, suppose Conditions 1-3 hold. Let z + vy, s + u?t € C. From Conditions
(1) and (2), (x + v%y) - (s + u*t) = 0. Hence C' is self-orthogonal. From Lemma 3.5, C is
self-dual. O

The following corollaries follow from the above theorem.

Corollary 3.7. If C is a self-orthogonal code over R, then C +u*C* is a self-dual code
over R,s.

Corollary 3.8. If C is a self-orthogonal linear code over R,s, then Res(C()) is a self-
orthogonal even binary code.

Proof. If (' is self-orthogonal then C(y is self-orthogonal even code over R,. Hence,
Res(C(1)) is a self-orthogonal even binary code. O

Let C be a linear code which has a generator matrix G [14] after a suitable permutation
of coordinates can be written in the form:

I, A Az Ay Ass
0 wlp, uAss uAsy uAos (1)
0 0 u’l, u?As u?Ass |’
0 0 0 udly, udAys

G —
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where A;;, 1 <7 < 4 and 2 < j < 5 are matrices over R,s. We use a representation
Ay = Aﬁ-) + uAﬁ») + UQAf;) + USA%.) and udy; = u(A%) + uAg-) + uQAg’-) + u?’Ag;)), where
AY} and A;?, for i = 1,2,3,4 are matrices over Fo. A generator matrix of C(y) is given by

G — (Ik1 AY +uA?) A%) + UA%) AL +uAl) A%) + uA%?) ?)

0 ul, uAlY uAlY uAY

and a generator matrix of C(y) is given by

I, AW +uAl AR +udl) AT +uA) AR +uAl)
0 uly, uALY uAy) uAY
Gy = W 4@ 4D 4@ (3)
0 0 Ik, Ay +udyl Ags +udg
0 0 0 uly, UA%)

Theorem 3.9. Let C be a linear code over R,s which is permutation-equivalent to a code
with a generator matriz G of the form given in Eq. (1). Then C' is self-dual iff

(1) Cy is self-orthogonal even code,

(2) Co) = C(Ll).

Proof. From Theorem 3.6, if C' is a self-dual code, then C(y) is self-orthogonal. Also Res
(C)) is self-orthogonal. Thus,

(1 AY +udl) AR +uAR AR +udl) AL +ual)
T
(1, AR +uAl AR +uAl) AY +uad) AR +uA?) o

Also for the generator matrix G, and for x,t € R (z + u%y) - (s + v?t) =z - s + u*(x -
t+y-s) = x-t+y-s=0. Second part of the theorem follows from Lemma 3.4 and
Theorem 3.6. O

Lemma 3.10. If C is a Type II code over R,s, then the residue code C(yy contains the
all u-vector u.

Proof. Let x € C(g), then u*z € C. Since C'is a Type II code, = contains even number of
units (1 and 1+ u). Therefore, the all u-vector u is orthogonal to z, i.e., x € C’é) = Cpy.
Hence, C(;) contains the all u-vector u. O

If C'is a code of length n over R;s and © = (21,29, ...,x,) and y = (y1, Y2, . - ., Yn) are
two vectors of C', we denote by n,,(a,b) the number of occurrences of the couples (a,b)
and (b,a) in ((x1,v1), (x2,Y2), ..., (Tn,yn)), where a and b are elements of R,s. By abuse
of notation, we simply denote n, ,(a,b) by n(a,b).

Lemma 3.11. If C is a self-dual code over Ry and if z,y € C such that 4 | wy(z) and
4 | wr(y) then 4 | wr(z +y) and 4 | wp(ax), where o € Rys.
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Proof. Let x = x; +u?zy and y = y; + vy be codewords of C, where z;,y; € (R,)". We
follow the idea for proving these results from [1] and [4] and write a 16 by 16 table (which
we are not writing here, as it is very long table) to visualize the structure of wy(x + y)
and wy (ax). Now from the definition of Lee weight we have

wr(x+y) =wp(x) + wr(y) — 24 (mod 4) and wy(ax) = wr(a) - wr(z) =0 (mod 4),
where

A :n(u3 1) +n(w’, 14+ u) +n(w’, 1+ u®) +n(u’, 1+ 4?) + n(u’, 1 +u+u?)
+n® T +u+u?) + o’ 1 +u® +u’) +nw’, 1 +u+u®+u’) +n(1,1)

+n(l,u)r +n(l,v®) +n(l,u+u? +u®) +n(1, 14+ u+u?) +n(l, 14w+ u?)
+n(1, 1+ u* +u?) + n(u,u®) +nlu, T+ u) +n(u,u+u?) +nlu, v + u?)
+n(u,u+ u® 4+ u®) + n(u, 1+ u®) + n(u, 1+ u +u®) + n(u? 1+ u?)

+n(u? u+u?) +n(u?u+u?) Fn(e v+ o +ud) Fnu® 1+ u®)

+n(u?, 1+ u® 4+ u®) +n(1+u, 1 +u) +n(l +u,u+u®) +n(l + u,u® + u?)
+n(l+u, T +u?) +n(l+u, 1T +ut?) +n(l +u, 1T +u* +u?) +n(l+u® 1+ u?)
+n(l+u?u+u?) Fn(l+udu+ o) Fnl+u 1+ u®) ol + o 1+ u+u?)
+n(l+u* 1+ u+u?) + nlu+u? u+ ) + nu+ v, u® + u?)

+n(u+u? T +u+u®) +n(u+u? 14+ u? +u®) +nlu + o, u? +u?)

+nu4 v udu? o) FaleF o 1+ u o) Fale o D+ u? +u®)
+n(u+ud, T+ u+u®+u®) +n(u?® +u,u+ v +u?) +nu? +u’ 1+ u+u?)
+n? +ud T+ u+u?) Fn? Fud T+ u+u® 4+ u®) Fn(u+u? F o’ 14+ u®)
+nu+u®+ut T +utu?) Fnlu+u? o T+ u+u® +u?) Fn(l+u® 1+ u?)
+n(l+uv*, 1 +ut+u? +u®) +n(l+u+v*, 1+u+u®) +n(l+u+u’, 1 +u+u?)
+n(l4+u+u® 1+u+u®+u®) Fn(l +u? +u? 1 +u? +u?)

1+l +ud 1 tut+u® +u®) +n(l+u+u?+ud 1+ udu? +dd).

If C is self-dual, we can see that A =0 (mod 2). Thus, wy(x+y) = wr(z) +wr(y) =0
(mod 4). Hence, 4 | wr(x 4+ y) and 4 | w(ax). O

Theorem 3.12. Let C' be a linear code of even length over R,s which is permutation-
equivalent to a code with a generator matriz G of the form given in Eq. (1). Then C is
Type II if and only if

(1) The Residue code C(1y is even and contains the all u-vector u.

(2) Cpy = Cpy

(3) wr, =0 (mod 4) for the first ki + ko rows of G.

Proof. If C is Type II, then the Lee weights of every codeword is a multiple of 4. So
wy, = 0 (mod 4) for the first k; + k2 rows of G. Conditions 1,2 and 3 follow from Theorem
3.9 and Lemma 3.10. Conversely, suppose the conditions 1-3 hold, then the code C' is
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self-dual code (from Theorem 3.9). Since u € C(y) = Cé), a vector x € Clg) contains
even number of units (1 and 1+ u). Thus, wr,(v?z) = 0 (mod 4) and w;, = 0 (mod 4) for
the generator matrix G. Hence, from Lemma 3.11, the code C is a Type II code. n

Proposition 3.13. Let C be a self-orthogonal code of even length over R,. If C' contains
the all u-vector and weights of all codewords of C are multiple of 4, then C + u?>C* is a
Type 11 code over Rs.

Proof. From Corollary 3.7, C' + u2C" is self-dual. Since C contains the all u-vector, a
vector y € C* contains even number of units (1 and 1 + u). Thus, wg(u?y) = 0 (mod
4). Also, for  + vy € C +u?C*, wr(x + u?y) = wr(z) +wr(u?y) = 0 (mod 4). Hence,
C + u*C* is a Type 11 code. O

Corollary 3.14. If C is a Type Il code over R,, then C + u*C is a Type II code over
Rys.

4. Examples

We discuss few examples of self-dual codes that are Type I and Type II for lengths 1 to
6. We use results discussed in section 2 to construct self-dual codes of different length.
Type I Code of length 1
Let C11 = ((u® +u?)). #(Ciy) is a Type I code over the ring R, ,z2, and its binary
parameters is [4, 2, 2]*.

4.1.  Self-dual codes of length 2
Let Cy1 = ((1,1)). ¢(Cs,1) is a Type I code over the ring R, ,2 with the binary parameters
8, 4,2]".

We take Coo = ((1,1 + u?)). ¢(Ca2) is a Type II code over the ring R, > with its
binary parameters [8, 4, 4]*.

We take Cy3 = (14 u? + u?, 14+ u?)). ¢(Cas) is a Type II code over the ring R, 2
with its binary parameters [8, 4, 4]*.

4.2.  Type I code of length 3

We take Cs1 = ((0,u?,u?), (1,1 +u+u? u)). ¢(C31) is a Type [ code over the ring R, ,2
and its binary parameters is [12, 6, 4]*.

4.8.  Self-dual codes of length 4

We take Cyp = (1+u+u?, v® u, 1 +u?), (14 u, 1 +u? +u, 1,1 +u+u?+u?)). ¢(Cya)
is a Type I code over the ring R, ,2» with its binary parameters [16,8, 4]*.

Let Cio = (1 +u,1+u+u30,0), (1 +u,14+u+u®1,14+u?). ¢(Cyz)is a Type IT
code over the ring R, ,2 and its binary parameters is [16, 8, 4]*.
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4.4.  Self-dual codes of length 5

We take C51 = (1, 1+u?+u*,0,0,0), (v?+u?, v +u?, u?, u?, u?), (1+u?, 14+u?, u?, u?, v+
u?), (14?14 u?,0,u?,u?)). ¢(Cs1) is a Type I code over the ring R, > with its binary
parameters [20, 10, 4]*.

4.5.  Self-dual codes of length 6

We take Cs1 = ((1,0,0,1 + w3, u?, u?), (0,1,0,u?, 1 + v+ u?, u+u?), (0,0,1,
u?,u+u?, 14+ u+u?)). ¢(Ce1) is a Type II code over the ring R, .2 with its binary
parameters [24,12,4].

We take Cs1 = ((1,0,0,1+u? 4+ v, u?, u? +u?), (0,1,0,u3, 1+ u? +u? u?), (0,0,1,u? +
u?,u?, 1+ u?)). ¢(Csz) is a Type I code over the ring R, > with its binary parameters
24,12, 4].
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