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ABSTRACT

In this paper, we explore some interesting applications of the matrix tree theorem. In
particular, we present a combinatorial interpretation of a distribution of (n — 1)"7!, in
the context of uprooted spanning trees of the complete graph K,,, which was previously
obtained by Chauve—Dulucq—Guibert. Additionally, we establish a combinatorial explana-
tion for the distribution of m™"~'n™=1, related to spanning trees of the complete bipartite
graph K, ,, which seems new. Furthermore, we extend this study to the graph K,,\{e; .},
obtained by deleting an edge from K, and derive a new identity for the number of its

uprooted spanning trees.
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1. Introduction and preliminaries

Throughout this work, we deal with finite simple labeled graphs, where each vertex has
a unique label and there are no multiple edges or loops. Counting spanning trees is a
significant problem in combinatorics, with numerous applications in networks and other
areas. The matrix tree theorem, initially formulated by Kirchhoff [11], states that the
number of spanning trees of a graph can be determined using the determinant of a modified
version of its Laplacian matrix — a matrix encoding the structure of the graph. A recent
elementary proof of the matrix tree theorem can be found in [14]. Further, much work
has been performed toward understanding the extension of the matrix tree theorem to
directed graphs, weighted graphs, and so on. (For examples, see [0, 8, 15].) In this paper,
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46 DEEPTHI AND KUMAR

we explore interesting applications of this theorem in enumerating uprooted spanning
trees in complete graphs K, and complete bipartite graphs K,, .

Trees were first extensively studied by Cayley [5], who established the well-known for-
mula "2 for the number of labeled trees with n vertices. Since every spanning tree of
K, is a labeled tree with n vertices, the same formula gives the number of spanning trees
of the complete graph K,,. The number of uprooted spanning trees of a complete graph
K, with n vertices is (n — 1)"~!. Chauve-Dulucq—Guibert |[7] provided combinatorial
interpretations of various identities involving (n — 1)"~!. The number of spanning trees
of a complete bipartite graph K, , is given by m"~'n™~1 (See, |1, 3, 10]). For modern
expositions, these formulas can also be found in textbooks such as |9, 13].

Through our exploration, we derived two key identities related to the enumeration of
spanning trees. The first identity pertains to the complete graph K,,, and although it has
been previously obtained in [7], we present an alternative approach to derive the same
result. The second identity, which arises in the context of complete bipartite graphs K, ,,,
appears to be new. Specifically, we provide a combinatorial interpretation of an identity
involving m™~'n™~! which represents the number of spanning trees in K,, .

Now, we provide the basic definitions and notation necessary to understand our results.
For any undefined terms and notations in this article, see |2, 4].

Throughout this paper, unless stated otherwise, we consider the finite simple graph
G = (V(G), E(G)), with the vertex set V(G) = [n] = {1,2,...n}. For any v € V(G), the
number of edges incident to vertex v is called the degree of v, denoted by degy(v). A graph
G = (V(G), E(G)) is completely determined by its adjacency matriz A(G) = [aij1<ij<n,
where a;; denotes the number of edges from i to j. We assume G to be loopless, therefore
a; = 0 for all i € V(G). Note that G is simple if a;; = 0 or 1 for all 4, j € V(G). For a
vertex v € V(G), we denote by G\v the graph obtained from G by deleting the vertex v
along with all edges incident to it. Similarly, for a subset £’ C E(G), we denote by G\ E’
the graph obtained from G by deleting the edges e € E’ while keeping all vertices intact.

For a graph G with V(G) = [n], the degree matriz of G is defined as the diagonal matrix
D(G) = diag[deg,(1),degs(2), . .., degg(n)]. The matrix L(G) = D(G) — A(G) is called
the Laplacian matriz of G. Upon deleting any i-th row and column of the Laplacian
matrix L(G), we obtain the reduced Laplacian matrix of G, denoted by E(G) Note that
L(G) is singular, and every (i, 7)-th cofactor of L(G) is equal. Let SPT(G) denote the
set of all spanning trees of the graph G, and let det(L(G)) be the determinant of the
reduced Laplacian matrix of G. Then, the cardinality of SPT(G) is given by the following
theorem.

Theorem 1.1 (The matrix tree theorem [L1]). Let G be a simple connected graph with
the vertex set [n]. Then the number of spanning trees of G is given by

ISPT(G)| = det(L(G)).

Moreover, the matrix tree theorem remains valid for multigraphs without loops. In this
context, multiple edges between the same pairs of vertices are allowed. However, loops are
excluded from consideration, as they do not contribute to the enumeration of spanning
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trees. For more details, see [2].
As a direct application of Theorem 1.1, one can compute the number of spanning trees
of complete graphs and complete bipartite graphs as follows:

ISPT(K,)| = det(L(K,)) =n"2, and [SPT(Kpnn,)| = det(L(Kp,)) = m" 0™ 1,

Suppose that in a graph G, an edge e € E(G) is chosen, and we denote the resulting
marked graph as (G;e). Let SPT(G;e) denote the set of all spanning trees of G that
contain the edge e. Let G’ = G\ {e} be the graph obtained by deleting the edge e from
GG. Then we have the decomposition

ISPT(G)| = |SPT(G)| + |SPT(G;e)]. (1)

Let e = {io,jo} € E(G) and in the marked graph (G;e), the edge e be assigned
a variable weight z. Let L,(G;e) denote the Laplacian matrix of (G;e), and L,(G;e)
denote its reduced Laplacian matrix. Then the entries of the Laplacian matrix L,(G;e)
are as follows. For i € {ig, jo}, the diagonal entry corresponding to the vertex i is equal
to dege (i) + x. The non-diagonal entries at positions (7o, jo) and (jo,i0) are equal to —z,
while all other entries are the same as those in the Laplacian matrix L(G) of G.

We shall now modify the matrix tree theorem to count the number of spanning trees
of a simple graph that contain a specified edge.

Theorem 1.2 (Modified matrix tree theorem). Let (G;e) be the graph G with a specific
edge e € E(G), to which we assign a variable weight x. Then, the number of spanning
trees of G that contain the edge e is equal to the coefficient of x in det( +(G;e)).

Proof. The determinant det(L,(G;e)) is a linear polynomial in z. That is, we can write
det(Lo(G;e)) = a + Bz, where o and B are constants independent of z. Note that when
x = 0, the reduced Laplacian matrix LO(G e) is equal to the reduced Lapla(nan matrix
of the graph ' = G \ {e}, that is, Lo(G;e) = L(G’). Similarly, when z = 1, Ll(G e)
is equal to the reduced Laplacian matrix of graph G, i.e., the matrix L,(G;e) = L(G).
Therefore, we have

det(Lo(G:e)) = o = [SPT(G")|, and det(L,(G;e)) = a+ 3 = |SPT(G)).
Thus, using (1) and the above observations, we obtain
[SPT(G;e)| = [SPT(G)| — [SPT(G')| =

Hence, the number of spanning trees of G that contain the edge e is equal to the coefficient
of z in det(L,(G;e)). O

A rooted tree with the vertex set [n] is a tree in which a specific vertex, called the
root, is distinguished, defining a natural orientation for the graph. We assume that all
trees T' € SPT(G) are oriented such that every edge is directed away from the root r.
Consequently, for each vertex v € V(G) with v # r, there exists a unique directed path
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from r to v. Any vertex u # r that appears in this unique path from r to v is referred
to as an ancestor of v, while v is called a descendant of u. If v is a descendant of u and
no other vertex in V(@) lies between them on this unique path in 7', then v is said to be
a child of u, and equivalently, u is the parent of v. In T, each vertex v # r has exactly
one parent. A rooted tree 7' with the vertex set [n] is called an uprooted tree if the root
is greater than all of its children. For a graph G with V(G) = [n], the collection of all
uprooted spanning trees of GG is denoted by Ug.

2. Distribution of (n — 1)"~! using the matrix tree theorem

Chauve, Dulucq, and Guibert [7] proved the following identity and provided a combina-
torial interpretation. For n > 2,

-1

(n—1)""=>"(n—1—k)n">* (n—-1)"". (2)

k=0

3

Let Uk, denote the set of all uprooted spanning trees of the complete graph K, and
let A, denote the set of rooted spanning trees of K, in which vertex 1 be a non-root
leaf. Chauve et al. [7] constructed an elegant bijection between certain subsets of labeled
rooted spanning trees of K, resulting in a bijection ¢:Ux, — A,. A brief description
of the bijection ¢ is also given in [12]. Each rooted tree in A, can be constructed by
first choosing a labeled spanning tree with the vertex set {2,3,...,n} in (n —1)""3 ways,
then selecting a root from these (n — 1) vertices, and finally attaching the leaf 1 to any
of the remaining (n — 1) vertices. Hence, |A,| = (n—1)"3(n—1)(n—1) = (n — 1)" %
Furthermore, the Priifer sequence of any tree in A, is a sequence of length n — 1 with
entries from {2,3,... ,n}, where the last term of the sequence corresponds to the root.
This characterization provides a direct proof that |Uy, | = (n — 1)" 1.

Let 7, C Uk, denote the set of all uprooted spanning trees of K, with root r. For
n>2and 0 <k <n-—1,it is shown in [7], using a modified Priifer sequence, that

Toek] = (n—1—Fk) n" 2% (n — 1)k 1,

As Uk, = Z;(l) Tk, this provides a combinatorial explanation of the identity (2).
In this section, we present an alternative derivation of the formula for |7,_,| as an
application of the matrix tree theorem.

Theorem 2.1 (Chauve-Dulucq—Guibert). Forn >2 and 0 < k <n-—1, let T,,_x C Uk,
be the set of all the uprooted spanning trees of K, with root n — k. Then we have

Tkl = (n—1—Fk) n" 2% (n — 1)F 1.

Proof. Let us consider 7, the set of all uprooted spanning trees of K,, with root n. For
any tree T' € SPT(K,), designating n as the root results in an uprooted spanning tree of
K,, with root n. Thus, the number of such trees is given by |7,| = |SPT(K,,)| = n" 2.
Now, we extend our analysis to the general case by considering 7, _, the set of all
uprooted spanning trees of K, with root n — k, where 0 < £k < n — 1. For any tree
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T € T,_k, observe that the root n — k is not adjacent to any vertex i where i > n — k. To
account for this, we define the graph

Gnir = K,\{en—piin—k+1<i<n},

where e, , represents the edge {u,v} € E(K,). By construction, G,,_;, ensures that the
vertex n — k has no edges connecting it to any vertex ¢ for n — k + 1 < i < n. Thus,
choosing any spanning tree of GG,,_j and designating n—k as the root results in an uprooted
spanning tree of K,, with root n — k. Therefore, we obtain

Tk = [SPT(G,_p)|, forall 0 <k <n—1. (3)

To determine the number of spanning trees of GG,,_, we apply the matrix tree theorem.
We obtain the reduced Laplacian matrix of GG,,_; by deleting the row and column corre-
sponding to the root n — k from the Laplacian matrix L(G,_x). The resulting reduced
Laplacian matrix L(G,_g) of Gn_y is an (n—1) X (n — 1) matrix, where the i-th diagonal
entry isequal ton —1for 1 <i<n—k—1,andequal ton—2forn —k <i:<n-—1,
while all non-diagonal entries are —1.

Let R; denote the i-th row and C; denote the j-th column of the matrix E(Gn_k). Let
us perform the following series of row and column operations on Z(Gn_k).

Lo s+ S

9 Ri— Rie Ry foralll <i<n—Fk—1

3. Ry — R, — Ry, forall 2 <7 <n—k—1, and then

4. Foreachn —k <i<n—1, performRi—>Ri—|—%Rj,fora112§j§n—k:—1.

After applying the above row and column operations in the given order, the matrix
L(G,_g) reduces to the following block matrix

~ A|B
LG, ) =
(Go-s) a% »
(n—1)x(n—1)
where A = diag[l,n,...,n] isan (n — k — 1) x (n — k — 1) diagonal matrix, B is an

(n — k — 1) x k matrix with all entries zero except for the first entry, which is —(n — 1),
Cis ak x (n—k—1) zero matrix and D is a k x k matrix with diagonal entries equal to
n — 2 and non-diagonal entries equal to —1.

As the matrix E(Gn_k)’ is an upper triangular block matrix, its determinant is given

by det(L(Gp_1)) = det(A) - det(D). Since A is a diagonal matrix, its determinant is

n=k=2 Now, let us compute

k
the determinant of the matrix D. Performing the column operation C; — Cy + > C;

the product of its diagonal entries, yielding det(A) = n

i=2
followed by the row operations R, — R; — Ry, for all 2 < ¢ < k — 1, on the matrix D,



50 DEEPTHI AND KUMAR

we transform it into the matrix D’ given by

n—k—1 -1 —1 —1 —1 7
0 n—1 0 0 0
0 0 n—1 0 0
D' = :
0 0 0 n—1 0
L 0 0 0 0 n—1] kxk

The determinant of D’ is clearly det(D’) = (n—k—1) (n—1)kL. Since row and column

operations do not change the determinant, we have

det(D) = det(D') = (n —k —1) (n — 1)1,

Therefore, we have det(L(G,_3)") =n"*2 (n—k —1) (n — 1)*71. By the matrix tree
theorem, the number of spanning trees of GG,,_j is

ISPT(Gp_i)| = det(L(Gpr)) = n" 2 (n—k=1) (n—1)*', forall 0 <k <n—1. (4)
Thus, from (3) and (1) and |7,,| = n"~2, we have
Tk =(n—1—k)n" 2% (n -1 foral 0 <k <n—1.
This concludes our proof. O

A refinement of the enumeration of uprooted spanning trees obtained in Theorem 2.1
will be presented in Section 4.

3. Distribution of m" 'n""! using the matrix tree theorem

In this section, we explore the enumeration of spanning trees of the complete bipartite
graph K,,,. In this process, we count the number of uprooted spanning trees of K,,,
with root m + n using the matrix tree theorem and derive the following new identity

m
mtt Tt = Zm”_z n™ T (n— DR (m 40— k). (5)
k=1
Let Tpn € Uk, , denote the set of all uprooted spanning trees of K,,, with root
m+n. Since m + n is greater than all other vertices i € V(K,,,), every spanning tree in
SPT(K,,,) becomes an uprooted spanning tree of K,,, when rooted at m-+n. Therefore,
we have

[ Tinn| = [SPT(E )| = m" ™" ™ (6)

Here, we enumerate the elements of ¥,,,,, by considering the highest child of the root
m+n.
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Theorem 3.1. Let anJrn C Trtn be the set of all uprooted spanning trees of K, , with

root m+n, such that the highest child of the root equals m+1—k, for 1 <k <m. Then,

1T L =mm 2 (= DR (mo+ - k).

Proof. Observe that any uprooted spanning tree in Tffmrn has root m+n, and this root is
not adjacent to any vertex in the set {m+2—k,m+3—k,...,m} C V(K,,,). Therefore,
consider the subgraph G% = of K,,, defined as

Gﬁwn = Kna\{eminim+2—k<i<m},
where e, , denotes the edge {u,v} € E(K,,,). Note that, in any spanmng tree of G%
the vertex m + n is not adjacent to any vertex in {m +2 —k,m+ 3 — ., m}.
Now consider the graph (GF . ;e), where e = {m+1—k,m+n} € E( m+n) and let
us assign a variable weight = to the edge e. Selecting any spanning tree of (G’fn+n, e) and

designating m + n as its root yields an uprooted spanning tree in % . Thus, we have

T SPT(Gy i), (7)

m+n| =

where SPT(G*

m+n7

e):={T € SPT(GF_  )e={m+1—km+n} e E(T)}.

We now enumerate the spanning trees of (G¥ . :e) using the modified matrix tree
theorem (Theorem 1.2). By deleting the (m + n)-th row and column from the Laplacian
matrix L,(GF e), which has the

ko nie), we obtain the reduced Laplacian matrix L,(G¥

m—f—n’
following block matrix form.

EalGhie) = |- ,
(m+n—1)x(m+n—1)
where A, = diaglay, o, ..., a,,] with
n if1<i<m-+k,
o=sn—1+«x 1fz:m+1—k;,
n—1 iftm+2—-Ek<i<m,

B, is an m x (n — 1) matrix with all entries equal to —1, C, is an (n — 1) X m matrix with
all entries equal to —1 and D, is the (n — 1) x (n — 1) diagonal matrix diag[m,m,...,m].
As D, is invertible, using the Schur’s formula for determinants of block matrices, we have

det(L.(G" ,:e)) = det(D,) - det(A, — B.D;'C,).

Since D, is diagonal, we have det(D,) = m"!
diag [L, L ... L], The matrix product B,D;'C, is a rank one matrix where every
-1

entry equals A\ = =—=. Therefore, A, — B,D;'C, = [Bijli<ij<m, where all non-diagonal

, and its inverse is given by D! =

entries are equal to —\ and the diagonal entries are given by
n—A\ if1<i<m-—k,
Bi=<n—-AN—14+z ifi=m+1—k,

n—A—1 Ifm+2—-k<i<m.
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By Theorem 1.2, in order to compute [SPT(GE . ; e)|, it suffices to extract the coefficient

- m

of x in det(L,(G¥  ,;e)). Noting that det(D,) is independent of = and the matrix A, —

m

B, D;'C, contains z only in the (m+1—k)-th diagonal entry, it follows that the coefficient

of z in det(L,(G*

m—4n?

e)) is given by
det(D,) - det M,

where M, is the (m — 1) x (m — 1) submatrix of A, — B,D,'C, obtained by deleting the
(m 4+ 1 — k)-th row and column. In fact,

Cmfk
1
fn—X =) —A —A -2 ]
A n—=A —A —A —A
My=1 —x =X - n—-2\ ) ) — R -
—A —A A n—A-1 —A
| —A A e = - oo n—A—1] (m-1)x(m-1)

Let R; and C; denote the i-th row and j-th column of M), respectively. We now perform
the following sequence of row and column operations on M.
m—1
1. C’1—>Cl—i— Z Ci;

2. Ri—>Ri—IZ%_1?fora112§i§m—1,

3. 4 —>C’1+ﬁ@7 forallm—k+1<:<m-—1.

After applying these operations in the stated order, the matrix M) is transformed into
an upper triangular matrix M} = [m/;]1<i j<(m-1), whose diagonal entries are given by

A+1— (2L ifi=1,
my,=<n if2<i<m-—k,
n—1 ifm—-k+1<i<m-—1.

Since the determinant of an upper triangular matrix is the product of its diagonal
entries, and all the above operations preserve the determinant, we have

k-1

det(M,) = det(M}) = (/\ +1-— (T)) n™ R (n — 1)t

— m—l (m +n— ]f) (?7, - 1)1:—1 nm—k—l_
Thus, by Theorem 1.2, we obtain

[SPT(GE,, . e)| = det(D,) - det My =m"2 (m+n—k) (n— 1)*=" pm=h1,

m-+n?

From (7), it follows that

[Tl = ISPT(G,

i€ =m" 2 (m+n—k) (n— 1)kl
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This completes the proof. n

We now note that 4, = [[}-, TF ..., and hence by (6),

m-+n?

mtt nmt = Zm”‘Q (m+mn—k) (n— 1)1 pmkt (8)
k=1

4. Refined enumeration and associated combinatorial identities

In Section 2, we derived a formula for the total number of uprooted spanning trees of the
complete graph K, rooted at a given vertex. In this section, we refine that enumeration
by classifying the uprooted spanning trees based on the highest child of the root. Recall
that T,_r C Uk, denotes the set of all uprooted spanning trees of K, with root n—k. For
1<i<n—Fk—1,let ﬁ_k C T,_r denote the subset consisting of those trees in which
the highest child of the root n — k is exactly n — k — j. Then we have the disjoint union
g | 77, and hence,

7j=1
n—k—1 4
Tail = Y Tl (9)
j=1

The number of uprooted spanning trees in each subset ﬁ_k is given by the following
result.

Theorem 4.1. Let 7:{7,C C Tn_i be the set of all uprooted spanning trees of K,, with root
n —k, such that the highest child of the root equals n —k—7j for1 < j<n—k—1. Then,

T4 = n" 972 (= DM (20— ke — j — 1),

Proof. For any uprooted spanning tree in 7;571@7 the root n — k is not adjacent to any
vertex u where u > n — k, nor to any vertex v satisfyingn —k—j+1<v<n—-k—1
To encode this structural restriction, consider the graph

Gi—k:Kn\{en—k,vin_k—j—FlSvgn,v#n—]{;h

where e, ,, denotes the edge {u,v} € E(K,). Now, let e € E(G_,) be the edge between
the root n — k and its highest child n — k£ — 5, which must appear in every tree in 7;5—1«
We assign a variable weight = to this edge and denote the resulting graph, with the
distinguished edge e = {n — k — j,n — k} € E(G’_,), as (G_,;e). Note that for each
1 <j<n—Fk-—1, the degrees of the vertices in thk are given by

n—1 ifuen—k—j—1]
n—2+x ifu=n—k—y,
deng (u): . . /
nok n—k—j—1+2 ifu=n—k,

n—2 fue{n—k—j+1,...,n}\{n—k}.
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Choosing any spanning tree of Gi_k that contains the edge e, and designating n — k as
the root, yields an uprooted spanning tree in 7.7 ,. Thus, we have

[Tl = [SPT(G), i e)l. (10)

To compute the number of spanning trees of the graph (Gfl w;€), we now apply the
modified matrix tree theorem (Theorem 1.2). Let L,(G’ ,;e) denotes the Laplacian
matrix of the graph (G? _,;e). By deleting the (n—Fk)-th row and column from L, (G;,_;;€),
we obtain the reduced Laplacian matrix L, (G?_.;e). This matrix has all non-diagonal
entries equal to —1, and the diagonal entries are given by the degrees of the corresponding
vertices in the graph (GiL p;e). Let R; and Cj denote the i-th row and 4'-th column of
(Gi_k;e), respectively. We now perform the following row and column operations on
L.(G?_,;e) to simplify its structure.

Rn 1—>Rn 1+ZRZ7

C;— C;—C,_ 1,f0ralll<z<n—2

R, —>Rn_1—;Ri, foreach 1 <i<n—k—j—1,

Coqg — Ch_q+ 101, foreach 1 <i<n—k—j—1, and then

Cpr — Chr + - C,,foreachn—k—j+1<z<m—2

After applying these operatlons in the stated order, the matrix L (G _i; €) reduces to

A | B
Cic Df

where A’ is the (n—k— j) x (n—k — j) diagonal matrix diag[n,...n,,n—1+zx|, B, is an
(n—k—j)x (k+j—1) matrix with all entries equal to zero except the (n—k—j, k+j—1)-th

RN

the following block matrix.

zm(Giz—k; 6)/ -

)

(n—1)x(n—1)

entry, which is equal to —1, Cl is a (k+j — 1) x (n — k — j) matrix with a single non-zero
entry z at its (k + j — 1,n — k — j)-th position and D! is the (k+j—1) x (k+j—1)
diagonal matrix diag [n —-1,...,n—1, n—k;j—l].

Since all of the above row and column operations preserve the determinant, and using
the Schur’s formula for determinants of block matrices, we obtain

det(L, (G

m+n’

) = det(D.) - det(A, — B,(D.,)"'CL).

Since D/, is diagonal we compute det(D)) = (n — 1)F+72 (2=221=1) "and its inverse is

given by (D})~! = diag[-15, ..., =5, #_J_l] Further, we compute A’ — B.(D.)"'C!. =
diag [n,...,n,(n —1) + ~vx], where v = 21?::%]]:11 Hence,

det(A, — B(D,)™*C) =n"F97  (n — 1 + ).
Combining the above expressions, we obtain
det(L,(GE . :e)) = det(D’) (n"* 7 (= 14 x)) .

Therefore, by Theorem 1.2, the number of spanning trees of (G _,;e) that contain the
edge ¢ is [SPT(G?_,;e)| = det(D.)(y n"*=9=1). Substituting the values of det(D") and
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7, followed by (10), we get
T2 = ISPT(G i e)] = ™72 (n = 1) (20 — k— j — 1),
This concludes the proof. O
By the decomposition 7, = [[}_; ol 77 ., we obtain the following identity.
Proposition 4.2. Forn > 2 and 0 < k < n — 1, let T,_i be the set of all uprooted

spanning trees of K, with root n — k. Then, as |Tao_r| = (n — 1 — k) n"=27% (n — 1)kL,
we have

n—k—1
(n—1—k)n" > (n—1)F" = 3" a2 (n— )M (2n—k—j—1).  (11)
=1
Proof. The proof follows directly from (9) and Theorem 4.1. O

Using Proposition 4.2, we obtain the following refinement of identity (2)

—

n— k—1
(n—1)" oI (= )M 2n—k—j - 1), (12)
0 gJ=1

n—

£
Il

We now summarize the combinatorial identities obtained in this paper and present their
equivalent forms. Dividing both sides of the identity (2) by (n — 1)"72, we obtain the
following equivalent identity

1 ni YT R s (13)
n — = — rn .
n—1 n—1)" -

k=0

1

Similarly, dividing both sides of identity (5) by m" 2 n™"! we obtain an equivalent

form of () as

m —1 .
m = Z(n_l) (w),fornZQ,mzl. (14)
n

J=1

Next, we consider the identity (11). On dividing both sides by n"*=2 (n — 1)1 we
obtain

n—k—

k—1 i 7j—1 . s
n—l—k:Z(n 1) (2n k—J 1),f0rn22and0§k§n—1. (15)
n

n

Jj=1

By setting m = n — 1 — k, we see that identity (15) is equivalent to identity (14). Both
identities (13) and (14) can be easily verified by induction.

From these observations, we state the following proposition which collects the key
identities in simplified form.
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Proposition 4.3. We have the following combinatorial identities:

1. Forn > 2,
n—1 n n—2—k k
—1= 1— .
" kz:%(n—l) ( n—l)

2. Forn>2, m>1,
“ =1\ m+n—7J
() ().

Jj=1

Proof. We first prove the initial identity by induction on n. Here, we introduce an
auxiliary real parameter a € R\ {0, 1} and consider the more general identity

i(ail)n” (1‘aﬁ1) :(n—1)+(a;n>, VaeR\{0,1}. (16)

k=0

We verify (16) by induction on n, and upon substituting a = n, we obtain the desired
identity for all integers n > 2.

The second identity can be proved directly by induction on m, without introducing any
auxiliary parameter. O]

Remark 4.4. Using the first identity in Proposition 4.3 together with Theorem 2.1, one
recovers the formula |Uy, | = (n —1)"! for the number of uprooted spanning trees of the
complete graph K, as an application of the matrix tree theorem.

In the following section, the matrix tree theorem will again be used to compute the
number of uprooted spanning trees of another graph obtained from K.

5. Another application of the matrix tree theorem

In this section, we apply the matrix tree theorem to enumerate uprooted spanning trees of
certain graphs derived from the complete graph K,,. In particular, we consider the graph
K, \{e1,} obtained by deleting the edge {1,n} € E(K,), and compute the corresponding
number of uprooted spanning trees.

For n > 3, let Uy denote the set of all uprooted spanning trees of the graph K, \ {e1,},
where ey, denotes the edge {1,n} € F(K,). Kumar et al. [12] established that

Ui, | = (n—=1)"" (n—2)% (17)

The proof in [12] is quite involved and requires many detailed counting steps. In this
section, we obtain the same result more directly as an application of the matrix tree
theorem.

Let 7, C Uy, denote the set of all uprooted spanning trees of K, \ {e1,} with root 7.
Forn >3 and 0 < k <n — 2, we have U, = Z;g 7. _.. Hence,

n—2
Uie, | =D 1Tl (18)
k=0
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In what follows, we focus on computing |7| by applying the matrix tree theorem.

Theorem 5.1. Forn > 3, let T! C Uy be the set of all the uprooted spanning trees of
K, \ {e1n} with root r. Then we have

[Tl =n"" (n—2),

and for 1 <k <n—2,

7.

n—

2 —k—2
k|:n”_g_k(n—l)k_l((n—S—k)+ nktn -k )

n(n—1)

Proof. Let us consider 7,/, the set of all uprooted spanning trees of K, \ {e1,} with root
n.

Choosing any spanning tree of K, \ {e;,,} and designating n as the root yields in an
uprooted spanning tree of K, \ {e1,} with root n. Therefore, we obtain

7| = [SPT(Ku \ {ern})]- (19)

To determine |[SPT(K,, \ {e1.})|, we apply the matrix tree theorem. We obtain the
reduced Laplacian matrix of K, \ {e1,} by deleting the n-th row and column from the
Laplacian matrix L(K, \ {e1,}). The resulting reduced Laplacian matrix L(K, \ {e1..})
is an (n — 1) X (n — 1) matrix in which the first diagonal entry is n — 2, all remaining
diagonal entries are n — 1, and all non-diagonal entries are —1.

Let R; denote the i-th row and C; denote the j-th column of the matrix LK, \ {e1n}).
Let us perform the following series of row and column operations on L(K,, \ {e1n})-

n—1
1. Cl—>CI+ZCZ‘;

9 Ri— Ri— Iy forall2<i<n—1,

3. C’1—>Cl—%0i,foreach2§i§n—1. N

After applying these operations in the given order, the matrix L(K, \ {e;,}) is reduced
to an upper triangular matrix with the first diagonal entry ”7’2, all remaining diagonal
entries equal to n. Since the determinant of an upper triangular matrix is the product of

its diagonal entries, and all the above operations preserve the determinant, we have

n—2
n

det(L(K, \ {e1,})) = n" 2 ( ) =n" (n—2).

By the matrix tree theorem, the number of spanning trees of K, \ {e1,} is
[SPT (K, \ {ern})] = det(L(K, \ {e1,n})) =" (n - 2). (20)
Thus, from (19) and (20), we conclude
T2l = ISPT(K, \ {er,n})] = 0" (n - 2).

Now, consider 7,_,, the set of all uprooted spanning trees of K, \ {e;,} with root n—F,
where 1 <k <n — 1. For any tree T € 7_,, observe that, in addition to the condition
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that vertex 1 is not adjacent to vertex n, the root n — k is not adjacent to any vertex i,
where ¢ > n — k. To reflect this, we define the graph

;L—k} = Kn\{el,na En—ki- T — k+1<:1< n},

where e, , represents the edge {u,v} € E(K,). By construction, G/ _, ensures that
vertex 1 is not adjacent to vertex n, and vertex n — k is not adjacent to any vertex ¢ for
n—k+1 <1i <n. Thus, choosing any spanning tree of G/, and designating n — k as
the root gives an uprooted spanning tree of K, \ {e1,,} with root n — k. Therefore, we
obtain

|7, ] = |SPT(G],_,)|, forall 1 <k <n-—2. (21)

We now determine |SPT(G?,_,)| using the matrix tree theorem. The reduced Laplacian
matrix of G/,_, is obtained by deletlng the (n — k)-th row and column from the Laplacian
matrix L(G! _,). The resulting reduced Laplacian matrix L(G I p)isan (n—1)x (n—1)
matrix in Wthh the first diagonal entry is n — 2, the last diagonal entry is n — 3, the i-th
diagonal entry equals n — 1 for2<i<nm—k—1andn—2forn—k <i<n—2, while
all non-diagonal entries are —1 except for the (1,n —1)-th and (n — 1, 1)-th entries, which
are 0.

Let R; and C; denote the ¢-th row and j-th column of the matrix Z(G’ k) respectively.

We now perform the following sequence of row and column operations on L( k)
n—1

Cl—>Cl+zCz;

R — R, — Rl,fora112<@<n—k—1,

Ci— Ci+C forall2 < <n—1,

Ri— R, — R, 1, foralln—k<i<n-—2,

R, 11— R,_ 1+1Rl,forall2<i<n—k—1 and then
Ry, 1 — Ry 1+ Rj,foralln—k;<j<n—2

After applying the above operations in the given order, the matrix Z(G;HC) reduces

SEEAN e

to an upper triangular matrix whose first diagonal entry is 1, the last diagonal entry is
(n—3—k)+ %, the i-th diagonal entry equals n for 2 < i <n—k —1 and equals
n—1forn—k <i<n-—2. Since the determinant of an upper triangular matrix is the
product of its diagonal entries, and all the above operations preserve the determinant, we

obtain

det(L(G._,)) = n" "2 (n — 1)k ((n 3 k)4 2nk +n—k— 2)

n(n —1)

By the matrix tree theorem, we have

ISPT(G!,_,)| = det(L(G,_,)) = n" *2 (n—1)"! ((n—B—k)—i—znij;:__lk; - 2). (22)

Hence, from (21) and (22), we have, for all 1 <k <n — 2,

’ k!—]SPT( ) =nm k72(n_1)k71 ((n_g_k)+2nk+n—k:—2)

n(n—1)
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This concludes our proof. O
By the decomposition Uy = Z;g i, We obtain
n—2
. 2nk —k—-2
U | =n""2 (n—2) + Zn”‘Q_k (n — 1)1 ((n —3—k)+ n —En 0 ) . (23)
n(n —
k=1

which follows directly from (18) and Theorem 5.1.

Proposition 5.2. For n > 3, the following combinatorial identity holds:

= () S () (e e e

Proof. Identity (24) can be verified by induction on n. In fact we prove a more general
identity. For a real parameter a € R\ {0, 1,2}, consider the identity

< a )”-3 ”‘2< a )"_Q_k(a—i%—k 2ak+a—k—2)
+> +
a—1 c~\a—1 a—2 ala —1)(a —2)

:(n—2)+(1+%>' (25)

Following the approach in Section 4, this general identity can be proved by induction
on n. Substituting a = n in (25) recovers the desired identity (24) for all n > 3. O

Multiplying both sides of identity (24) by (n — 1)"73(n — 2) we obtain an equivalent
form. For n > 3, this gives

(=132 = S n-2)+ Y a1 <<n 3k 2”"/’;(:_‘1’3 - 2)

(26)

Combining (26) with (23), we recover the formula Uy | = (n — 1)"*(n — 2)?, which
gives the number of uprooted spanning trees of the graph K, \ {e1,,} obtained by deleting
the edge {1,n} € E(K,). This provides an alternative and more direct proof of the result
of Kumar et al. [12], as an application of the matrix tree theorem, thereby avoiding the
elaborate counting arguments in their original approach.

Remark 5.3. In the course of proving Proposition 4.3 and Proposition 5.2, two general
identities, (16) and (25), were encountered. For an integer a > n, it would be interesting
to see whether these identities possess a combinatorial interpretation.

Furthermore, the observations made in this article lead to a natural open question: Does
there exist an analogue of the matriz tree theorem for computing the number of uprooted
spanning trees of an arbitrary graph?
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