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abstract

Generalised nice sets are de�ned as subsets of edges of the extended Fano plane satisfying

a certain absorbing property. The classi�cation up to collineations, purely combinatorial

in nature, provides 245 generalised nice sets. In turn, this gives rise to new Lie algebras

obtained by modifying the bracket of homogeneous elements on an initial Z3
2-graded Lie

algebra.
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1. Introduction

This work is part of a larger research project, [6, 7, 3], that seeks to �nd and classify the

graded contractions of various Z3
2-gradings on all the exceptional complex Lie algebras

simultaneously. A graded contraction of a G-graded Lie algebra L, for a �nite abelian

group G, is another Lie algebra Lε which can be obtained from the original algebra L and

from a particular map ε:G × G → C. Obtaining the new Lie algebra entails modifying

the bracket of homogeneous elements by scaling them with a constant determined by

the map ε. Finding the graded contractions means �nding the maps ε that turn Lε

into a Lie algebra, which incidentally, is usually �more abelian� than the original one.

The notion of graded contraction was introduced by physicists in the early 1990s [2,

4] as a generalisation of Wigner-Inönü contractions. There is a plethora of di�erent

concepts regarding contractions, degenerations and deformations, which physicists study

in connection with limit theories (see [9, Chapter 5] on applications of the Lie theory

to physics). From an algebraic point of view, the graded contractions can contribute
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signi�cantly to the ongoing classi�cation of solvable Lie algebras. This contribution tends

to come about by providing unknown and unexpected examples, in dimensions which pose

di�culties.

A pair of su�cient conditions for a map ε to produce a graded contraction are given

by εjk = εkj and εjkεl,j+k = εjlεk,j+l = εklεj,k+l, if G = {g0, . . . , gn} and εjk := ε(gj, gk).

(These are also necessary conditions if the grading under study is su�ciently symmetrical,

as the ones considered in [3].) In particular, the set of pairs {{j, k} : εjk ̸= 0}, called the

support of ε, satis�es a certain absorbing property. We call any set of pairs satisfying this

property, in the case G = Z3
2, a generalised nice set (see De�nition 2.5). This terminology

is chosen because these sets formally extend the nice sets introduced in [6]. There it

was shown that nice sets coincide with the supports of the graded contractions of the Z3
2-

grading Γg2 on the exceptional Lie algebra g2. This grading is itself induced by the natural

Z3
2-grading ΓO on the complex octonions described in [8]. The classi�cation of nice sets

up to collineations played a central role in [6], where it enabled a complete classi�cation

of the graded contractions of Γg2 . In the same spirit, the classi�cation of generalised nice

sets is the �rst step towards understanding the graded contractions of the gradings on

the exceptional Lie algebras f4, e6, e7, and e8 induced by ΓO via Tits' construction. These

ideas have been further developed in [3], where the results of the present work are used

to construct a large family of new solvable and nilpotent Lie algebras arising from such

contractions, whose nilpotency and solvability indices can be determined directly from

the support.

Previous results of this kind, computing the graded contractions of a �xed G-graded

Lie algebra L, appear in [14, 13] for Lie algebras L of dimension 8. Their calculations

rely heavily on computer algebra systems. In [6] we explored the nice sets as a tool to

classify the Z3
2-graded contractions of the complex exceptional Lie algebra g2, of dimen-

sion 14, without computer assistance. Our new combinatorial object, the generalised

nice set, allows us to obtain graded contractions for algebras of dimensions as large as

52, 78, 133, and 248, also without computer assistance! This is a challenging task: for

comparison, there are only 24 nice sets up to collineations, while there are 245 pairwise

non-collinear generalised nice sets (see Section 8). Although we will provide our classi�-

cation of generalised nice sets without computer, we have added Section 7, where we use

computer algorithms to give an independent, alternative proof of the exact equivalence

classes in the classi�cation of generalised nice sets. The assistance these algorithms o�er

lies mainly in the veri�cation of the many technical calculations involved in describing

all the distinct equivalence classes. In the computational approach, one considers all 236

initial possibilities and reduces them to a few hundred candidates, after which identifying

the exact distinct classes becomes a subtle a�air. Computer assistance helps avoid small

technical errors that may arise when distinguishing among the many equivalence classes,

but it plays no role in the manual classi�cation itself.

The paper is structured as follows. In Section 2 we introduce the main object of this

paper, namely the generalised nice sets, after recalling some preliminary background on

nice sets and collineations. We prove some general properties that allow us to split the

combinatorial classi�cation problem into four mutually exclusive cases, depending on the
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speci�c forms that generalised nice sets may take. We address these cases in the following

four sections: Section 3 deals with generalised nice sets contained in the set X of edges of

the Fano plane, Section 4 is devoted to generalised nice sets having empty intersection with

X, in Section 5 we study generalised nice sets whose intersection with X is not generalised

nice, and lastly, generalised nice sets whose non-empty intersection with X is generalised

nice are considered in Section 6. Our main results are Corollary 3.3, Proposition 4.2,

Theorem 5.8 and Theorem 6.3, which give exact criteria to determine whether a set is

generalised nice. The equivalence classes up to collineations are shown in tables scattered

throughout the work. A short summary is provided in Section 8. As a bonus, Section 7

provides computer algorithms implemented in Maple as an alternative method to �nd the

exact equivalence classes in the classi�cation of generalised nice sets.

Our problem can also be viewed as a combinatorial one on abelian groups (see, for

instance, [5, 10] for related approaches). Generalised nice sets correspond bijectively to

subsets of G × G satisfying a suitable absorbing property, while collinearity corresponds

to passage through an automorphism of the group. For our abelian group G = Z3
2, the

simple group Aut(Z3
2) is isomorphic to the group of collineations of the Fano plane.

Our generalised nice sets may also be interpreted as con�gurations consisting of points

and segments (portions of lines between two points) in an extended Fano plane. The

Fano plane � the unique projective plane of order 2 � appears repeatedly throughout

mathematics (see the survey [16]). Combinatorial and geometric con�gurations often

remain dormant for some time before their usefulness becomes apparent, and the literature

provides many examples of this phenomenon (see, e.g., [1] and the references therein). In

particular, a rich collection of open problems concerning point�line geometries in �nite

projective spaces can be found in [12]. The work [15] is especially relevant here, as it links

classical line con�gurations with exceptional complex Lie algebras of type E; some of the

octonionic gradings appearing there are precisely those to which the results of this paper

apply.

2. Generalised nice sets

2.1. Preliminaries on collineations

Let I := {1, . . . , 7} and I0 := I ∪ {0}. Consider the following pictorial summary of the

Fano plane with its 7 lines, each consisting of 3 points in I:

2

7

4

56

1

3

That is, L = {{1, 2, 5}, {5, 6, 7}, {7, 4, 1}, {1, 3, 6}, {6, 4, 2}, {2, 7, 3}, {3, 4, 5}}. Note

that the lines are not ordered and that any two di�erent lines intersect at exactly one

point. For i, j ∈ I, i ̸= j, we let i ∗ j denote the unique element in I \ {i, j} which lies

on the same line as i and j in the above picture. Furthermore, we denote by ℓij the line

containing both i and j, i.e. ℓij = {i, j, i ∗ j} ∈ L. We extend ∗ to an operation on I0 by

setting 0 ∗ i = i ∗ 0 = i, 0 ∗ 0 = 0, and i ∗ i = 0 for any i ∈ I.
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A collineation (also called an automorphism or symmetry) of the Fano plane is a per-

mutation of I which preserves collinearity. That is, it must carry collinear points (points

on the same line) to collinear points. In other words, a bijective map σ: I → I is called

a collineation if σ(i ∗ j) = σ(i) ∗ σ(j) for all i, j ∈ I with i ̸= j. We write S∗(I) for the

group consisting of all collineations of the Fano plane. We extend this de�nition to maps

on I0 by setting S∗(I0) = {σ: I0 → I0 bijective : σ(i ∗ j) = σ(i) ∗ σ(j) for all i, j ∈ I0}.
Any σ ∈ S∗(I0) automatically �xes 0, since 0 is the neutral element for the extended

operation. Thus the restriction map S∗(I0)→ S∗(I) given by σ 7→ σ|I is well de�ned and

preserves composition. Moreover, this map is an isomorphism. Indeed, every τ ∈ S∗(I)

extends uniquely to an element of S∗(I0) by �xing 0. Since τ(i ∗ j) = τ(i) ∗ τ(j) for all
distinct i, j ∈ I, the extension also respects the extended operation on I0. For simplicity,

we will therefore refer to elements of S∗(I0) as collineations.

As in [6, De�nitions 3.9 and 3.12], we call pairwise distinct elements i, j, k ∈ I generative

if k ̸= i ∗ j. We may also refer to the whole triplet {i, j, k} as generative because the

de�nition is independent of the order of the elements. Collineations preserve generative

triplets in the following sense: if {i, j, k} is generative, then the image {σ(i), σ(j), σ(k)}
is also generative for every σ ∈ S∗(I). Furthermore, any two generative triplets {i, j, k}
and {i′, j′, k′} determine a unique σ ∈ S∗(I) such that σ(i) = i′, σ(j) = j′, and σ(k) = k′.

In particular, if i, j, k are generative, setting σ(1) = i, σ(2) = j, and σ(3) = k uniquely

determines σ ∈ S∗(I), since the remaining values of σ are forced by the preservation of

∗. This collineation will be denoted σijk. Thus the whole group S∗(I) = {σijk: i, j, k ∈
I generative} has 7 · 6 · 4 = 168 elements: we may choose i ∈ I arbitrarily, j ̸= i, and

�nally k ̸= i, j, i ∗ j. This group is the well-known simple group PGL(3, 2) ([11, p. 131]).

2.2. Preliminaries on nice sets

The work [6] classi�ed admissible graded contractions of a �ne Z3
2-grading on the complex

simple Lie algebra g2, up to certain equivalence relations. To solve this problem, the

authors adopted a combinatorial approach based on the so-called nice sets. These are the

subsets of the set of edges of the Fano plane,

X := {{i, j} : i, j ∈ I, i ̸= j},

which satisfy a certain absorbing property.

De�nition 2.1. ([6, De�nition 3.9]) A subset T of X is called nice if the presence of

{i, j}, {i ∗ j, k} ∈ T , for some generative i, j, k ∈ I, implies that the set

P{i,j,k} := {{i, j}, {j, k}, {k, i}, {i, j ∗ k}, {j, k ∗ i}, {k, i ∗ j}}, (1)

is fully contained in T .

Notice that for generative i, j, k ∈ I, the set P{i,j,k} is nice, has cardinality 6, and is

independent of the order of the indices i, j, k. For any line ℓ ∈ L and any i ∈ I, some

further examples of nice sets in X are:

- Xℓ := {{i, j} ∈ X : i, j ∈ ℓ};
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- XℓC := {{i, j} ∈ X : i, j /∈ ℓ};
- X(i) := {{i, j} ∈ X : j ̸= i};
- X(i) := {{j, k} ∈ X : j ∗ k = i}.
If {i, j, k} is a generative triplet, the following set of cardinality 10 is also nice:

T(i,j,k) :=P{i,j,k} ∪ {{i, i ∗ j}, {i, i ∗ k}, {i ∗ j, i ∗ k}, {i, i ∗ j ∗ k}}

=P{i,j,k} ∪ P{i,j, i∗k} ∪ P{i, i∗j,k}

=X(i) ∪ {{i ∗ k, i ∗ j}, {j, i ∗ k}, {j, k}, {k, i ∗ j}}.

Note that the de�nition of T(i,j,k) does depend on the order of its indices. In particular,

the �rst index i plays a di�erent role from the other two indices j and k. The complete

list of nice sets can be extracted from [6, Propositions 3.23 and 3.25]:

Theorem 2.2. ( [7, Theorem 3.9]) The nice sets are exactly the following: X, X \XℓC ,

P{i,j,k}, T(i,j,k), X
(i), and any subset of Xℓ, XℓC , or X(i), for some ℓ ∈ L, i ∈ I, j ∈ I with

i ̸= j, and k ∈ I with k /∈ ℓij.

According to [6, Remark 3.29], there are exactly 779 nice sets. Each nice set induces a

new Z3
2-graded Lie algebra obtained by graded contraction of g2 ([6, Proposition 3.11]),

as well as two further Lie algebras obtained by graded contraction of the orthogonal Lie

algebras so(7,C) and so(8,C) (see De�nitions 3.1 and 3.10 in [7]). However, in all three

cases, the Lie algebras associated to collinear nice sets are necessarily isomorphic.

Remark 2.3. ([6, De�nition 3.16]) A natural action of the group S∗(I) on X is given by

σ̃({i, j}) = {σ(i), σ(j)}, for σ ∈ S∗(I) and {i, j} ∈ X. Hence there is an induced natural

action of S∗(I) on P(X). This yields an equivalence relation on the set of all nice sets:

we write T ∼c T
′ if there exists σ ∈ S∗(I) such that σ̃(T ) = T ′. In this case we say that

T and T ′ are collinear. (The terminology is admittedly somewhat misleading�the sets

T and T ′ need not consist of points lying on a single geometric line�but we retain it for

consistency with [6, 7].)

The classi�cation of nice sets up to collineations is made interesting by the combination

of the facts that any nice set induces a Lie algebra and that collinear nice sets induce

isomorphic Lie algebras. This classi�cation is achieved in [6, Theorem 3.27], according

to which there exist exactly 24 classes of nice sets up to collineations. Moreover, three

of these classes give rise to in�nite families of non-isomorphic Lie algebras depending on

parameters ([6, Theorem 4.13]).

2.3. Generalised nice sets

Now, inspired by the nice sets described above, we introduce a new type of structure.

It is shown in [3] that this structure appears as the support of every graded contraction

of the Z3
2-gradings induced from the complex octonion algebra on the four exceptional

complex Lie algebras other than g2. A philosophy similar to that of [7] yields interesting
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new families of high-dimensional solvable Lie algebras. This is the main motivation for

de�ning and studying the generalised nice sets, introduced below.

Denote by X0 := {{i, j} : i, j ∈ I0} a set of cardinality 36 containing all 21 edges

in X. The extension of notation from nice sets to the current context introduces some

ambiguity. In particular, X0 is not a subset of P(I0), since {i, j} does not refer to a subset
of I0 but instead to an unordered pair with two (not necessarily distinct) elements in I0.

To clarify, the pairs {i, i} belong to X0. Consider also the sets

XE := {{i, i} : i ∈ I0}, XF := {{0, i} : i ∈ I0},

so that X0 = X ∪XE ∪XF . We also continue to use the notation P{i,j,k} from (1), this

time using arbitrary indices i, j, k ∈ I0 instead of generative i, j, k ∈ I.

Remark 2.4. It is useful to have the di�erent possible forms of the subsets P{i,j,k} written

explicitly. To be precise, if i and j in I are distinct, then:

- P{0,0,0} = {{0, 0}};

- P{0,0,i} = {{0, i}, {0, 0}};

- P{i,i,i} = {{0, i}, {i, i}};

- P{0,i,i} = {{0, i}, {i, i}, {0, 0}};

- P{i,i,j} = {{i, i}, {i, j}, {j, 0}, {i, i ∗ j}};

- P{0,i,j} = {{0, i}, {0, j}, {0, i ∗ j}, {i, j}};

- P{i,j,i∗j} = {{i, j}, {j, i ∗ j}, {i, i ∗ j}, {i, i}, {j, j}, {i ∗ j, i ∗ j}}.
Observe that the cardinalities are, respectively, 1, 2, 2, 3, 4, 4, and 6, in contrast with

the case where i, j, k ∈ I are generative (where the cardinality is always 6).

De�nition 2.5. A subset T ofX0 is said to be a generalised nice set if {i, j}, {i∗j, k} ∈ T

implies P{i,j,k} ⊆ T , for any i, j, k ∈ I0.

The term we have assigned to it, generalised, may cause some confusion because a nice

set need not be generalised. If T ⊆ X is a generalised nice set, then T is nice, but, for

instance, the nice set X is not a generalised nice set. The justi�cation for the use of this

term is the formal similarity between the two de�nitions.

We begin by noticing some trivial facts.

Lemma 2.6. The following hold for a generalised nice set T ⊆ X0 and for any i, j ∈ I.

(i) T ∩X is a nice set;

(ii) if {i, 0} ∈ T , then {0, 0} ∈ T ;

(iii) if {i, i ∗ j} and {j, i ∗ j} ∈ T , then {i ∗ j, i ∗ j} ∈ T ;

(iv) if T ⊆ X, then T ∪ {{0, 0}} is generalised nice.

Proof. The proof of (i) is immediate. For (ii), if {i, 0} ∈ T , then {0, 0} ∈ P{i,0,0} ⊆ T ,

so the claim follows. A similar argument proves (iii): if {i, i ∗ j} and {j, i ∗ j} ∈ T , then
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P{i, i∗j, i∗j} ⊆ T . For (iv), assume that {i, j} and {i ∗ j, k} ∈ T ∪{{0, 0}}, and let us verify

that P{i,j,k} ⊆ T ∪ {{0, 0}}. If i = j = 0, then {0, k} ∈ T ∪ {{0, 0}} forces k = 0, and

P{0,0,0} = {{0, 0}} ⊆ T ∪{{0, 0}}. If this is not the case but i ∗ j = k = 0, then i = j ̸= 0,

which contradicts the fact that {i, j} ∈ T ⊆ X (since elements of X always have distinct

entries). Finally, if both {i, j} and {i ∗ j, k} lie in T itself, then the conclusion follows

directly from the fact that T is generalised nice.

Remark 2.7. In contrast to the context of nice sets, we see that sets of the form P{i,j,k}

are not necessarily generalised nice. For instance, P{i,i,i} is not for i ̸= 0, since it does not

satisfy Lemma 2.6(ii). In what follows, we write ⟨S⟩ to denote the smallest generalised

nice set containing a given subset S ⊆ X0. It is easy to check that ⟨P{i,i,i}⟩ = P{0,i,i}.

Similarly, P{i,i,j} is not generalised nice, and

⟨P{i,j,i}⟩ = {{0, 0}, {0, i}, {0, j}, {0, i ∗ j}, {i, i}, {i, j}, {i, i ∗ j}}. (2)

Indeed, if T is any generalised nice set containing P{i,j,i}, then {i, i∗j} and {j, 0} belong
to T , and so {0, i}, {0, i ∗ j} ∈ P{i,i∗j,0} ⊆ T . Recall that {0, 0} ∈ T by Lemma 2.6(ii).

Thus, the set on the right-hand side of (2) is contained in T . We are �nished because

that set is already generalised nice.

The notion of collinearity recalled in Remark 2.3 extends to our setting without change:

the group S∗(I0) acts on X0 by σ̃({i, j}) = {σ(i), σ(j)} for σ ∈ S∗(I0) and {i, j} ∈ X0.

Therefore, S∗(I0) acts on P(X0) as well. Two generalised nice sets T and T ′ are said to

be collinear, denoted T ∼c T
′, if there exists σ ∈ S∗(I0) such that σ̃(T ) = T ′.

The main aim of this paper is to obtain a classi�cation of generalised nice sets up

to collineation. Notice that any generalised nice set T ⊆ X0 can be written as T =

(T ∩ X) ∪ (T \ X), where T ∩ X is a nice set by Lemma 2.6(i). In order to make this

combinatorial problem more manageable, we will split our study of generalised nice sets

into the following four cases:

- T ⊆ X;

- T ∩X = ∅;

- T ∩X is not generalised nice;

- T ∩X ̸= ∅ and T ∩X is generalised nice.

We close this section with a result relating the parts T \X and T ∩X from the previous

decomposition of T :

Proposition 2.8. The following are equivalent for a generalised nice set T with both T \X
and T ∩X non-empty:

(i) T \X is not a generalised nice set.

(ii) There exist distinct i, j ∈ I such that ⟨P{i,j,i}⟩ ⊆ T .

(iii) There exist distinct i, j ∈ I such that {i, i}, {0, j} ∈ T .

(iv) T ∩X is not a generalised nice set.
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Proof. (i)⇒ (ii). There exist a, b, c ∈ I0 such that {a, b}, {a ∗ b, c} ∈ T \X but P{a,b,c} ⊈
T \X. As P{a,b,c} ⊆ T , this means that P{a,b,c} ∩X ̸= ∅. Since {a, b}, {a ∗ b, c} ∈ {{i, i} :
i ∈ I0} ∪ {{i, 0} : i ∈ I}, we can narrow the possibilities for {a, b, c} to

{0, 0, 0}, {0, 0, i}, {0, i, i}, {i, i, i}, {i, i, j},

with i and j distinct elements of I. In the �rst four cases the corresponding sets P{0,0,0},

P{0,0,i}, P{0,i,i} and P{i,i,i} are contained in T \X. Therefore none of those possibilities can

occur. The only remaining possibility is {a, b, c} = {i, i, j}, and then P{i,i,j} ⊆ T .

(ii) ⇒ (iii) is clear, since {i, i} and {0, j} both belong to P{i,i,j}.

(iii) ⇒ (i). Let i, j ∈ I with i ̸= j and {i, i}, {0, j} ∈ T . Since T is generalised nice, we

have P{i,i,j} ⊆ T . Notice that both {i, i} and {0, j} lie in T \ X. If T \ X were itself a

generalised nice set, then P{i,i,j} ⊆ T \X. This is impossible, because {i, j} ∈ P{i,i,j} but

{i, j} ∈ X.

(ii) ⇒ (iv). Let i, j ∈ I with i ̸= j and ⟨P{i,i,j}⟩ ⊆ T . In particular, {i, j} and {i ∗ j, i}
belong to T ∩X. However, P{i,j,i} ⊈ T ∩X (since {i, i} /∈ X), and thus (iv) holds.

(iv) ⇒ (ii). Since T ∩X is not generalised nice, there exist pairwise distinct i, j, k ∈ I

such that {i, j}, {i ∗ j, k} ∈ T ∩ X but P{i,j,k} ⊈ T ∩ X. If i, j, k were generative, then

all the elements of P{i,j,k} would lie in X, and since P{i,j,k} ⊆ T , we would obtain the

contradiction P{i,j,k} ⊆ T ∩ X. Therefore k must be either i or j (note that k ̸= i ∗ j
because {i∗j, k} ∈ X). Relabelling if necessary, we may assume k = i, so that P{i,j,i} ⊆ T .

Since T is generalised nice, it follows that ⟨P{i,j,i}⟩ ⊆ T .

Corollary 2.9. Let T be a generalised nice set with T ∩ X ̸= ∅ and T \ X ̸= ∅. Then

T \X is generalised nice if and only if T ∩X is generalised nice.

3. Generalised nice sets contained in X

We begin by characterising the generalised nice sets that are contained in X.

Proposition 3.1. A subset T of X is a generalised nice set if and only if it satis�es the

following two conditions:

(i) T is a nice set.

(ii) There is no i ∈ I such that {i, j}, {i, i ∗ j} ∈ T for some j ∈ I with j ̸= i.

Remark 3.2. Notice that condition (ii) above can be equivalently rephrased as:

(ii)' |T ∩Xℓij |≤ 1, where Xℓij = {{i, j}, {i, i ∗ j}, {j, i ∗ j}}.

Proof. Suppose �rst that T ⊆ X is a generalised nice set. Then T clearly satis�es (i).

Assume that T does not satisfy (ii). Then there exists i ∈ I and some j ∈ I with j ̸= i

such that {i, j}, {i, i ∗ j} ∈ T . This implies that P{i,j,i} ⊆ T , and therefore {i, i} ∈ T , a

contradiction since we are assuming T ⊆ X. Conversely, assume that T ⊆ X satis�es (i)

and (ii). Take i, j, k ∈ I0 such that {i, j}, {i ∗ j, k} ∈ T . Since T ⊆ X, we necessarily
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have i, j ∈ I with i ̸= j, and also i ∗ j ̸= k ∈ I. Moreover, (ii) ensures that k /∈ {i, j}.
Thus i, j, k are generative, and by (i) we obtain P{i,j,k} ⊆ T .

Corollary 3.3. There are 14 generalised nice sets contained in X up to collineation: the

empty set and

- Cardinal 1: {{1, 2}}.
- Cardinal 2: {{1, 2}, {1, 3}}, {{1, 2}, {6, 7}}.
- Cardinal 3: {{1, 2}, {1, 3}, {1, 4}}, {{1, 2}, {1, 3}, {1, 7}},

{{1, 2}, {1, 6}, {2, 6}}, {{1, 2}, {1, 6}, {6, 7}}, {{2, 5}, {3, 6}, {4, 7}}.
- Cardinal 4: {{1, 2}, {1, 6}, {1, 7}, {2, 6}}, {{1, 2}, {1, 6}, {2, 7}, {6, 7}}.
- Cardinal 5: {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}.
- Cardinal 6: {{3, 4}, {3, 6}, {3, 7}, {4, 6}, {4, 7}, {6, 7}},

{{1, 2}, {1, 3}, {2, 3}, {1, 7}, {2, 6}, {3, 5}}.

Proof. The list {Ti : i = 1, . . . , 24} in [6, Theorem 3.27] exhibits all nice sets up to

collineations. (Two subsets of X are collinear if and only if they are so as subsets of X0.)

Now we only have to check which of these sets satisfy condition (ii) in Proposition 3.1. A

direct inspection shows that T2, T3, T5, T7, T8, T10, T11, T12, T15, T16, T18, T19 = Xℓc12
, and

T21 = P{1,2,3} are the only non-empty nice sets which are also generalised nice.

4. Generalised nice sets having an empty intersection with X

In this section, we determine all the generalised nice sets (up to collineations) that have

an empty intersection with X. We begin by noticing a trivial, but useful, fact.

Lemma 4.1. If T is a generalised nice set such that T ∩ X = ∅, there are no distinct

i, j ∈ I such that {0, i} and {j, j} ∈ T .

Proof. This is clear since {i, j} ∈ P{j,j,i} ∩ X. (Alternatively, it is an immediate conse-

quence of (iii)⇒(iv) in Proposition 2.8, since ∅ is a generalised nice set.)

Proposition 4.2. If T is a generalised nice set such that T ∩X = ∅, then either

(a) there is i ∈ I with T = P{0,i,i} = {{0, i}, {i, i}, {0, 0}}, or

(b) {{0, 0}} ⊆ T ⊆ XF = {{0, i} : i ∈ I0}, or

(c) T ⊆ XE \ {{0, 0}} = {{i, i} : i ∈ I}.
Moreover, any set T ⊆ X0\X satisfying one of the cases in (a), (b) or (c) is a generalised

nice set.

Proof. First, it is clear that all these sets are generalised nice. In case (b), for each

{0, i} ∈ T , we must have P{0,0,i} = {{0, i}, {0, 0}} ⊆ T . In case (c) there is nothing to

check, because there are no a, b, c with {a, b}, {a ∗ b, c} ∈ T , since {0, c} /∈ T .
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Second, assume that ∅ ̸= T ⊆ X0 \X is generalised nice. By Lemma 4.1, either there

exists i ∈ I with {0, i}, {i, i} ∈ T , or T ⊆ XF = {{0, i} : i ∈ I0}, or T ⊆ XE = {{i, i} :
i ∈ I0}. In the �rst situation, {0, 0} ∈ P{0,i,i} ⊆ T , and then P{0,i,i} = T , because any

element of T \P{0,i,i} would be either {0, j} with j ̸= i (contradicting {i, i} ∈ T ), or {j, j}
with j ̸= i (contradicting {i, 0} ∈ T ). If T ⊆ XF , either {0, 0} ∈ T or there exists i ∈ I

with {0, i} = {i, 0} ∈ T . In either case, {0, 0} ∈ T , since {0, 0} ∈ P{0,i,0}. If T ⊆ XE,

note that {i, i}, {0, 0} ∈ T would imply {0, i} ∈ P{i,i,0} ⊆ T , a contradiction. Thus, if

{{0, 0}} ̸= T ⊆ {{i, i} : i ∈ I0}, we may conclude that {0, 0} /∈ T .

The above proposition describes all the generalised nice sets having empty intersection

with X; we now only need to be cautious to avoid collinear repetitions. First, P{0,i,i} =

{{0, 0}, {0, i}, {i, i}} ∼c P{0,1,1} for any i ∈ I. Second, if J, J ′ ⊆ I, then the generalised

nice sets {{0, 0}, {0, i} : i ∈ J} and {{0, 0}, {0, i} : i ∈ J ′} are collinear if and only

if J and J ′ are collinear. This means that we have one possibility for each cardinality

|J |= 0, 1, 2, 5, 6, or 7 (for instance, choosing 5 indices from I is equivalent to choosing

the remaining two). The other two possibilities are |J |= 3 or 4. If |J |= 3, we must

distinguish whether the three elements in J form a line or not. Similarly, if |J |= 4, the

complementary set I \J may or may not form a line. This leaves 10 di�erent possibilities

with {{0, 0}} ⊆ T ⊆ XF . Finally, the discussion for {{i, i} : i ∈ J}, with J ⊆ I, is

exactly the same. Such a set is collinear to {{i, i} : i ∈ J ′} if and only if J and J ′

are collinear. Hence the same possibilities arise as before, that is, 10 possibilities with

T ⊆ XE, including the empty set. In total, we obtain 21 generalised nice sets up to

collineations which do not intersect X. These are compiled in the Table 1.

Table 1. Generalised nice sets T with T ∩X = ∅

Generalised nice sets T such that T ∩X = ∅
|T | All possible T 's

0 ∅
1 {{0, 0}}

{{1, 1}}
2 {{0, 0}, {0, 1}}

{{1, 1}, {2, 2}}
3 {{0, 0}, {0, 1}, {0, 2}}

{{0, 0}, {0, 1}, {1, 1}}
{{1, 1}, {2, 2}, {3, 3}}
{{1, 1}, {2, 2}, {5, 5}}

4 {{0, 0}, {0, 1}, {0, 2}, {0, 3}}
{{0, 0}, {0, 1}, {0, 2}, {0, 5}}
{{1, 1}, {2, 2}, {3, 3}, {4, 4}}
{{1, 1}, {2, 2}, {3, 3}, {5, 5}}

5 {{0, 0}, {0, 1}, {0, 2}, {0, 3}, {0, 4}}
{{0, 0}, {0, 1}, {0, 2}, {0, 3}, {0, 5}}
{{1, 1}, {2, 2}, {3, 3}, {4, 4}, {5, 5}}
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|T | All possible T 's

6 {{0, 0}, {0, 1}, {0, 2}, {0, 3}, {0, 4}, {0, 5}}
{{1, 1}, {2, 2}, {3, 3}, {4, 4}, {5, 5}, {6, 6}}

7 {{0, i} : i = 0, . . . , 6}
{{i, i} : i = 1, . . . , 7}

8 XF = {{0, i} : i = 0, . . . , 7}

5. Generalised nice sets whose intersection with X is not

generalised nice

Here, we focus our attention on the generalised nice sets T such that T ∩ X is not

generalised nice (in particular, ∅ ̸= T ∩X and T ̸⊆ X). Proposition 2.8 tells us that this

is equivalent to requiring that ⟨P{i,j,i}⟩ ⊆ T for some distinct i, j ∈ I. Without loss of

generality, we may assume i = 1 and j = 2, so that

⟨P{1,2,1}⟩ = {{0, 0}, {0, 1}, {0, 2}, {0, 5}, {1, 1}, {1, 2}, {1, 5}} ⊆ T.

As will become clear later, it is convenient to analyse what happens when we enlarge T

by adding elements of X0.

Lemma 5.1. Let T be a generalised nice set such that ⟨P{1,2,1}⟩ ⊆ T . If there ex-

ists {i, j} ∈ X(1) = {{2, 5}, {3, 6}, {4, 7}} such that T ∩ {{i, i}, {j, j}, {i, j}} ̸= ∅, then
{{i, i}, {j, j}, {i, j}} ⊆ T .

Proof. Suppose �rst that {i, i} ∈ T . Since {0, 1} ∈ T , we obtain P{i,i,1} ⊆ T , and

therefore {i, i ∗ 1} = {i, j} ∈ T . Now assume that {i, j} ∈ T . Since {1, 1} ∈ T , we obtain

P{i,j,1} ⊆ T , and hence {i, i}, {j, j} ∈ T .

Lemma 5.2. Let T be a generalised nice set such that ⟨P{1,2,1}⟩ ∪ {{1, k}} ⊆ T for some

k = 3, 4, 6, 7. Then:

(i) |T ∩X|≥ 4. More precisely, {{1, 2}, {1, k}, {1, 5}, {1, k ∗ 1}} ⊆ T .

(ii) If {2, 5} ∈ T , then {2, k} ∈ T .

Proof. From {0, 1} ∈ T , we obtain P{0,1,k} ⊆ T ; in particular {0, k ∗ 1} ∈ T . From

{1, 1}, {0, k ∗ 1} ∈ T , we obtain P{1,1,k∗1} ⊆ T , and hence {1, k ∗ 1} ∈ T . This proves (i).

Also, from {2, 5} and {1, k} ∈ T we obtain P{2,5,k} ⊆ T , and therefore {2, k} ∈ T .

Lemma 5.3. Let T be a generalised nice set such that ⟨P{1,2,1}⟩ ⊆ T . If T contains either

{0, k} or {1, k} with k ̸= 1, then {{0, k}, {0, k ∗ 1}, {1, k}, {1, k ∗ 1}} ⊆ T.

Proof. We may assume k = 3, 4, 6, 7 (for k = 2, 5 there is nothing to prove). Suppose �rst

that {0, k} ∈ T . From {1, 1} ∈ T we obtain P{1,1,k} ⊆ T , and therefore {1, k}, {1, k ∗ 1} ∈
T . Next, from {0, k}, {k, 1} ∈ T we get P{0,k,1} ⊆ T , which implies {0, k ∗ 1} ∈ T .
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Now assume instead that {1, k} ∈ T . By Lemma 5.2(i) we already have {1, k}, {1, k ∗
1} ∈ T . Then, from {0, 1}, {1, k} ∈ T we obtain P{0,1,k} ⊆ T , and hence {0, k}, {0, k∗1} ∈
T as well.

Proposition 5.4. The following assertions hold for a generalised nice set T such that

⟨P{1,2,1}⟩ ⊆ T . Let j ∈ {2, 5} and k ∈ {3, 4, 6, 7}.
(i) If {j, k} ∈ T , then T(1,j,k) ⊆ T ∩X.

(ii) If {j ∗ k, k} ∈ T , then T(1,j∗k,k) ⊆ T ∩X.

Proof. (i) First recall that {1, j} and {1, j ∗ 1} belong to P{1,2,1} ⊆ T . From {1, j ∗
1}, {j, k} ∈ T we deduce that P{1,j∗1,k} ⊆ T , and therefore {k, j ∗ 1}, {j ∗ 1, k ∗ 1} ∈ T .

Next, from {1, j}, {j ∗1, k ∗1} ∈ T we get P{1,j,k∗1} ⊆ T , and from {1, j}, {j ∗1, k} ∈ T we

obtain P{1,j,k} ⊆ T . Altogether this shows that T(1,j,k) = P{1,j,k}∪P{1,j,k∗1}∪P{1,k,j∗1} ⊆ T.

(ii) From {j ∗ k, k}, {j, 1} ∈ T we deduce P{j∗k,k,1} ⊆ T , hence {j ∗ k, k ∗ 1} and

{j ∗ k ∗ 1, k} also belong to T . Using the elements {j ∗ k, k ∗ 1} and {j ∗ 1, 1} ∈ T ,

we obtain P{j∗k,k∗1,1} ⊆ T , and using {j ∗ k ∗ 1, k} and {j ∗ 1, 1} ∈ T we similarly get

P{j∗k∗1,k,1} ⊆ T . These imply that T(1,j∗k,k) ⊆ T ∩X, as required.

Corollary 5.5. Let T be a generalised nice set such that ⟨P{1,2,1}⟩ ⊆ T . If {k, k} ∈ T for

some k ∈ {3, 4, 6, 7}, then {k, k ∗ 2} ∈ T . Moreover, T ∩X is either equal to X or equal

to X \XℓC1k
.

Proof. From {k, k}, {0, 2} ∈ T we deduce that P{k,k,2} ⊆ T , and hence {2, k}, {k, k ∗2} ∈
T . Now Proposition 5.4 tells us that T(1,2,k) ∪ T(1,k,k∗2) ⊆ T ∩ X. From this we obtain

{k, 2}, {k ∗ 2, k ∗ 1} ∈ T , which implies P{k,2,k∗1} ⊆ T and therefore {k, k ∗ 1} ∈ T . The

same argument can be repeated by replacing the index 2 with the index 5. Thus,

X \XℓC1k
= T(1,2,k) ∪ T(1,5,k) ∪ T(1,k,k∗2) ∪ T(1,k,k∗5) ∪ {{k, k ∗ 1}} ⊆ T ∩X.

If this containment is strict, [6, Theorem 3.27] shows that T ∩ X = X, which is the

only nice set with more than 15 elements.

Theorem 5.6. Let T be a generalised nice set such that ⟨P{1,2,1}⟩ ⊆ T . Then the following

hold:

(i) If |T ∩XE|= 2, then |T ∩X|∈ {2, 4, 6, 10}. More precisely:

- if |T ∩X|= 2, then T ∩X = {{1, 2}, {1, 5}};
- if |T ∩ X|= 4, then T ∩ X = {{1, 2}, {1, k}, {1, 5}, {1, k ∗ 1}} for some k ∈
{3, 4, 6, 7};

- if |T ∩X|= 6, then T ∩X = X(1) = {{1, 2}, {1, 3}, {1, 4}, {1, 5}, {1, 6}, {1, 7}};
- if |T ∩ X|= 10, then T ∩ X = T(1,j,k) or T(1,j∗k,k) for some j ∈ {2, 5} and

k ∈ {3, 4, 6, 7}.

(ii) If |T ∩XE|> 2, then |T ∩X|∈ {3, 15, 21}. More concretely:
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- if |T ∩X|= 3, then T ∩X = Xℓ12;

- if |T ∩X|= 15, then there exists s ∈ I \ {1} such that T ∩X = X \XℓC1s
;

- if |T ∩X|= 21, then T ∩X = X.

Proof. Let us begin by recalling that the possible cardinals for non-empty nice sets are

{1, 2, 3, 4, 5, 6, 10, 15, 21} by [6, Theorem 3.27]. By Lemma 2.6(i), T ∩X is nice.

(i) If |T ∩ XE|= 2, then T ∩ XE = {{0, 0}, {1, 1}} since ⟨P{1,2,1}⟩ ⊆ T . In this case

{{2, 5}, {3, 6}, {4, 7}} ∩ T = ∅ by Lemma 5.1. This already shows that T ∩X ̸= X.

First, let us check that the only possibilities for |T ∩ X|≤ 9 are 2, 4, and 6. We

know that {1, 2}, {1, 5} ∈ T , so T ∩ X has at least two elements. For any j = 2, 5 and

any k = 3, 4, 6, 7, we have {j, k} /∈ T by Proposition 5.4(i). Similarly, {j ∗ k, k} /∈ T

by Proposition 5.4(ii). Therefore, the only possible elements in T ∩ X distinct from

{1, 2} and {1, 5} are of the form {1, k} ∈ T for some k = 3, 4, 6, 7. If {1, k} ∈ T , then

{{1, 2}, {1, k}, {1, 5}, {1, k ∗ 1}} ⊆ T by Lemma 5.2(i). If, moreover, there is another

element in T ∩X besides those four, it must be of the form {1, k′} with k′ ∈ {3, 4, 6, 7},
and then Lemma 5.2(i) again applies to give X(1) ⊆ T ∩ X. These sets are necessarily

equal, since there are no further elements of X left to add.

Second, consider the case |T ∩ X|= 10, that is, there exist generative {i, j, k} with

T ∩X = T(i,j,k). Since {1, 2}, {1, 5} ∈ T(i,j,k), we must have i = 1. The possibilities for j

and k (interchangeable) with j ∗ k ̸= 1 follow immediately.

Third, if |T∩X|= 15, then T∩X = X\XℓCij
for some i, j ∈ I, i ̸= j. This set contains the

elements {i, l}, {j, l} and {i∗j, l} for every l ∈ I. In particular, {i, j}, {i, i∗j}, {j, i∗j} ∈ T ,

so P{j,i,j} ⊆ T , which yields {j, j} ∈ T ∩XE, and analogously {i, i}, {i ∗ j, i ∗ j} ∈ T ∩XE.

This contradicts the assumption that |T ∩XE|= 2.

(ii) Suppose now that |T ∩XE|> 2. We distinguish two cases.

Case 1: T ∩XE contains {k, k} for some k = 3, 4, 6, 7. Then Corollary 5.5 applies and

shows that T ∩X equals either X or X \XℓC1k
.

Case 2: T ∩XE contains no element {k, k} with k = 3, 4, 6, 7. Thus it contains either

{2, 2} or {5, 5}, and in fact it contains both by Lemma 5.1. Moreover, {2, 5} ∈ T ∩X. If

|T ∩X|= 3, then T ∩X = {{1, 2}, {1, 5}, {2, 5}} = Xℓ12 . Otherwise, assume |T ∩X|> 3.

Then there exist j ∈ {2, 5} and k ∈ {3, 4, 6, 7} such that one of {j, k}, {j ∗ k, k}, {1, k},
or {1 ∗ k, k} belongs to T (all elements of X \ Xℓ12 have one of these forms). We claim

that in each of these cases |T ∩X|≥ 11. Indeed:

(a) If {j, k} ∈ T , then Proposition 5.4(i) gives T(1,j,k) ⊆ T ∩X. Since {2, 5} /∈ T(1,j,k),

the containment is strict.

(b) If {j ∗k, k} ∈ T , then Proposition 5.4(ii) gives T(1,j∗k,k) ⊆ T ∩X, and again {2, 5} /∈
T(1,j∗k,k).

(c) If {1, k} ∈ T , then Lemma 5.2(ii) yields {2, k} ∈ T , and we apply (a).

(d) If {k ∗ 1, k} ∈ T , then using {1, 2} ∈ T we obtain P{k∗1,k,2} ⊆ T , hence {2, k} ∈ T ,

and again (a) applies.

As T ∩X ̸= X (since ⟨X⟩ = X0 contains XE), there exist indices i, s such that T ∩X =

X \XℓCi,s
. As in the proof of (i), the three elements {i, i}, {s, s}, {i ∗ s, i ∗ s} ∈ T ∩XE, so
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{i, s, i ∗ s} = {1, 2, 5} and therefore T ∩X = X \XℓC1,2
.

Corollary 5.7. Let T be a generalised nice set such that ⟨P{1,2,1}⟩ ⊆ T . Then there exists

σ ∈ S∗(I0) with σ̃(⟨P{1,2,1}⟩) = ⟨P{1,2,1}⟩ such that σ̃(T ∩ X) equals one of the following

nice sets:

- {{1, 2}, {1, 5}};
- Xℓ12 = {{1, 2}, {1, 5}, {2, 5}};
- {{1, 2}, {1, 3}, {1, 5}, {1, 6}};
- X(1) = {{1, l} : l = 2, . . . , 7};
- either T(1,2,3) or T(1,3,4);

- either X \XℓC12
or X \XℓC13

;

- X.

Keeping this in mind, we can �nally determine the generalised nice sets whose inter-

section with X is not generalised nice.

Theorem 5.8. There are 8 generalised nice sets T up to collineation such that T ∩X is

not a generalised nice set:

- Cardinal 7: ⟨P{1,2,1}⟩ = {{0, 0}, {0, l}, {1, l} : l ∈ {1, 2, 5}};
- Cardinal 10: ⟨P{1,2,1}⟩ ∪ {{2, 2}, {2, 5}, {5, 5}} = ⟨P{1,2,5}⟩;
- Cardinal 11: ⟨P{1,2,1}⟩ ∪ {{0, 3}, {0, 6}, {1, 3}, {1, 6}};
- Cardinal 15: {{0, 0}, {0, l}, {1, l} : l = 1, . . . , 7};
- Cardinal 19: {{0, 0}, {0, l}, {1, l} : l = 1, . . . , 7} ∪ {{2, 3}, {5, 3}, {2, 6}, {5, 6}};
- Cardinal 26: X0 \ {{k, l} : k, l ∈ {3, 4, 6, 7}};
- Cardinal 36: X0.

Proof. We can assume, as in Theorem 5.6, that ⟨P{1,2,1}⟩ ⊆ T . Then the set P :=

{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {1, 1}} is contained in T \ X. Recall that T = (T ∩ X) ∪
(T ∩ XE) ∪ (T ∩ XF ). In what follows, we examine all the possibilities for T ∩ X as

in Corollary 5.7. We will repeatedly use Theorem 5.6 (and its proof) without further

mention.

- If T ∩ X = {{1, 2}, {1, 5}}, then |T ∩ XE|= 2. Also, {0, k} /∈ T for k = 3, 4, 6, 7 by

Lemma 5.3, and therefore T = ⟨P{1,2,1}⟩.
- If T ∩ X = Xℓ12 , then {2, 5} ∈ T , which implies {2, 2}, {5, 5} ∈ T by Lemma 5.1.

Again, for any k = 3, 4, 6, 7, we have {0, k} /∈ T by Lemma 5.3 and {k, k} /∈ T by

Corollary 5.5. This implies T \ X = P ∪ {{2, 2}, {5, 5}}, and therefore T = ⟨P{1,2,1}⟩ ∪
{{2, 2}, {2, 5}, {5, 5}}.
- If T ∩ X = {{1, 2}, {1, 3}, {1, 5}, {1, 6}}, we know T ∩ XE = {{0, 0}, {1, 1}} (by

Theorem 5.6), and {0, 3}, {0, 6} ∈ T \ X, while {0, 4}, {0, 7} /∈ T by Lemma 5.3. From

here, T \X = P ∪ {{0, 3}, {0, 6}} and T = ⟨P{1,2,1}⟩ ∪ {{0, 3}, {0, 6}, {1, 3}, {1, 6}}.
- Similarly, if T ∩X = X(1), again T ∩XE = {{0, 0}, {1, 1}}, but now {0, k} ∈ T \X

for all k = 3, 4, 6, 7 by Lemma 5.3. We get T \X = P ∪ {{0, 3}, {0, 4}, {0, 6}, {0, 7}}, so
that T = ⟨P{1,2,1}⟩ ∪ {{0, 3}, {0, 4}, {0, 6}, {0, 7}, {1, 3}, {1, 4}, {1, 6}, {1, 7}}.
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- Next consider the case |T ∩ X|= 10, corresponding to T ∩ XE = {{0, 0}, {1, 1}}.
Up to a suitable collineation, we may assume T ∩ X equals either T(1,2,3) or T(1,3,4). In

either case, since {1, k} ∈ T for any k = 3, 4, 6, 7, Lemma 5.3 implies {0, k} ∈ T , and

thus T \X = XF ∪ {{1, 1}}. Hence T = ⟨P{1,2,1}⟩ ∪XF ∪ (T ∩X). These two cases give,

respectively,

{{0, 0}, {0, l}, {1, l} : l = 1, . . . , 7} ∪ {{2, 3}, {5, 3}, {2, 6}, {5, 6}}, (3)

and

{{0, 0}, {0, l}, {1, l} : l = 1, . . . , 7} ∪ {{3, 4}, {4, 6}, {6, 7}, {7, 3}}. (4)

Although no collineation σ satis�es simultaneously σ̃(⟨P{1,2,1}⟩) = ⟨P{1,2,1}⟩ and σ̃(T(1,2,3)) =

T(1,3,4), the sets in (3) and (4) are collinear via, for instance, σ143.

- Assume T ∩ X = X \ XℓC1k
for some k ̸= 1. As {1, l} ∈ T for all l ∈ I, Lemma 5.3

says that {0, l} ∈ T too. We need to �nd the elements in T ∩ XE. We claim that

{l, l} ∈ T if l = 0, 1, k, k ∗ 1, and {l, l} /∈ T otherwise. Indeed, as {k, 1}, {k ∗ 1, k} ∈
T ∩ X, then P{k,1,k} ⊆ T and {k, k} ∈ T . Similarly, {k ∗ 1, k ∗ 1} ∈ T (as above, since

{k ∗ 1, 1}, {k ∗ 1, k} ∈ T ∩ X). If we further assume there is l ∈ I, l ̸= 1, k, k ∗ 1 with

{l, l} ∈ T , we will reach a contradiction. In fact, since {0, 1} ∈ T we have P{l,l,1} ⊆ T , so

that {l, l ∗ 1} ∈ T ∩X. This forces either l or l ∗ 1 to belong to ℓ1k = {1, k, k ∗ 1}, which
is our contradiction. We conclude that the only elements in X0 \ T are those of the form

{l, l′} with l, l′ ̸= 1, k, k ∗ 1 (l′ possibly equal to l). This set is clearly collinear to the one

obtained from any other choice of k.

- If T ∩X = X, then since {2, 5}, {3, 6}, {4, 7} ∈ T , Lemma 5.1 implies XE ⊆ T . Also,

{1, k} ∈ T for all k = 3, 4, 6, 7, hence {0, k} ∈ T by Lemma 5.3. Thus T = X0.

Finally, we must show that all the sets listed in the statement are generalised nice.

Since T ∩X is nice and {0, 0} ∈ T , it is enough to check the following closure conditions

for any distinct indices i, j ∈ I:

− If {i, i} ∈ T , then {0, i} ∈ T ;

− If {0, i}, {i, j} ∈ T , then {0, j}, {0, i ∗ j} ∈ T ;

− If {0, i}, {j, j} ∈ T , then {i, j}, {j, i ∗ j} ∈ T ;

− If {i, i ∗ j}, {i, j} ∈ T , then {i, i}, {0, j} ∈ T ;

− If {i ∗ j, i ∗ j}, {i, j} ∈ T , then {i, i}, {j, j}, {j, i ∗ j}, {i, i ∗ j} ∈ T .

A direct veri�cation shows that all the sets in the theorem satisfy these conditions.

6. Generalised nice sets whose intersection with X is generalised

Given a generalised nice set T ⊆ X0, we write, as before, T = (T ∩X) ∪ (T \X). In this

section, we study the remaining case, namely when both T ∩X and T \X are non-empty

and generalised nice (see Proposition 2.8). Notice that T∩X is a nice set by Lemma 2.6(i),

and so, up to collineation, it must be one of the nice sets listed in Corollary 3.3. Concerning

T \X, since it clearly has empty intersection with X, it must be collinear to one of the

generalised nice sets displayed in Table 1. At �rst sight, one might expect that this
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reduces to simply putting the pieces of a puzzle together. Unfortunately, matters are

not so straightforward, since not every possible combination produces a generalised nice

set. To illustrate this, consider {{1, 1}, {2, 2}} and {{2, 5}, {3, 6}, {4, 7}}. The union of

these two sets is not generalised nice, because the resulting set T does not contain the set

P{2,5,1}.

We begin by proving necessary conditions for T \X to be generalised nice:

Lemma 6.1. Let T be a generalised nice set such that T \ X is generalised nice. Then

there are no distinct i, j ∈ I such that {i, i}, {j, i ∗ j} ∈ T .

Proof. Suppose, to the contrary, that {j, i ∗ j}, {i, i} ∈ T for some i, j ∈ I with i ̸= j.

Then P{j,i∗j,i} ⊆ T . In particular, {i, j} ∈ T , and since {i ∗ j, j} ∈ T , we obtain P{i,j,j} ⊆
T . Therefore {0, i}, {j, j} ∈ T , and by Proposition 2.8 this implies that T \ X is not

generalised nice, a contradiction.

Lemma 6.2. The following conditions hold for a generalised nice set T containing {0, i},
for some i ∈ I.

(i) If {i, j} ∈ T ∩X for j ∈ I with j ̸= i, then {0, j} and {0, i ∗ j} belong to T \X.

(ii) If {j, k} ∈ (T ∩X) ∩X(i) for j, k ∈ I, then {0, j} and {0, k} belong to T \X.

Proof. (i) Since T is generalised nice, we have P{0,i,j} ⊆ T , which implies {0, j} and

{0, i ∗ j} ∈ T .

(ii) As j ∗ k = i, from {j, k}, {i, 0} ∈ T we obtain P{j,k,0} ⊆ T , because T is generalised

nice. Thus {0, j} and {0, k} ∈ T \X.

The next step is to consider su�cient conditions for obtaining a generalised nice set

T as the combination of two generalised nice sets, namely T ∩ X and T \ X. Recall

from Proposition 4.2 (applied to T \ X) that either T \ X ⊆ XE \ {{0, 0}} =: X∗
E, or

{0, 0} ∈ T \X ⊆ XF , or T \X = P{0,i,i} for some i ∈ I, and every such set is generalised

nice. We analyse these three situations in the following theorem.

Theorem 6.3. Take a nonempty generalised nice set ∅ ̸= S ⊆ X, and a subset J ⊆ I.

(a) SJ := S ∪ {{j, j} : j ∈ J} is a generalised nice set if and only if S ∩ X(j) = ∅ for

every j ∈ J .

This is equivalent to the condition J ∩ JS = ∅, where JS := {a ∗ b : {a, b} ∈ S}.

(b) S ′
J := S ∪ {{0, 0}, {0, j} : j ∈ J} is a generalised nice set if and only if, for every

{a, b} ∈ S, we have either ℓab ∩ J = ∅ or ℓab ⊆ J .

Denote IS :=
⋃

{a,b}∈S ℓab = {a, b, a ∗ b : {a, b} ∈ S}. Then:

(i) If J ∩IS = ∅, then S ′
J is a generalised nice set. These conditions are equivalent

when |J |≤ 2.

(ii) If IS ⊆ J , then S ′
J is a generalised nice set. These conditions are equivalent

when |J |≥ 5.
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(iii) If IS = I, then the only generalised nice set T = S∪(T\X) with ∅ ̸= T\X ⊆ XF

is the one satisfying T \X = XF .

(c) S̃i := S ∪ P{0,i,i} is a generalised nice set if and only if i /∈ IS.

Proof. (a) Let us �rst consider the case T \ X ⊆ X∗
E, that is, T = SJ . In Lemma 6.1

we saw that, in order for SJ to be generalised nice, it is necessary that S ∩ X(j) = ∅
for every j ∈ J . However, this condition is also su�cient. Indeed, we must check that

{k, l}, {k ∗ l,m} ∈ SJ implies P{k,l,m} ⊆ SJ . If both pairs lie in X, there is nothing to

check, since S = SJ ∩ X is generalised nice. Thus we only need to consider the case

where one of the two pairs is {j, j} with j ∈ J . If {j, j} = {k, l}, then we obtain the

contradiction {0,m} ∈ SJ . Otherwise, {j, j} = {k ∗ l,m}, so that k ∗ l = j, that is,

{k, l} ∈ X(j). But {k, l} ∈ S (if {k, l} ∈ SJ \ S, then k ∗ l = 0, which is impossible since

j ̸= 0), contradicting the hypothesis S ∩X(j) = ∅.
(b) Next assume that S ′

J is a generalised nice set and take {a, b} ∈ S such that ℓab∩J ̸=
∅. If either a or b belongs to J , then ℓab = {a, b, a∗b} ⊆ J by Lemma 6.2(i). Otherwise, the

index belonging to J is a∗b, and we obtain ℓab ⊆ J by Lemma 6.2(ii). Conversely, assume

that for every {a, b} ∈ S either ℓab∩J = ∅ or ℓab ⊆ J , and let us prove that S ′
J is generalised

nice. Take {k, l}, {k ∗ l,m} ∈ S ′
J and let us check that P{k,l,m} ⊆ S ′

J . If both pairs lie in

X, there is nothing to check, so assume that one of them coincides with either {0, 0} or
{0, j} for some j ∈ J . If k = l = m = 0, then P{0,0,0} = {{0, 0}} ⊆ S ′

J . If k = l = 0 ̸= m,

then {0,m} ∈ S ′
J , and again it is clear that P{0,0,m} = {{0, 0}, {0,m}} ⊆ S ′

J . It is not

possible that {k, l} ̸= {0, 0} = {k ∗ l,m}, since k = l but the only element in S ′
J ∩ XE

is {0, 0}. So assume that neither pair is {0, 0}. If {k ∗ l,m} = {0, j} with j ∈ J , then

k = l, which is impossible because {k, k} /∈ S ′
J . Thus the only remaining possibility is

{k, l} = {0, j}, which gives k ∗ l = 0 ∗ j = j and {j,m} ∈ S. Since also j ∈ ℓjm ∩ J , the

hypothesis yields ℓjm ⊆ J , and hence the three elements {0, j}, {0,m} and {0, j ∗m} lie
in S ′

J . Therefore P{0,j,m} = {{0, j}, {0,m}, {0, j ∗m}, {j,m}} ⊆ S ′
J , which �nishes case

(b).

Next, let us consider the particular cases mentioned within (b).

(i) Since for every {a, b} ∈ S we have ℓab ⊆ IS, if J ∩ IS = ∅ then ℓab ∩ J = ∅, and
therefore S ′

J is generalised nice. Moreover, when |J |≤ 2, the converse holds: if S ′
J is

generalised nice, then necessarily ℓab ∩ J = ∅ for every {a, b} ∈ S (because J cannot

contain a line with three elements), which is equivalent to J ∩ IS = ∅.
(ii) If IS ⊆ J , then for every {a, b} ∈ S we have ℓab ⊆ J , which is one of the conditions

ensuring that S ′
J is generalised nice. If |J |≥ 5, the converse also holds: if S ′

J is generalised

nice, then ℓab ⊆ J for every {a, b} ∈ S, since J intersects each of the seven lines (I \ J
has at most two elements, and therefore contains no line).

(iii) First, it is clear that if J = I, then S ′
J is generalised nice by (ii). Second, let us

show that we obtain a contradiction if we assume IS = I, ∅ ̸= J ̸= I, and S ′
J generalised

nice. We may take j ∈ J and a ∈ I \ J , by the condition on J . Since j ∈ IS, there

exists k ∈ I with either {j, k} ∈ S or {j ∗ k, k} ∈ S. As j ∈ ℓjk ∩ J , we obtain ℓjk ⊆ J .

Similarly, a ∈ IS implies that there exists b ∈ I with either {a, b} ∈ S or {a ∗ b, b} ∈ S.

Since ℓab ̸⊆ J , it follows that ℓab∩J = ∅. But any two lines intersect, so ℓab∩ℓjk ̸= ∅. Since
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ℓjk ⊆ J while ℓab ∩ J = ∅, their intersection would have to be simultaneously contained

in J and disjoint from J , a contradiction.

(c) Finally, assume that S̃i = S ∪ P{0,i,i} is a generalised nice set. If i ∈ IS, then there

is k ∈ I di�erent from i such that either {i, k} ∈ S or {i ∗ k, k} ∈ S. In the �rst case,

{0, i} ∈ S̃i gives P{0,i,k} ⊆ S̃i and thus {0, k} ∈ S̃i \X. In the second case, P{i∗k,k,0} ⊆ S̃i,

and we obtain the same contradiction {0, k} ∈ S̃i \X = P{0,i,i}.

Conversely, take i /∈ IS and {k, l}, {k ∗ l,m} ∈ S̃i, with at least one of these two pairs

not in S. Let us check that P{k,l,m} ⊆ S̃i. If {k, l} = {0, 0}, then k ∗ l = 0 and the other

element {k∗l,m} belongs to {{0, 0}, {0, i}}; in either case P{0,0,0} and P{0,0,i} are contained

in S̃i. If {k ∗ l,m} = {0, 0} ̸= {k, l}, then k = l, so {k, l} = {i, i}, and clearly P{i,i,0} ⊆ S̃i.

Otherwise, either {k, l} = {i, i} or {k, l} = {0, i}. In the �rst case {k ∗ l,m} = {0, i} and
P{i,i,i} ⊆ S̃i. In the second case, {k ∗ l,m} = {i,m} ∈ S. As i /∈ IS, necessarily m equals

0 or i, and we fall back into a previously discussed situation.

6.1. Collecting the resulting generalised nice sets

Let us continue by constructing generalised nice sets T as combinations of the generalised

nice sets T \X and T ∩X, taken from Table 1 and Corollary 3.3, respectively (following

the combination criteria given in Theorem 6.3). We may assume that T ∩ X is, not

only collinear but, equal to one of the generalised nice sets from Corollary 3.3, and go

through all possibilities for T \ X up to collineation. For instance, if T ∩ X = {{1, 2}}
and T \ X ∼c {{1, 1}}, then there is i ∈ I with T \ X = {{i, i}}, and Theorem 6.3(a)

says that T is a generalised nice set for all i ̸= 5. Among the six possible combinations

that yield a generalised nice set, there are only two that are not collinear: {{1, 1}, {1, 2}}
and {{3, 3}, {1, 2}}. Analogously, Theorem 6.3 allows us to determine which elements of

X0\X can be added to each of the cases in Corollary 3.3 so that the resulting disjoint union

is a generalised nice set; and our task then consists of checking the possible collineations.

We provide separate tables for each possible cardinality of T \X and up to collinearity

of T \X. More precisely, we will consider the following possibilities:

- T \X ⊆ XE \ {{0, 0}} = X∗
E;

- {0, 0} ∈ T \X ⊆ XF ;

- T \X = P{0,i,i} for some i ∈ I.

To apply Theorem 6.3, it is convenient to compute beforehand the sets IS and JS de�ned

there, for every nice set S listed in Corollary 3.3. This computation is straightforward.

Table 2 presents the auxiliary indices for the Gns contained in X.

Table 2. Auxiliary indices for the Gns contained in X

IS S JS
{1, 2, 5} {{1, 2}} {5}
{1, 2, 3, 5, 6} {{1, 2}, {1, 3}} {5, 6}
{1, 2, 5, 6, 7} {{1, 2}, {6, 7}} {5}

I = {1, 2, 3, 4, 5, 6, 7} {{2, 5}, {3, 6}, {4, 7}} {1}
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I {{1, 2}, {1, 3}, {1, 4}} {5, 6, 7}
I {{1, 2}, {1, 3}, {1, 7}} {4, 5, 6}

{1, 2, 3, 4, 5, 6} = I − {7} {{1, 2}, {1, 6}, {2, 6}} {3, 4, 5}
{1, 2, 3, 5, 6, 7} = I − {4} {{1, 2}, {1, 6}, {6, 7}} {3, 5}

I {{1, 2}, {1, 6}, {1, 7}, {2, 6}} {3, 4, 5}
{1, 2, 3, 5, 6, 7} = I − {4} {{1, 2}, {1, 6}, {2, 7}, {6, 7}} {3, 5}

I {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}} {3, 4, 5}
I Xℓc12

{1, 2, 5}
I P{1,2,3} {4, 5, 6, 7}

6.2. T \X of cardinality 1

Recall that the generalised nice sets of cardinality 1 contained in X0 \ X are all of the

form {{i, i}}, for i ∈ I0. Moreover, Lemma 2.6(iv) tells us that S ∪{{0, 0}} is generalised
nice for any S as in Corollary 3.3. The resulting generalised nice sets are collected in the

Table 3.

Table 3. T \X = {{0, 0}}

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X All possible T 's

{{0, 0}} {{1, 2}} {{0, 0}, {1, 2}}
{{0, 0}} {{1, 2}, {1, 3}} {{0, 0}, {1, 2}, {1, 3}}
{{0, 0}} {{1, 2}, {6, 7}} {{0, 0}, {1, 2}, {6, 7}}
{{0, 0}} {{2, 5}, {3, 6}, {4, 7}} {{0, 0}, {2, 5}, {3, 6}, {4, 7}}
{{0, 0}} {{1, 2}, {1, 3}, {1, 4}} {{0, 0}, {1, 2}, {1, 3}, {1, 4}}
{{0, 0}} {{1, 2}, {1, 3}, {1, 7}} {{0, 0}, {1, 2}, {1, 3}, {1, 7}}
{{0, 0}} {{1, 2}, {1, 6}, {2, 6}} {{0, 0}, {1, 2}, {1, 6}, {2, 6}}
{{0, 0}} {{1, 2}, {1, 6}, {6, 7}} {{0, 0}, {1, 2}, {1, 6}, {6, 7}}
{{0, 0}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}} {{0, 0}, {1, 2}, {1, 6}, {1, 7}, {2, 6}}
{{0, 0}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}} {{0, 0}, {1, 2}, {1, 6}, {2, 7}, {6, 7}}
{{0, 0}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}} {{0, 0}, {1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}
{{0, 0}} Xℓc12

{{0, 0}} ∪Xℓc12

{{0, 0}} P{1,2,3} {{0, 0}} ∪ P{1,2,3}

Next, we consider generalised nice sets T such that T \ X is of the form {{i, i}} for
i ∈ I. As a direct application of Theorem 6.3(a), with the notations therein, we obtain:

Corollary 6.4. If S ⊆ X is a generalised nice set, then S{j} = S∪{{j, j}} is a generalised

nice set if and only if S ∩X(j) = ∅, or equivalently, if j /∈ JS.

Thus, to obtain the generalised nice sets T such that T \X is of the form {{i, i}}, for
i ∈ I and T ∩ X coinciding with a �xed generalised nice set S, we only need to keep

track of how many equivalence classes appear. Note that any σ such that σ̃(S{i}) = S{j}
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(for i, j /∈ JS) also satis�es σ̃(S) = S, so σ preserves IS and JS, as well as the subsets of

indices in IS \ JS with the same number of occurrences in elements of S. Next we give a

detailed description of how to use these tools.

− S = {{1, 2}}. As in the above corollary, S{i} = {{1, 2}, {i, i}} is a generalised nice set

if and only if i ̸= 5. Now S{1} is collinear to S{2}; for instance, σ̃(S{1}) = S{2} for σ = σ213.

Notice also that S{3} ∼c S{4} ∼c S{6} ∼c S{7} are collinear to one another, since for any

k /∈ ℓ12 the collineation σ = σ12k satis�es σ̃(S{3}) = S{k}. However, S{1} is not collinear

to S{3}, because σ must preserve IS \ JS = {1, 2}, and therefore σ̃({1, 1}) ̸= {3, 3}.
− S = {{1, 2}, {1, 3}}. In this case S{i} is a generalised nice set whenever i ̸= 5, 6.

Any collineation interchanging two of these sets must preserve the sets {1} and {2, 3},
so it must be either σ = id or σ = σ132. In either case, σ sends 7 = 2 ∗ 3 to 7, and

therefore sends 4 = 1 ∗ 7 to 4. Thus S{2} ∼c S{3} (indeed, σ132 works), but the sets S{i}

for i = 1, 2, 4, 7 are pairwise non-collinear.

− S = {{1, 2}, {6, 7}}. Although we may adjoin {{i, i}} to S for any i ̸= 5 and obtain

a generalised nice set, only two distinct equivalence classes occur: S{1} ∼c S{2} ∼c S{6} ∼c

S{7} and S{3} ∼c S{4}. Note that S{1} ̸∼c S{3}, since any collineation must preserve the

subsets {1, 2, 6, 7} and {3, 4}.
− S = {{2, 5}, {3, 6}, {4, 7}} can be combined with {{i, i}} for i ̸= 1. There is only

one class because all the elements 2, 3, 4, 5, 6, 7 play the same role in S. For instance, σ1ik

sends S{2} to S{i} for any k /∈ ℓ1i.

− S = {{1, 2}, {1, 3}, {1, 4}} can be enlarged by {{i, i}} for i = 1, 2, 3, 4 to obtain a

generalised nice set. Two classes arise: S{1} and S{2} ∼c S{3} ∼c S{4}, since σ132 and σ142

send S{2} to S{3} and S{4}, respectively.

− S = {{1, 2}, {1, 3}, {1, 7}}. This case is very similar to the previous one, giving two

equivalence classes: S{1} and S{2} ∼c S{3} ∼c S{7}.

− S = {{1, 2}, {1, 6}, {6, 7}}. Here S{i} is generalised nice whenever i /∈ JS = {3, 5}.
Any collineation between two such sets must preserve {1, 6} and {2, 7} (because of their
number of occurrences in S), as well as I \ IS = {4}. Hence S{1}, S{2} and S{4} cannot

be collinear. The map σ673 shows that S{1} is collinear to S{6}, and S{2} to S{7}. Thus we

obtain exactly three equivalence classes.

− S = {{1, 2}, {1, 6}, {1, 7}, {2, 6}}. First observe that the index 1 appears three times

in the elements of S, the indices 2 and 6 each appear twice, and 7 appears once. Therefore

any admissible collineation must preserve the sets {1}, {2, 6} and {7}, which leads to three
classes: S{1}, S{2} ∼c S{6}, and S{7}.

− S = {{1, 2}, {1, 6}, {2, 7}, {6, 7}}. Since I \IS = {4}, we see that S{4} is not collinear

to S{i} for any i ∈ IS \ JS = {1, 2, 6, 7}. Moreover, it is straightforward to check that S{i}

is collinear to S{j} for any two indices i, j ∈ IS \ JS.
− S = {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}. Proceeding as in the previous cases, we

obtain two equivalence classes: S{1} ∼c S{2} and S{6} ∼c S{7}.

− S = Xℓc12
. Here there is only one possibility up to collineation, since S{i} is generalised

nice only for i ∈ I \ {1, 2, 5}. These four indices all play the same role in S, and it is

straightforward to �nd the corresponding collineation.
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− S = P{1,2,3}. Again, there is only one class, namely S{1} ∼c S{2} ∼c S{3}.

We thus obtain exactly 27 generalised nice sets T with |T \X|= 1, not containing {0, 0}.
These are collected in the Table 4.

Table 4. T \X = {{i, i}} for some i ∈ I

Gns T for which both T ∩X and T \X are non-empty gns

T \X T ∩X All possible T 's

{{1, 1}} {{1, 2}} {{1, 1}, {1, 2}}
{{3, 3}} {{3, 3}, {1, 2}}
{{1, 1}} {{1, 2}, {1, 3}} {{1, 1}, {1, 2}, {1, 3}}
{{2, 2}} {{2, 2}, {1, 2}, {1, 3}}
{{4, 4}} {{4, 4}, {1, 2}, {1, 3}}
{{7, 7}} {{7, 7}, {1, 2}, {1, 3}}
{{1, 1}} {{1, 2}, {6, 7}} {{1, 1}, {1, 2}, {6, 7}}
{{3, 3}} {{3, 3}, {1, 2}, {6, 7}}
{{2, 2}} {{2, 5}, {3, 6}, {4, 7}} {{2, 2}, {2, 5}, {3, 6}, {4, 7}}
{{1, 1}} {{1, 2}, {1, 3}, {1, 4}} {{1, 1}, {1, 2}, {1, 3}, {1, 4}}
{{2, 2}} {{2, 2}, {1, 2}, {1, 3}, {1, 4}}
{{1, 1}} {{1, 2}, {1, 3}, {1, 7}} {{1, 1}, {1, 2}, {1, 3}, {1, 7}}
{{2, 2}} {{2, 2}, {1, 2}, {1, 3}, {1, 7}}
{{1, 1}} {{1, 2}, {1, 6}, {2, 6}} {{1, 1}, {1, 2}, {1, 6}, {2, 6}}
{{7, 7}} {{7, 7}, {1, 2}, {1, 6}, {2, 6}}
{{1, 1}} {{1, 2}, {1, 6}, {6, 7}} {{1, 1}, {1, 2}, {1, 6}, {6, 7}}
{{2, 2}} {{2, 2}, {1, 2}, {1, 6}, {6, 7}}
{{4, 4}} {{4, 4}, {1, 2}, {1, 6}, {6, 7}}
{{1, 1}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}} {{1, 1}, {1, 2}, {1, 6}, {1, 7}, {2, 6}}
{{2, 2}} {{2, 2}, {1, 2}, {1, 6}, {1, 7}, {2, 6}}
{{7, 7}} {{7, 7}, {1, 2}, {1, 6}, {1, 7}, {2, 6}}
{{1, 1}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}} {{1, 1}, {1, 2}, {1, 6}, {2, 7}, {6, 7}}
{{4, 4}} {{4, 4}, {1, 2}, {1, 6}, {2, 7}, {6, 7}}
{{1, 1}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}} {{1, 1}, {1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}
{{6, 6}} {{6, 6}, {1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}
{{3, 3}} Xℓc12

{{3, 3}} ∪Xℓc12

{{1, 1}} P{1,2,3} {{1, 1}} ∪ P{1,2,3}

6.3. T \X of cardinality 2

Let T be a generalised nice set such that T \X is generalised nice and all its elements are of the

form {i, i} for i ∈ I. The result below is an immediate consequence of Theorem 6.3(a).

Corollary 6.5. Let S ⊆ X be a generalised nice set, and i, j ∈ I with i ̸= j. Then S{i,j} is a

generalised nice set if and only if i, j /∈ JS.

As we increase the cardinality of T \ X, the size of the resulting set T (obtained by taking

the union of the sets listed in the �rst two columns) naturally grows. For this reason, we have

chosen to omit the third column (as in Table 4) in the next few tables.
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Table 5. T \X = {{i, i}, {j, j}} for i, j ∈ I distinct

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{1, 1}, {2, 2}} {{1, 2}}
{{1, 1}, {3, 3}}
{{3, 3}, {4, 4}}
{{3, 3}, {6, 6}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 3}}
{{1, 1}, {4, 4}}
{{1, 1}, {7, 7}}
{{2, 2}, {3, 3}}
{{2, 2}, {4, 4}}
{{2, 2}, {7, 7}}
{{4, 4}, {7, 7}}
{{1, 1}, {2, 2}} {{1, 2}, {6, 7}}
{{1, 1}, {3, 3}}
{{1, 1}, {6, 6}}
{{3, 3}, {4, 4}}
{{2, 2}, {3, 3}} {{2, 5}, {3, 6}, {4, 7}}
{{2, 2}, {5, 5}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 3}, {1, 4}}
{{2, 2}, {3, 3}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 3}, {1, 7}}
{{2, 2}, {3, 3}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 6}, {2, 6}}
{{1, 1}, {7, 7}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 6}, {6, 7}}
{{1, 1}, {4, 4}}
{{1, 1}, {6, 6}}
{{1, 1}, {7, 7}}
{{2, 2}, {4, 4}}
{{2, 2}, {7, 7}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}}
{{1, 1}, {7, 7}}
{{2, 2}, {6, 6}}
{{2, 2}, {7, 7}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}
{{1, 1}, {4, 4}}
{{1, 1}, {7, 7}}
{{1, 1}, {2, 2}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}
{{1, 1}, {6, 6}}
{{6, 6}, {7, 7}}
{{3, 3}, {4, 4}} Xℓc12

{{1, 1}, {2, 2}} P{1,2,3}
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Taking into account Corollary 6.5, the only di�culty in assembling this table lies in avoiding

collinear sets. We illustrate a few examples. For S = {{1, 2}}, any S{i,j} with i, j ∈ I \ {5} is
generalised nice. The cases to be distinguished are: both i, j ∈ {1, 2}; exactly one index (we may

assume 1) belonging to {1, 2}; and i, j /∈ {1, 2, 5}. In the last case, we have two possibilities,

according to whether i ∗ j = 5 = 1 ∗ 2 or i ∗ j ̸= 5. In this way, S{3,4} is not collinear to S{3,6}.

For each possible S the discussion is slightly di�erent, always keeping in mind that a choice

of three indices (each non-zero and not forming a line) determines a unique collineation. As

a second example, for S = {{1, 2}, {6, 7}}, any S{i,j} with i, j ∈ I \ {5} is generalised nice.

If i ∈ {1, 2, 6, 7}, we may assume i = 1, and then we must distinguish between j = 2 (the

companion of 1), j ∈ {6, 7}, and j ∈ {3, 4}. This gives exactly three possibilities with i = 1.

Otherwise, both i, j ∈ {3, 4}, and we obtain one additional equivalence class: S{3,4}.

We present one �nal example, namely S = {{1, 2}, {1, 3}}, and leave the remaining cases to

the reader. If a collineation σ sends S{i,j} to S{i′,j′} (these sets are generalised nice if and only

if i, j, i′, j′ ̸= 5, 6), then σ(1) = 1 and σ preserves {2, 3}. Hence, either σ = id, or σ(2) = 3 and

σ(3) = 2. In both cases, σ(4) = 4 (since 4 = 1 ∗ 2 ∗ 3) and σ(7) = 7. This implies that S{1,2}
(which is collinear to S{1,3}), S{1,4}, and S{1,7} are pairwise non-collinear. Moreover, if at least

one of the indices i, j lies in {2, 3}, we may assume i = 2, and then j = 3, 4, or 7. This yields

three pairwise non-collinear generalised nice sets (because 3 ∈ IS \ JS , whereas 4, 7 ∈ I \ IS , but
7 = 2 ∗ 3 belongs to (IS \ JS) ∗ (IS \ JS) and 4 does not). Finally, if i, j /∈ {1, 2, 3}, then both

i, j ∈ {4, 7}, producing one additional generalised nice set; the seventh possibility attached to S.

The remaining cases present no further di�culties.

In Table 5 we covered one case where T \X has cardinality 2. The only remaining possibility

for T \X is {{0, 0}, {0, i}} for some i ∈ I. Now Theorem 6.3 implies the following:

Corollary 6.6. Let S ⊆ X be a generalised nice set, and let i ∈ I. The set S′
{i} = S ∪

{{0, 0}, {0, i}} is a generalised nice set if and only if i /∈ IS.

In particular, there is no i ∈ I such that S ∪ {{0, 0}, {0, i}} is generalised nice, for S any of

the sets below. In fact, for all these cases we have IS = I, according to Table 2.

{{2, 5}, {3, 6}, {4, 7}}; {{1, 2}, {1, 3}, {1, 4}}; {{1, 2}, {1, 3}, {1, 7}};
{{1, 2}, {1, 6}, {1, 7}, {2, 6}}; {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}; Xℓc12

; P{1,2,3}.
(5)

We obtain fewer cases now, since IS strictly contains JS :

Table 6. T \X = {{0, 0}, {0, i}} for i ∈ I

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{0, 0}, {0, 3}} {{1, 2}}
{{0, 0}, {0, 4}} {{1, 2}, {1, 3}}
{{0, 0}, {0, 7}}
{{0, 0}, {0, 3}} {{1, 2}, {6, 7}}
{{0, 0}, {0, 7}} {{1, 2}, {1, 6}, {2, 6}}
{{0, 0}, {0, 4}} {{1, 2}, {1, 6}, {6, 7}}
{{0, 0}, {0, 4}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}



124 draper, meyer and sánchez-ortega

6.4. T \X of cardinality 3

As in Table 1, there are several di�erent types of generalised nice sets contained in X0 \ X.

Namely:

- {{i, i}, {j, j}, {k, k}}, for generative i, j, k ∈ I;

- {{i, i}, {j, j}, {i ∗ j, i ∗ j}}, for distinct i, j ∈ I;

- {{0, 0}, {0, i}, {0, j}}, for distinct i, j ∈ I;

- {{0, 0}, {0, i}, {i, i}}, for i ∈ I.

We begin by recalling what Theorem 6.3 states in the �rst two cases.

Corollary 6.7. If S ⊆ X is a generalised nice set and i, j, k ∈ I are distinct, then S{i,j,k} =

S ∪ {{i, i}, {j, j}, {k, k}} is a generalised nice set if and only if i, j, k /∈ JS.

From here, all the sets obtained as the union of the two columns of the following table are

generalised nice sets. We have �rst considered the case where i, j, k are generative.

Table 7. T \X = {{i, i}, {j, j}, {k, k}}, i, j, k generative

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{1, 1}, {2, 2}, {3, 3}} {{1, 2}}
{{1, 1}, {3, 3}, {4, 4}}
{{3, 3}, {4, 4}, {6, 6}}
{{1, 1}, {2, 2}, {3, 3}} {{1, 2}, {1, 3}}
{{1, 1}, {2, 2}, {4, 4}}
{{1, 1}, {2, 2}, {7, 7}}
{{2, 2}, {3, 3}, {4, 4}}
{{2, 2}, {4, 4}, {7, 7}}
{{1, 1}, {2, 2}, {3, 3}} {{1, 2}, {6, 7}}
{{1, 1}, {2, 2}, {6, 6}}
{{1, 1}, {3, 3}, {4, 4}}
{{1, 1}, {3, 3}, {7, 7}}
{{2, 2}, {3, 3}, {4, 4}} {{2, 5}, {3, 6}, {4, 7}}
{{2, 2}, {3, 3}, {5, 5}}
{{1, 1}, {2, 2}, {3, 3}} {{1, 2}, {1, 3}, {1, 4}}
{{2, 2}, {3, 3}, {4, 4}}
{{1, 1}, {2, 2}, {3, 3}} {{1, 2}, {1, 3}, {1, 7}}
{{1, 1}, {2, 2}, {6, 6}} {{1, 2}, {1, 6}, {2, 6}}
{{1, 1}, {2, 2}, {7, 7}}
{{1, 1}, {2, 2}, {4, 4}} {{1, 2}, {1, 6}, {6, 7}}
{{1, 1}, {2, 2}, {6, 6}}
{{1, 1}, {2, 2}, {7, 7}}
{{1, 1}, {4, 4}, {6, 6}}
{{2, 2}, {4, 4}, {7, 7}}
{{1, 1}, {2, 2}, {6, 6}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}}
{{1, 1}, {2, 2}, {7, 7}}
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T \X T ∩X

{{2, 2}, {6, 6}, {7, 7}}
{{1, 1}, {2, 2}, {4, 4}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}
{{1, 1}, {2, 2}, {6, 6}}
{{1, 1}, {2, 2}, {6, 6}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}
{{1, 1}, {6, 6}, {7, 7}}
{{3, 3}, {4, 4}, {6, 6}} Xℓc12

{{1, 1}, {2, 2}, {3, 3}} P{1,2,3}

The di�culty again lies in being careful with possible collinear sets. Some examples follow.

For S = {{1, 2}, {1, 3}}, S{i,j,k} is generalised nice for any distinct i, j, k ̸= 5, 6. This gives(
5
3

)
= 10 possibilities, but many of them are collinear. Let us consider the case k ̸= i ∗ j. We

may assume that {i, j, k} ∩ {1, 2, 3} is one of the following: {1, 2, 3}, {1, 2}, {2, 3}, {1}, or {2}.
We analyse how many possibilities correspond to these cases. If i = 1 and j = 2 (with k ̸= 3),

then k can be 4 or 7. These two possibilities are not collinear because 7 = 2 ∗ 3 is �xed by any

collineation preserving the set {2, 3}. If i = 2 and j = 3, then k ̸= 1, 5, 6, 7 leaves k = 4. If i = 1

and j, k ̸= 2, 3, 5, 6, the only possibilities for j and k are 4 and 7, but 1 ∗ 4 = 7. If i = 2 and

j, k ̸= 1, 3, 5, 6, then j = 4 and k = 7. Hence there are 5 pairwise not collinear generalised nice

sets S{i,j,k} with k ̸= i ∗ j.
Now we discuss another example: S = {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}. The generalised

nice sets are SJ for J ⊆ I \ JS = {1, 2, 6, 7}. Note that the collineations leave invariant the

sets {1, 2} and {6, 7}, according to the number of occurrences of these indices in elements of S.

Thus there are two non-collinear SJ 's, depending on whether the unique index in {1, 2, 6, 7} \ J
belongs to {1, 2} or to {6, 7}.

An easy example is S = Xℓc12
. Here S{i,j,k} is generalised nice for any choice of i, j, k ∈

{3, 4, 6, 7}. The four indices all play the same role, and therefore any S{i,j,k} is collinear to

any S{i′,j′,k′}. The �nal example, S = P{1,2,3}, has I \ JS = {1, 2, 3}. Hence there is only one

possibility, namely, S{1,2,3}.

The remaining cases can be discussed in the same way (no new di�culties arise), and we leave

this to the reader. Moreover, to ensure that no collinear sets have been overlooked, we have used

computer assistance to check all possible cases (see Section 7).

Suppose now that T \ X is of the form {{i, i}, {j, j}, {i ∗ j, i ∗ j}}, for distinct i, j ∈ I. As

before, Corollary 6.7 applies and shows that the following generalised nice sets, contained in X

(as in Corollary 3.3), cannot be combined with T \X:

{{1, 2}, {1, 3}, {1, 4}}; {{1, 2}, {1, 6}, {2, 6}}; {{1, 2}, {1, 6}, {1, 7}, {2, 6}};
{{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}; Xℓc12

; P{1,2,3}.
(6)

The reason is that there is a line ℓ ⊆ JS for each of these possible S's, according to Table 2. As

any two lines intersect, there is no line ℓij = {i, j, i ∗ j} contained in I \ JS , and so S{i,j,i∗j} is

not generalised nice. By contrast, there is a line contained in I \ JS for all the remaining sets in

Corollary 3.3.

The discussion about the possible collineations is quite simple now. Only in the case S =

{{1, 2}, {1, 3}} do the two lines contained in I \ JS = {1, 2, 3, 4, 7} satisfy |ℓ14 ∩ IS |= 1 while

|ℓ23 ∩ IS |= 2, so that the sets Sℓ14 and Sℓ23 are not collinear. Each of the remaining sets

gives rise to one possibility up to collineations. Indeed, there is only one line in I \ JS if

S = {{1, 2}, {1, 3}, {1, 7}}. For the sets S with JS = {j}, there are four lines in I \ JS , but
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S ⊆ X(j) and each pair in S contains exactly one index of each line. Thus it is easy to �nd a

collineation σ with σ̃(S) = S and σ(ℓ) = ℓ′ for any ℓ, ℓ′ ⊆ I \ JS . Finally, for the last two sets S,
there are two lines in I \ {3, 5}, namely ℓ14, ℓ24, but σ̃673(Sℓ14) = Sℓ24 .

We collect the resulting generalised nice sets in the following Table 8.

Table 8. T \X = {{i, i}, {j, j}, {i ∗ j, i ∗ j}} for i ̸= j

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{1, 1}, {3, 3}, {6, 6}} {{1, 2}}
{{1, 1}, {4, 4}, {7, 7}} {{1, 2}, {1, 3}}
{{2, 2}, {3, 3}, {7, 7}}
{{1, 1}, {3, 3}, {6, 6}} {{1, 2}, {6, 7}}
{{2, 2}, {3, 3}, {7, 7}} {{2, 5}, {3, 6}, {4, 7}}
{{2, 2}, {3, 3}, {7, 7}} {{1, 2}, {1, 3}, {1, 7}}
{{1, 1}, {4, 4}, {7, 7}} {{1, 2}, {1, 6}, {6, 7}}
{{1, 1}, {4, 4}, {7, 7}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}

Next, we assume that our T\X (the part of T contained inX0\X) is of the form {{0, 0}, {0, i}, {0, j}}
for some distinct i, j ∈ I. Again, Theorem 6.3 allows us to rule out many cases, since |IS |≥ 6

whenever S is one of the following sets:

{{2, 5}, {3, 6}, {4, 7}}; {{1, 2}, {1, 3}, {1, 4}}; {{1, 2}, {1, 3}, {1, 7}};
{{1, 2}, {1, 6}, {2, 6}}; {{1, 2}, {1, 6}, {6, 7}}; {{1, 2}, {1, 6}, {1, 7}, {2, 6}};

{{1, 2}, {1, 6}, {2, 7}, {6, 7}}; {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}; Xℓc12
; P{1,2,3}.

This theorem also tells us that there is only one set of the form {{0, 0}, {0, i}, {0, j}} to be

combined with S = {{1, 2}, {1, 3}}, since i, j have to belong to I \ IS = {4, 7}. The situation

is the same for S = {{1, 2}, {6, 7}}. On the other hand, {{0, 0}, {0, i}, {0, j}} ∪ {{1, 2}} is a
generalised nice set if and only if i, j ∈ {3, 4, 6, 7}. There are just two non-collinear possibilities

now: according to whether i ∗ j = 1 ∗ 2 or i ∗ j ∈ {1, 2}. To summarize, we obtain the following

generalised nice sets up to collineations:

Table 9. T \X ⊆ XF , |T \X|= 3

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{0, 0}, {0, 3}, {0, 4}} {{1, 2}}
{{0, 0}, {0, 3}, {0, 7}}
{{0, 0}, {0, 4}, {0, 7}} {{1, 2}, {1, 3}}
{{0, 0}, {0, 3}, {0, 4}} {{1, 2}, {6, 7}}

To �nish the cardinality 3 section, we now assume that T \X = {{0, 0}, {0, i}, {i, i}}, for some

i ∈ I. Any generalised nice set S with IS = I cannot be combined with T \X, that is, precisely

those listed in Eq. (5).

From Theorem 6.3(c), S̃i = S∪{{0, 0}, {0, i}, {i, i}} is generalised nice if and only if i /∈ IS , for

any of the remaining sets S in Corollary 3.3. Thus {{0, 0}, {0, i}, {i, i}, {1, 2}} is generalised nice

for any i ∈ {3, 4, 6, 7}, although the four possibilities are clearly collinear. The same happens
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for {{0, 0}, {0, i}, {i, i}, {1, 2}, {6, 7}} with i = 3, 4. In contrast, the only two generalised nice

sets of the form {{0, 0}, {0, i}, {i, i}, {1, 2}, {1, 3}}, obtained for i = 4 and 7, are not collinear.

Finally, for the three remaining sets with |S|≥ 3, we have |IS |= 6, and only one index i makes

S̃i generalised nice.

Table 10. T \X = P{0,i,i} for i ∈ I

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{0, 0}, {0, 3}, {3, 3}} {{1, 2}}
{{0, 0}, {0, 4}, {4, 4}} {{1, 2}, {1, 3}}
{{0, 0}, {0, 7}, {7, 7}}
{{0, 0}, {0, 3}, {3, 3}} {{1, 2}, {6, 7}}
{{0, 0}, {0, 7}, {7, 7}} {{1, 2}, {1, 6}, {2, 6}}
{{0, 0}, {0, 4}, {4, 4}} {{1, 2}, {1, 6}, {6, 7}}
{{0, 0}, {0, 4}, {4, 4}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}

6.5. T \X of cardinality 4

As per Table 1, there are four di�erent types of generalised nice sets contained in X0 \X, namely

- {{i, i}, {j, j}, {k, k}, {l, l}}, for i, j, k, l ∈ I such that any three are generative;

- {{i, i}, {j, j}, {i ∗ j, i ∗ j}, {k, k}}, for distinct i, j ∈ I and k /∈ ℓij ;

- {{0, 0}, {0, i}, {0, j}, {0, k}}, for generative i, j, k ∈ I;

- {{0, 0}, {0, i}, {0, j}, {0, i ∗ j}}, for distinct i, j ∈ I.

We then study which of these can be added to the generalised nice sets in Corollary 3.3.

Corollary 6.8. Let S ⊆ X be a non-empty generalised nice set. Then

(a) S∪{{i, i}, {j, j}, {k, k}, {l, l}}, for distinct i, j, k, l ∈ I, is a generalised nice set if and only

if {i, j, k, l} ∩ JS = ∅.

(b) S ∪ {{0, 0}, {0, i}, {0, j}, {0, k}}, for generative i, j, k ∈ I, is a generalised nice set if and

only if {i, j, k} ∩ IS = ∅. In particular, |S|= 1.

(c) S∪{{0, 0}, {0, i}, {0, j}, {0, i∗ j}}, for distinct i, j ∈ I, is a generalised nice set if and only

if {i, j, i ∗ j} = IS. In particular, |S|= 1.

Proof. Theorem 6.3 immediately gives (a).

For (b), the claim is clear because J = {i, j, k} contains no line, so the condition for S′
J to be

generalised nice is that ℓab ∩ J = ∅ for every {a, b} ∈ S. In other words, J ∩ IS = ∅. This is

impossible if S has at least two elements, since |I \ IS |≤ 2.

For (c), note that J = {i, j, i ∗ j} = ℓij , and Theorem 6.3(ii) tells us that J = IS is a

su�cient condition for S′
J to be generalised nice. Conversely, assume that S′

J is generalised nice.

If {a, b} ∈ S, then Theorem 6.3(b) asserts that either ℓab ∩ ℓij = ∅ (which is impossible), or

ℓab = ℓij = J . Thus {a, b, a ∗ b} ⊆ J for every {a, b} ∈ S; that is, IS ⊆ J . Since S ̸= ∅, the two
sets must in fact coincide. Finally, Table 2 shows that |IS |= 3 if and only if |S|= 1.

Now we obtain the list of related generalised nice sets. We begin by discussing the situation in

which T \X = {{i, i}, {j, j}, {k, k}, {l, l}}, and any three indices from {i, j, k, l} form a generative
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triplet. A few cases can be ruled out. First,

{{1, 2}, {1, 3}, {1, 7}},

since I \ JS = {1, 2, 3, 7} contains the line ℓ23; and second,

P{1,2,3} = {{1, 2}, {1, 3}, {1, 7}, {2, 3}, {2, 6}, {3, 5}},

since |I \ JS |= 3. Keeping Corollary 6.8 in mind, we obtain the following new generalised nice

sets.

Table 11. T \X = {{k, k} : k /∈ ℓ} for ℓ a line

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{1, 1}, {2, 2}, {3, 3}, {4, 4}} {{1, 2}}
{{3, 3}, {4, 4}, {6, 6}, {7, 7}}
{{1, 1}, {2, 2}, {3, 3}, {4, 4}} {{1, 2}, {1, 3}}
{{1, 1}, {2, 2}, {3, 3}, {4, 4}} {{1, 2}, {6, 7}}
{{1, 1}, {2, 2}, {6, 6}, {7, 7}}
{{2, 2}, {3, 3}, {5, 5}, {6, 6}} {{2, 5}, {3, 6}, {4, 7}}
{{1, 1}, {2, 2}, {3, 3}, {4, 4}} {{1, 2}, {1, 3}, {1, 4}}
{{1, 1}, {2, 2}, {6, 6}, {7, 7}} {{1, 2}, {1, 6}, {2, 6}}
{{1, 1}, {2, 2}, {6, 6}, {7, 7}} {{1, 2}, {1, 6}, {6, 7}}
{{1, 1}, {2, 2}, {6, 6}, {7, 7}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}}
{{1, 1}, {2, 2}, {6, 6}, {7, 7}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}
{{1, 1}, {2, 2}, {6, 6}, {7, 7}} {{1, 2}, {1, 6}, {1, 7}, {2, 6}, {2, 7}}
{{3, 3}, {4, 4}, {6, 6}, {7, 7}} Xℓc12

According to Corollary 6.8, if J is the complement of a line and S ⊆ X is generalised, then

SJ is generalised if and only if J ∩ JS = ∅, that is, if JS is contained in the line I \ J . As usual,
the only point of care is to avoid possible collineations. For S = {{1, 2}}, there are three lines
containing the index 5, but only two equivalence classes: SI\ℓ12 and SI\ℓ34 ∼c SI\ℓ67 . The case

S = {{1, 2}, {6, 7}} is quite similar, since again JS = {5}; however, now SI\ℓ12 ∼c SI\ℓ67 , whereas

SI\ℓ34 is not collinear to either of them. The third and last case in which JS is contained in more

than one line (that is, |JS |= 1) is S = {{2, 5}, {3, 6}, {4, 7}}, but here only one equivalence class

appears: SI\ℓ25 ∼c SI\ℓ36 ∼c SI\ℓ47 . Each of the remaining cases gives rise to only one new

generalised nice set, since |JS |≥ 2 and only one line can contain JS .

Next, let T \ X be of the form {{i, i}, {j, j}, {i ∗ j, i ∗ j}, {k, k}}, for distinct i, j ∈ I and

k /∈ ℓij . No set in Eq. (6) can be combined with such a T \ X, since there is a line contained

in JS , and hence no line is contained in I \ JS . For the remaining sets S, we collect below the

generalised nice sets obtained in this way:

Table 12. T \X = ℓij ∪ {{k, k}}, for k /∈ ℓij

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{1, 1}, {3, 3}, {6, 6}, {2, 2}} {{1, 2}}
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T \X T ∩X

{{1, 1}, {3, 3}, {6, 6}, {7, 7}}
{{2, 2}, {3, 3}, {7, 7}, {1, 1}} {{1, 2}, {1, 3}}
{{1, 1}, {4, 4}, {7, 7}, {2, 2}}
{{2, 2}, {3, 3}, {7, 7}, {4, 4}}
{{1, 1}, {3, 3}, {6, 6}, {2, 2}} {{1, 2}, {6, 7}}
{{1, 1}, {3, 3}, {6, 6}, {4, 4}}
{{3, 3}, {4, 4}, {5, 5}, {2, 2}} {{2, 5}, {3, 6}, {4, 7}}
{{2, 2}, {3, 3}, {7, 7}, {1, 1}} {{1, 2}, {1, 3}, {1, 7}}
{{2, 2}, {4, 4}, {6, 6}, {1, 1}} {{1, 2}, {1, 6}, {6, 7}}
{{1, 1}, {4, 4}, {7, 7}, {2, 2}}
{{2, 2}, {4, 4}, {6, 6}, {1, 1}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}

Here we have omitted most of the discussions on collineations. As a sample, if S = {{1, 2}, {1,
6} , {6, 7}}, then there are four possibilities for J = ℓij∪{k} ⊆ I \JS , namely: ℓ24∪{1}, ℓ24∪{7},
ℓ14∪{2}, and ℓ14∪{6}. The �rst and the fourth associated generalised nice sets SJ are collinear,

and so are the second and the third (in both cases one may use σ673). These two equivalence

classes are not collinear, because any such collineation σ would have to preserve S, and in

particular the set {1, 6}, whose indices occur twice each in elements of S. Thus σ cannot send

{2, 4, 6, 1} to {1, 4, 7, 2}.
The discussion varies slightly depending on the particular choice of S. For instance, in the

case S = {{1, 2}}, there are four lines contained in I \ JS = I \ {5}, and one may �x any of

them, say ℓ13. To obtain non-collinear sets, the fourth element k must be either the remaining

element of the pair {1, 2} not used in the initial line, or an index di�erent from both 1 and 2.

This yields exactly two possibilities.

Although these were the guiding principles in all remaining examples, we have also veri�ed

the analysis using computer assistance. The algorithm is described in detail in Section 7.

Let us apply Corollary 6.8 to T \X = {{0, 0}, {0, i}, {0, j}, {0, k}}, for pairwise distinct i, j, k ∈
I (whether generative or not), in order to complete the analysis of the cardinality 4 case.

Proposition 6.9. If ∅ ̸= S ⊆ X and S′
J are generalised nice sets such that J ⊆ I has cardinality

3, then |S|= 1, and S′
J is collinear to one of the following:

(i) {{0, 0}, {0, 3}, {0, 4}, {0, 7}, {1, 2}};

(ii) ⟨P{0,1,2}⟩ = {{0, 0}, {0, 1}, {0, 2}, {0, 5}, {1, 2}}.

Proof. By Corollary 6.8 we may assume that S = {{1, 2}}, and hence IS = {1, 2, 5}. Any choice
of three indices i, j, k (necessarily generative) in I \ IS = {3, 4, 6, 7} yields a generalised nice set,

but the four possible choices are all collinear.

If k = i ∗ j, the only possibility is that ℓij = IS .

6.6. T \X of cardinality 5

As Table 1 shows, there are three di�erent types of generalised nice sets contained in X0 \ X,

namely:

- {{i, i}, {j, j}, {i ∗ j, i ∗ j}, {k, k}, {l, l}}, for distinct i, j, k, l ∈ I such that k ∗ l = i ∗ j;

- {{0, 0}, {0, i}, {0, j}, {0, k}, {0, l}}, where i, j, k, l ∈ I are such that any triplet among them

is generative;
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- {{0, 0}, {0, i}, {0, j}, {0, i ∗ j}, {0, k}}, for generative i, j, k ∈ I.

Suppose �rst that T \X ⊆ X∗
E with |T \X|= 5. (Note that any �ve distinct indices in I are the

union of two lines.) Then T ∩X cannot be any of the sets in Eq. (6), nor {{1, 2}, {1, 3}, {1, 7}},
since these seven sets are precisely those for which |JS |≥ 3. All the remaining cases give rise to

generalised nice sets:

Table 13. T \X ⊆ X∗
E , |T \X|= 5

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{1, 1}, {3, 3}, {6, 6}, {2, 2}, {4, 4}} {{1, 2}}
{{3, 3}, {6, 6}, {1, 1}, {4, 4}, {7, 7}}
{{1, 1}, {4, 4}, {7, 7}, {2, 2}, {3, 3}} {{1, 2}, {1, 3}}
{{1, 1}, {3, 3}, {6, 6}, {2, 2}, {4, 4}} {{1, 2}, {6, 7}}
{{6, 6}, {1, 1}, {3, 3}, {2, 2}, {7, 7}}
{{2, 2}, {6, 6}, {4, 4}, {3, 3}, {5, 5}} {{2, 5}, {3, 6}, {4, 7}}
{{2, 2}, {6, 6}, {4, 4}, {1, 1}, {7, 7}} {{1, 2}, {1, 6}, {6, 7}}
{{2, 2}, {6, 6}, {4, 4}, {1, 1}, {7, 7}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}

These are generalised nice sets because none of the �ve indices belongs to JS (see Table 2).

In this case it is easier to discuss possible collineations. If |JS |= 2, there is only one choice, so

nothing needs to be analysed. Thus, we only have to study the three cases with |JS |= 1. In

all of them the generalised nice sets are SJ for J = I \ {5, k}. Let us begin with S = {{1, 2}}.
Here one equivalence class arises from k ∈ IS \ JS = {1, 2}, and the other from k ∈ I \ IS =

{3, 4, 6, 7}, clearly giving two non-collinear generalised nice sets. A very similar situation occurs

for S = {{1, 2}, {6, 7}}: again two non-collinear generalised nice sets arise, according to whether

k ∈ IS \JS = {1, 2, 6, 7} or k ∈ I\IS = {3, 4}. In contrast, all k ∈ {2, 3, 4, 5, 6, 7} play exactly the
same role in the case S = {{2, 5}, {3, 6}, {4, 7}}, which therefore gives rise to only one generalised
nice set SI\{5,k}.

Let us consider the last two cases together: T \X = {{0, 0}, {0, i}, {0, j}, {0, k}, {0, l}}, where
i, j, k, l ∈ I are distinct.

Proposition 6.10. If S ⊆ X and S′
J := S ∪ {{0, 0}, {0, j} : j ∈ J} are non-empty generalised

nice sets such that J ⊆ I has cardinality 4, then |S|= 1, and S′
J is collinear to one of the following

sets:

(i) {{0, 0}, {0, 3}, {0, 4}, {0, 6}, {0, 7}, {1, 2}};

(ii) ⟨P{0,1,2}⟩ ∪ {{0, 3}} = {{0, 0}, {0, 1}, {0, 2}, {0, 3}, {0, 5}, {1, 2}}.

Proof. Recall from Theorem 6.3 that for any {a, b} ∈ S we have either ℓab ∩ J = ∅ or ℓab ⊆ J .

First, assume that every triplet among the elements of J is generative; that is, J does not

contain a line. Then ℓab ∩ J = ∅ for all {a, b} ∈ S, so IS ⊆ I \ J . This implies |IS |≤ |I \ J |= 3,

and hence |S|= 1 by Table 2. Assuming S = {{1, 2}}, the set in (i) is clearly the only possibility.

Second, consider the case where J contains a line. Since every line meets J , the condition

above forces ℓab ⊆ J for every {a, b} ∈ S. In other words, IS ⊆ J and |IS |≤ |J |= 4. Once

again Table 2 shows that |S|= 1. If S = {{1, 2}}, then there exists i ∈ {3, 4, 6, 7} such that

J = ℓ12 ∪ {i}, but the four corresponding choices all lead to collinear sets.
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6.7. T \X of cardinality 6

Table 1 shows that there are two types of generalised nice sets contained in X0 \X, namely:

- {{i, i} : i ∈ J}, where J ⊆ I and |J |= 6;

- {{0, 0}, {0, i} : i ∈ J}, where J ⊆ I and |J |= 5.

Assume �rst that T \X is of the �rst type. Then one can prove the following.

Corollary 6.11. Let S be a generalised nice set. For any k ∈ I, the set SI\{k} is generalised

nice if and only if S ⊆ X(k).

Proof. Note that S ⊆ X(k) is equivalent to JS = {k}. By Theorem 6.3, SJ is generalised nice if

and only if J does not intersect JS . Since |J |= 6, this forces J = I \ {k}.

In this way we obtain exactly three new generalised nice sets up to collineations (the �rst two

sets are taken inside X(5) in order to agree with the choices in Corollary 3.3):

Table 14. T \X ⊆ X∗
E , |T \X|= 6

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{1, 1}, {3, 3}, {6, 6}, {2, 2}, {4, 4}, {7, 7}} {{1, 2}}
{{1, 1}, {3, 3}, {6, 6}, {2, 2}, {4, 4}, {7, 7}} {{1, 2}, {6, 7}}
{{5, 5}, {3, 3}, {6, 6}, {2, 2}, {4, 4}, {7, 7}} X(1) = {{2, 5}, {3, 6}, {4, 7}}

To �nish, we consider the only remaining form of T \X with cardinality 6:

Proposition 6.12. If S ⊆ X and S′
J := S ∪ {{0, 0}, {0, j} : j ∈ J} are non-empty generalised

nice sets such that J ⊆ I has cardinality 5, then |S|≤ 2 and S′
J is collinear to one of the following

sets:

(i) ⟨P{0,1,2}⟩ ∪ {{0, 6}, {0, 7}} = {{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 6}, {0, 7}, {1, 2}};

(ii) ⟨P{0,1,2}⟩ ∪ {{0, 6}, {0, 3}} = {{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 6}, {1, 2}};

(iii) ⟨P{0,1,2}⟩ ∪ ⟨P{0,6,3}⟩ = {{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 6}, {1, 2}, {1, 3}};

(iv) ⟨P{0,1,2}⟩ ∪ ⟨P{0,6,7}⟩ = {{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 6}, {0, 7}, {1, 2}, {6, 7}}.

Proof. Recall from Theorem 6.3 that, since |J |≥ 5, a necessary and su�cient condition for S′
J

to be generalised nice is that IS ⊆ J . This implies |IS |≤ 5, and therefore |S|≤ 2 according to

Table 2.

If |S|= 2, then |IS |= 5, so necessarily IS = J , and cases (iii) and (iv) clearly appear as the

unique possibilities.

If |S|= 1, we must analyse the possible sets J of cardinality 5 containing IS . Fix S = {{1, 2}}.
Then J = ℓ12 ∪ ℓab for some line ℓab. There are two cases to consider: either ℓ12 ∩ ℓab is one

of the two indices occurring in S, or ℓ12 ∩ ℓab = {5}. These two possibilities are evidently not

collinear.

6.8. T \X of cardinality 7

Looking at Table 1, we obtain the following generalised nice sets contained in X0 \X:
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- X∗
E = {{1, 1}, {2, 2}, {3, 3}, {4, 4}, {5, 5}, {6, 6}, {7, 7}};

- {{0, 0}, {0, i} : i ∈ J}, for J ⊆ I, |J |= 6.

In the �rst case, S ∪ X∗
E = SI is never a generalised nice set, by Theorem 6.3(a) (indeed,

I intersects JS). We therefore consider the only alternative for T \ X with cardinality 7, and

obtain the following from Theorem 6.3(ii).

Corollary 6.13. Let S ⊆ X be a non-empty generalised nice set, and let k ∈ I. Then S′
I\{k} is

a generalised nice set if and only if k /∈ IS.

In particular, S cannot be any of the sets with IS = I, namely those listed in Eq. (5). Any

other S can be combined with T \ X = {{0, 0}, {0, i} : i ̸= k}, for any choice of k /∈ IS . We

obtain

Table 15. T \X ⊆ XF , |T \X|= 6

Gns T such that both T ∩X and T \X are non-empty gns

T \X T ∩X

{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 4}, {0, 6}} {{1, 2}}
{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 4}, {0, 6}} {{1, 2}, {1, 3}}
{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 7}, {0, 6}}
{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 6}, {0, 7}} {{1, 2}, {6, 7}}
{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 4}, {0, 6}} {{1, 2}, {1, 6}, {2, 6}}
{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 6}, {0, 7}} {{1, 2}, {1, 6}, {6, 7}}
{{0, 0}, {0, 1}, {0, 2}, {0, 5}, {0, 3}, {0, 6}, {0, 7}} {{1, 2}, {1, 6}, {2, 7}, {6, 7}}

We only need to be concerned with those sets with |IS |< 6, corresponding to |S|≤ 2, where

there are several choices for k and we must decide whether they produce collinear sets when

combining S and T \ X. For S = {{1, 2}, {6, 7}}, the index k can be either 3 or 4, but these

choices lead to collinear sets (for instance, σ124 is a suitable collineation). In contrast, if S =

{{1, 2}, {1, 3}}, the index k can be either 4 or 7, but the corresponding generalised nice sets are

not collinear: any such collineation would have to preserve {1} and {2, 3}, and hence also {7}.

6.9. T \X of cardinality 8

There is only one generalised nice set contained in X0 \ X of cardinality 8, namely XF =

{{0, 0}, {0, i} : i ∈ I}. From Theorem 6.3(a) it follows that

Corollary 6.14. For any generalised nice set S given in Corollary 3.3, the set S ∪XF is also a

generalised nice set.

7. Computer assistance

In this section, we describe the algorithms that have enabled us to verify the above classi�cation

in an alternative way. The �rst one returns the set of all collineations which act as equivalences

between two generalised nice sets. The second one checks whether a given set is generalised nice.



generalised nice sets 133

7.1. Collineation Search

Here, we describe an algorithm which, given two generalised nice sets S and T, identi�es all

collineations σ ∈ S∗(I) which act as σ̃(S) = T or σ̃(T ) = S. We begin by introducing some

de�nitions.

To ease the notation, in what follows, we will refer to the elements of X0 as pairs.

De�nition 7.1. Fix i ∈ I0, S a generalised nice set, and p, q pairs in S.

(i) |{{a, b} ∈ S | a ∗ b = i}| is called the height of i in S.

(ii) The number of occurrences of i in the pairs in S (that is, up to twice per pair) is called

the weight of i in S.

(iii) For 0 ≤ n ≤ 9, the subset freq(n, S) of I consisting of all the elements of weight n in S is

called the frequency set of weight n in S.

(iii) We say that {a ∗ b | {a, b} ∈ S} is the set of points in S.

We de�ne the actions of a collineation σ on:

(iv) I given by σ̄(J) = {σ(j) | j ∈ J} for all J ⊆ I, and

(v) X0 given by σ̃(S) = {{σ(s1), σ(s2)}|{s1, s2} ∈ S} .

This following result will be very useful when searching for collineations between generalised

nice sets. The proof is straightforward and we omit it here.

Lemma 7.2. The actions ¯ and ˜ preserve frequency sets: σ̄ (freq(n, S)) = freq(n, σ̃(S)), for

all generalised nice sets S and σ ∈ S∗(I). Moreover, if S and T are collinear generalised nice

sets, then |freq(n, S)|= |freq(n, T )| for all 0 ≤ n ≤ 9.

Lemma 7.2 reduces our search to collineations σ which obey σ̃ (freq(n, S)) = freq(n, T ) for all

0 ≤ n ≤ 9. Moreover, each pair of frequency sets freq(n, S) and freq(n, T ) provides a necessary

condition on σ which depends on the cardinality of the given frequency set. More precisely, for

freq(n, S) = {s1, . . . , sc} and freq(n, T ) = {t1, . . . , tc} we illustrate this process:
(c = 1) : In the singleton case we must have σ(s1) = t1.

(c = 2) : In this case, we �nd σ(s1 ∗ s2) = t1 ∗ t2.

(c = 3) : We have two possibilities:

- If s1, s2, s3 are generative then σ(s1 ∗ s2 ∗ s3) = t1 ∗ t2 ∗ t3.
- Otherwise, s1, s2, s3 form a line LS which σ must send to LT , the analogous line for

T. That is, σ(LS) = LT .

(c = 4) : Instead of considering freq(n, S) and freq(n, T ) we consider I\freq(n, S) and I−freq(n, T ).
This leaves us in the case c = 3.

(c = 5) : Again, we consider I − freq(n, S) and I − freq(n, T ) and we are in the case c = 2.

(c = 6) : We consider I − freq(n, S) and I − freq(n, T ), each of which are singletons. We are in the

case c = 1.

Next, we consider the set consisting of all collineations adhering to all the conditions above. If

there exist any collineations mapping S onto T, they must belong to this set.
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Remark 7.3. Take collinear generalised nice sets S and T . Then we have a disjoint union

I =
⋃

0≤n≤9 freq(n, S). Furthermore, if this disjoint union consists of two non-empty frequency

sets (necessarily of di�erent weights) of S, then these two frequency sets each o�er us the same

information about collineations.

For example, let us suppose that S = {{1, 1}, {2, 2}} and T = {{2, 2}, {3, 3}}. Then I =

freq(0, S)∪freq(2, S) = {3, 4, 5, 6, 7}∪{1, 2} and I = freq(0, T )∪freq(2, T ) = {1, 4, 5, 6, 7}∪{2, 3}.
Both of these respective pairs of sets o�er us the same necessary condition; namely, σ(1∗2) = 2∗3,
for any σ ∈ S∗(I) acting via˜ (as an equivalence between S and T ).

A similar situation occurs whenever there is a disjoint union I = freq(n1, S)∪ freq(n2, S), with

respective cardinalities c1 and c2 = 7− c1, such that 1 ≤ c1 ≤ 6.

7.2. Variables used

Here we describe the variables used in the algorithms. The variable sigma will be used to track

the information we have found regarding the necessary conditions for collineations between S

and T. In fact, sigma is a list with seven elements. For 1 ≤ i ≤ 7, if the value of sigma[i] is

- non-zero, then this indicates that σ(i) is equal to the value of sigma[i];

- 0, then this indicates that we are not yet sure of the value of σ(i).

The �ve variables used2, used31, used32, used4, and used5 are used to track whether a

complementary subset (as per in Remark 7.3) exists amongst the frequency sets of S. Note that

there are two types of frequency sets of cardinality 3: lines or generative triplets. These types

correspond to used31 and used32, respectively.

We �nd it convenient to implement a generalised nice set S as a list of ordered pairs. To be

more precise, these lists take the form

S = [[s11, s12], . . . , [sm1, sm2]], (7)

where each sij ∈ I0. Furthermore, we will assume the following properties:

- si1 ≤ si2 for all 1 ≤ i ≤ 7,

- si1 ≤ s(i+1)1 for all 1 ≤ i ≤ 6,

- si2 ≤ s(i+1)2 for all 1 ≤ i ≤ 6.

In practice, 'sorting' generalised nice sets (realised as lists of ordered pairs) is straightforward.

This achieves the properties described above.

7.3. Pseudo Code

In this short section, we provide pseudo code for the algorithms used. We have used the mathe-

matics software Maple in our implementation of each of the following algorithms.

7.3.1. Finding collineations. The following algorithm describes a method to construct the set

of all collineations between two given generalised nice sets.

Input: Two generalised nice sets S and T with |S|= m and |T |= n.

Output: The set C of all collinear permutations under whose action S and T are collinear.

1. (i) C ← ∅.
(ii) If |S|̸= |T | or |{i ∈ I | ∃{i, j} ∈ S}|̸= |{i ∈ I0 | ∃{i, j} ∈ T}| or |freq(0, S)|̸=
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|freq(0, T )|, then return ∅ �:
(iii) For 1 ≤ i ≤ 10 do

If |freq(i, S)|̸= |freq(i, T )|, then return ∅ �:
od:

(iv) If |{a ∗ b | {a, b} ∈ S}|̸= |{a ∗ b | {a, b} ∈ T}| then return ∅ �:

2. (i) sigma← [0, 0, 0, 0, 0, 0, 0].

(ii) used2, used31, used32, used4, used5 ← false.

(iii) used3Count ← 1.

3. For 1 ≤ i ≤ 10 do

(i) case 1: |freq(i, S)|= 1

If sigma[freq(i, S)[1]] = 0 and freq(i, T )[1] ̸= 0 then sigma[freq(i, S)[1]]←
freq(i, T )[1].

If sigma has exactly two non-zero elements, sigma[m] and sigma[n], then

sigma[m ∗ n]← sigma[m] ∗ sigma[n].
�:

�:

(ii) case 2: |freq(i, S)|= 2 and not used5

p← freq(i, S)[1] ∗ freq(i, S)[2], q← freq(i, T )[1] ∗ freq(i, T )[2] �:
If sigma[p] = 0 and p ̸= 0 and p ̸∈ freq(i, S) then sigma[p]← q. �:

If sigma has exactly two non-zero elements, sigma[m] and sigma[n] then

sigma[m ∗ n]← sigma[m] ∗ sigma[n].
�:

od:

(iii) case 3: |freq(i, S)|= 3 and not used4

If exactly one of freq(i, S) or freq(i, T ) constitutes a line

then return ∅.
�:

If freq(i, S) is a generative triplet then

p← freq(i, S)[1] ∗ freq(i, S)[2] ∗ freq(i, S)[3].
q← freq(i, T )[1] ∗ freq(i, T )[2] ∗ freq(i, T )[3].
If sigma[p] = 0 and q /∈ {0} ∪ freq(i, T ) and 0 /∈ freq(i, T ) then

sigma[p]← sigma[q].

�:

If sigma has exactly two non-zero elements,sigma[m] and sigma[n], then

sigma[m ∗ n]← sigma[m] ∗ sigma[n].
�:

else all3[used3Count]← {θ ∈ S∗ | θ(L) = L}.
used3[used3Count]← true, used3Count←used3Count+1.

�:

(iv) |freq(i, S)|= 4 and not used3[1]

J ← I \ freq(i, S).
follow case 3 with J.

If J forms a line L then
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all4← {θ ∈ S∗ | θ(L) = L}.
used4← true.

(v) |freq(i, S)|= 5 and not used2

J ← I \ freq(i, S).
follow case 2 with J.

used5 =true.

(vi) |freq(i, S)|= 6

J ← I \ freq(i, S).
follow case 1 with J.

4. If the information in sigma uniquely de�nes a collineation σ then return {σ}.

5. A← {σ ∈ S∗(I)| σ obeys all the information in sigma}.

6. (i) If used3[1]= true then A← A ∪ all3[1] �:
(ii) If used3[2]= true then A← A ∩ all3[2] �:
(iii) If used4 then A← A ∩ all4 �:

7. For each θ ∈ A do

If S and T are collinear under θ then C ← C ∪ {θ} �:

8. Return C.

7.3.2. Generalised Nice Veri�cation. We now describe an algorithm which checks whether a

given subset of X0 is a generalised nice set.

Input: A subset S ⊆ X0.

Output: True or false indicating whether S is generalised nice.

1. check ← false, bank ← ∅.

2. For i from 1 to |S|−1 do
For j from i+ 1 to |S| do
c← S[i][1] ∗ S[i][2].
If c = S[j][1] then

a← S[i][1], b← S[i][2], c← S[j][2], check ← true.

Elif c = S[j][2] then

a← S[i][1], b← S[i][2], c← S[j][1], check ← true.

�:

If check =false then c← S[j][1] ∗ S[j][2]
If c = S[i][2] then

a← S[j][1], b← S[j][2], c← S[i][1], check ← true.

Elif c = S[i][1] then

a← S[j][1], b← S[j][2], c← S[i][2], check ← true.

�:

�:

If check = true and {a, b, c} /∈ bank then

If P{a,b,c} ∈ S then bank ← bank ∪ {a, b, c}.
Else return false.
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�:

�:

od:

od:

3. Return true.

8. Conclusion

Here we provide a brief summary of the results achieved and the next steps in this research

project.

Let T denote a generalised nice set. Up to collineations, we found a total of 245 such sets.

More precisely, besides the empty set, there are:

- 13 with T contained in X, detailed in Corollary 3.3;

- 20 with T having empty intersection with X, described in Table 1;

- 7 such that T ∩X is not generalised nice, listed in Theorem 5.8;

- 204 satisfying T ∩X ̸= ∅ and T ∩X being generalised nice:

� With |T \X|= 1: 13 in Table 3, and 27 in Table 4;

� With |T \X|= 2: 41 in Table 5, and 7 in Table 6;

� With |T \X|= 3: 33 in Table 7, 8 in Table 8, 4 in Table 9, and 7 in Table 10;

� With |T \X|= 4: 13 in Table 11, 12 in Table 12, and 2 in Proposition 6.9;

� With |T \X|= 5: 8 in Table 13, and 2 in Proposition 6.10;

� With |T \X|= 6: 3 in Table 14, and 4 in Proposition 6.12;

� With |T \X|= 7: 7 in Table 15;

� With |T \X|= 8: 13 in Corollary 6.14.

This classi�cation has allowed us, in [3], to �nd new families of Lie algebras obtained by graded

contractions of suitable Z3
2-gradings on exceptional Lie algebras. The role played by the notion

of a generalised nice set in this research is similar to that of a nice set in [6, �5].
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