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ABSTRACT

An edge-coloring of a graph G with natural numbers 1,2, ... is called a sum edge-coloring
if the colors of edges incident to any vertex of G are distinct and the sum of the colors
of the edges of GG is minimum. The edge-chromatic sum of a graph G is the sum of the
colors of edges in a sum edge-coloring of G. In general, the problem of finding the edge-
chromatic sum of an r-regular (r > 3) graph is N P-complete. In this paper we provide
some bounds on the edge-chromatic sums of various products of graphs. In particular, we
give tight upper bounds on the edge-chromatic sums of tensor, strong tensor, Cartesian,
strong products and composition of graphs. We also determine the edge-chromatic sums
and edge-strengths of the Cartesian products of regular graphs and paths (cycles) with
an even number of vertices. Finally, we determine the edge-chromatic sums and edge-
strengths of grids, cylinders, and tori.

Keywords: edge-coloring, proper edge-coloring, sum edge-coloring, edge-chromatic sum,
edge-strength, graph products
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1. Introduction

We use [11, 28] for terminology and notation not defined here. We consider finite undi-
rected graphs that do not contain loops or multiple edges. Let V(G) and E(G) denote
the sets of vertices and edges of G, respectively. A graph G = (V| E) is called an (n,m)-
graph if |V|= n and |E|= m. The complement of a graph G is denoted by G. The set
of neighbors of a vertex v in G is denoted by Ng(v). The degree of a vertex v € V(G) is
denoted by dg(v), the maximum degree of vertices in G by A(G), the chromatic number
of G by x(G), and the chromatic index of G by X'(G).
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A proper vertex coloring of a graph G is a mapping a : V(G) — Nsuch that a(u) # a(v)
for every uwv € E(G). If « is a proper vertex coloring of a graph G, then ¥(G, «) denotes
the sum of the colors of the vertices of G.

For a graph G, define the chromatic sum X(G) as follows: ¥(G) = min, (G, «), where
minimum is taken over all possible proper vertex colorings of GG. If « is a proper vertex
coloring of a graph G and X(G) = (G, «), then « is called a sum coloring. The strength
of a graph G, denoted by s(G), is the minimum number of colors needed for a sum coloring
of G. Clearly, s(G) > x(G) for any graph G. The concept of sum coloring and chromatic
sum was introduced by Kubicka [17] and Supowit [26]. In [20] Kubicka and Schwenk
showed that the problem of finding the chromatic sum is N P-complete in general and
polynomial-time solvable for trees. In [27], Thomassen, Erdds, Alavi, Malde and Schwenk
derived tight bounds on the chromatic sums of graphs. In particular, they proved that for
any (n,m)-graph G, n < 3(G) < n+ m. In [12], a dynamic programming algorithm for
the problem of finding the chromatic sum of partial k-trees was suggested. In [3, 4, 8, 13,
19], approximation algorithms were given for the problem of finding the chromatic sum
of various classes of graphs. The strength of graphs was considered in [6, 10, 15, 23]. In
particular, Hajiabolhassan, Mehrabadi, and Tusserkani [10] showed that for any graph G,

s(G@) < [w-‘ , where col(G) is the coloring number of G. They also proved Brooks’

like theorem for the strength of graphs: If G is a connected graph, then s(G) = A(G) + 1
if and only if G is a complete graph or an odd cycle. On the other hand, there are graphs
G with s(G) > x(G) [6]. In [23], Nicoloso derived a tight upper bound on the strength of
interval graphs: for any interval graph G, s(G) < 2x(G) — 1. Some interesting results on
chromatic sums and strengths of graphs can be found in 15, 16, 18|.

An edge version of the problem of finding the sum coloring and chromatic sum of
graphs was suggested in [3, 9, 10]. In particular, in [3, 9, 10], the authors introduced
the concept of sum edge-coloring and edge-chromatic sum of graphs. A proper edge-
coloring of a graph G is a mapping « : E(G) — N such that a(e) # a(e') for every
pair of adjacent edges e, e’ € E(G). If a is a proper edge-coloring of a graph G, then
Y(G,a) denotes the sum of the colors of the edges of G. For a graph G, define the
edge-chromatic sum ¥'(G) as follows: ¥/(G) = min, ¥'(G, ), where minimum is taken
over all possible proper edge-colorings of GG. If « is a proper edge-coloring of a graph G
and X' (G) = ¥'(G, a), then « is called a sum edge-coloring. The edge-strength of a graph
G, denoted by §'(G), is the minimum number of colors needed for a sum edge-coloring
of G. Clearly, s'(G) > x/(G) for any graph G. In [10], Hajiabolhassan, Mehrabadi and
Tusserkani proved Vizing’s like theorem for the edge-strength of graphs: for any graph
G, §(G) < A(G) + 1. In [3], Bar-Noy, Bellare, Halldorsson, Shachnai and Tamir showed
that the problem of finding edge-chromatic sum is N P-hard for multigraphs. Moreover,
in [9] it was shown that the problem remains N P-complete even for bipartite graphs with
maximum degree 3. On the other hand, Giaro and Kubale [9] proved that the problem
can be solved in polynomial-time for trees and s'(G) = x'(G) for any bipartite graph
G. 1In [25], Salavatipour proved that the problems of finding the edge-chromatic sum
and the edge-strength are N P-complete for r-regular graphs (r > 3). Moreover, he also
showed that s'(G) = x/(G) for any regular graph G. Nevertheless, there are graphs G
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with \(G) = A(G) and §'(G) = A(G) + 1 [10]. In [5], Cardinal, Ravelomanana and
Valencia-Pabon determined the edge-strength of the multicycles. In [3, 4, & 13, 19],
approximation algorithms were given for the problem of finding the edge-chromatic sum
of various classes of graphs. A 2-approximation algorithm for the problem was presented
in [3]. For bipartite graphs and regular graphs 2 approximation ratio was improved to
1.1414 and 1.375, respectively, in |7, 24]. Some other interesting results on edge-chromatic
sums and edge-strengths of graphs can be found in |9, 22, 24].

In this paper we study the problem of determining or bounding the edge-chromatic
sums and edge-strengths of various products of graphs. In particular, we provide tight
upper bounds on the edge-chromatic sums of tensor, strong tensor, Cartesian, strong
products and composition of graphs. We also determine the edge-chromatic sums and
edge-strengths of the Cartesian products of regular graphs and paths (cycles) with an even
number of vertices. Finally, we determine the edge-chromatic sums and edge-strengths of
meshes.

2. Notation, definitions and auxiliary results

We use the standard notations P,, C,, K, and @, for the path, cycle, complete graph
on n vertices and the hypercube of dimension n, respectively. A partial edge-coloring of
a graph G is a coloring of some of the edges of GG such that no two adjacent edges receive
the same color. If « is a partial edge-coloring of G and v € V(G), then S (v, &) denotes
the set of colors appearing on colored edges incident to v. If « is a partial edge-coloring
of a graph G and v € V(G), then the smallest and largest colors of S (v, ) are denoted
by S (v,a) and S (v, @), respectively. Clearly, if « is a proper edge-coloring of a graph G,
then |S(v,a)|= dg(v) for every v € V(G). A proper edge-coloring « of a graph G is a
sequential coloring if for each vertex v € V(G), S(v,a) ={1,2,...,dc(v)} |1, 2].

Let G and H be graphs.

The Cartesian product of graphs G and H is a graph GOH, where V(GOH) =
V(G) x V(H) = {(u,v)] u € V(G),v € V(H)} and E(GOH) = {(u,v1)(u,v)| u €
V(G) and vyvy € E(H)} U {(u1,v)(u2,v)| waus € E(G) and v € V(H)}.

The tensor (direct) product of graphs G and H is defined as a graph G x H, for which
V(Gx H)=V(G) x V(H) and E(G x H) = {(u;,vj)(w,vx)| uywy € E(G) and wvjvy €

The strong tensor product of graphs G and H is a graph G ® H for which V(G ® H) =
V(G x H) and E(G® H) = E(G x H) U{(u;,v)(w,v;)| uyw, € E(G) and v; € V(H)}.

The strong product of graphs G and H is a graph GXH for which V(GXH) = V(GRH)
and E(GXR H) = E(G® H) U {(u;,v;)(us, n)| w; € V(G) and vju, € E(H)}.

The composition (lexicographic product) of graphs G and H is a graph G[H]| for
which V(G[H]) = V(G) x V(H) and E(G[H]) = {(u;, v;)(w,v)| v € E(G) or u; =
w and vjv, € E(H)}.

We also need the following lemmas.

Lemma 2.1. For any graph G, we have Y '(G) >

P

E%%G) dg(v>(dg(1)) + 1).
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Proof. Let o be a sum edge-coloring for G. Clearly, for each v € V(G), > «a(vu) >
u€Ng(v)
1424 +dg(v) = w, since the colors on the edges incident to v are pairwise

distinct natural numbers. On the other hand,

/ 1 de de 1
Y= a Z Y 22 ()(2()+)

eEE(G) UEV(G) u€Ng(v) veV(Q)
S DORETAE
vEV

]

By Lemma 2.1, it can be easily obtained that for any graph G that admits a sequential

coloring, >.'(G) = 1 > dg( )(dg(v) +1). On the other hand, for a given graph G,

veV (G

the problem of determmmg whether >°'(G) = ¢ Y dg(v)(dg(v) + 1) or not is NP-
veV(G)

complete [25].

Lemma 2.2. For an (n,m)-graph G with s'(G) > 2 and any k € N that satisfies 2 <
k< 8(G), we have 32'(G) = k (m =52 |5]).

Proof. Consider a sum edge-coloring that uses 1,2,...,s'(G) colors. For each 1 < i <
s'(G), let ¢; denote the number of edges colored with color 7 in it. Clearly, for each
1<i<$(G), ¢ < [%J This implies that

s'(@)

Z(G) Zz CZ—ZZ cZ+Zz CZ>Z e

=1 i=k+1
s'(G) k k s'(G)
—i—Zk-ci:Zk cl—z — 1) cl—l—Zk ¢
i=k+1 i=1 i=1 i=k+1
k k
—km =Y (ki) -¢; = hm =Y (k—i)- LSJ
=1 =1

We will also use the following results.

Theorem 2.3. [21]| If for graphs G and H, X'(G) = A(G) or X'(H) = A(H), then
X' (GOH) = A(GOH).

Theorem 2.4. |9, 25|. If G is a bipartite or a regular graph, then s'(G) = x'(G).

Theorem 2.5. [11] If G is a bipartite graph, then X'(G) = A(G).
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Theorem 2.6. [10] For every graph G, s'(G) < A(G) + 1

3. Bounds on the edge-chromatic sums of graph products

3.1.  Tensor and strong tensor products of graphs

We begin our considerations with an upper bound on the edge chromatic sums of tensor
and strong tensor products of graphs with regular graphs.

Theorem 3.1. For any (n,m)-graph G and an r-regular graph H of order p (r € N), we

> NG x H)<rp (Z’(G)r + W) .

Proof. Clearly, for the proof of Theorem 3.1, it is sufficient to construct a proper edge-

coloring o of G x H for which the sum of colors on the edges is rp (Z "(G)r + m

Let us now consider the graph Ky x H. Let V(Ky x H) = {(z,v;)| v; € V(H)} U
{(y,v;)| vi € V(H)} and E(Ky x H) = {(z,v;)(y,v;)| viv; € E(H)}. Since Ky x H is
a bipartite graph, by Theorem 2.5, x'(Ky x H) = A(Ky x H) and hence there exists a
proper edge-coloring of Ky x H with colors 1,2,...  A(Ky x H). Since Ky x H is also

have

r-regular, this coloring is also a sequential coloring, and thus is a sum edge-coloring with
1,2,...,r colors. Let us denote it by 5. Also, let v be a sum edge-coloring of G with
colors 1,2,...,5(G). Now we define an edge-coloring o of G x H as follows: for any
(wi,v;)(u,vp) € E(G x H), let

a(ui, v;) (i, vr)) = (Y(wiw) = 1) -7+ B((2,0;)(y, vk))-

Clearly, « is a proper edge-coloring of G x H with colors 1,2,...,s'(G)r. Moreover, it
gives us the expected sum:

S oae)= >0 > (l(usv)w,vr)) + ol (ug, vi) (w, v7))

e€cE(GxH) uw €E(G) vjup€E(H)

Z Z y(wuy) — 1) -

vjvp€E(H) uyu € E(G)

+ Z Z l’ U] y;vk)) +ﬁ((‘ravk)<y7vj>>>

uiu €E(G) v]vkEE(H

= (321(G) = m) +m > (K x H)
—r2p (ZI(G) B m) +mp7’(7“2+ 1)
=rp (T‘Z/(G) — % + %) .

]

Note that in some cases the coloring algorithm described in the proof above finds a sum
edge-coloring:
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Corollary 3.2. For any (n,m)-graph G that admits a sequential coloring and an r-regular
graph H of order p (r € N), we have

Z’(GXH =rp Z d% (v

’UEV

This corollary derives directly from Theorem 3.1 and Lemma 2.1. In particular, since
all simple paths and cycles of even length admit sequential coloring, we have the following
results:

Corollary 3.3. For any r-reqular graph H of order p (r € N) and any n € N, we have

Z/(PQn x H) = %(4717"4—271—37"— 1).

Corollary 3.4. For any r-regular graph H of order p (r € N) and any positive integer
n > 2, we have

Z’(an x H) =rp(2nr +n).
Next, we give a similar result for strong tensor products of graphs.

Theorem 3.5. For any (n,m)-graph G and an r-regular graph H of order p (r € N), we
have

Y G H) < r+1p (X (@0 +1) - 5).

Proof. Similarly as in the previous theorem, it is sufficient to construct a proper edge-
coloring a of G®H for which the sum of colors on the edges is p(r+1) ((r + 1) > '(G) — 2).
Let V(Ko ® H) = {(z,v;)] v; € V(H)} U{(y,v;)| v € V(H)} and E(Ky, ® H) =
{(z,v;)(y,v;) | viv; € E(H) or v; = v; € V(H)}. Since it is a bipartite graph, by
Theorem 2.5, X' (K ® H) = A(Ky ® H), so there is a proper edge-coloring that uses only
colors 1,2,...,A(Ky ® H). Since Ky ® H is (r + 1)-regular, this coloring is a sum edge-
coloring with 1,2,...,7 + 1 colors. Let us denote it by 5. Let 7 be a sum edge-coloring
of G that uses only colors 1,2,...,s'(G). Now we construct an edge-coloring o of G ® H

as follows: for any (u;,v;)(w;,vx) € E(G® H), let

af(us, v5) (w, vr)) = (Y(waw) = 1) - (r 4+ 1) + B((2, ) (y, ve))-

Clearly, « is a proper edge-coloring of G® H with colors 1,2,...,s(G)(r+1). Moreover,
it gives us the expected sum:

S oal)= Y > (al(ui ) ve)) + ol (ug, v (u, v;))

e€cE(G®H) u,uw €E(G) v]vkeE’(H)

+ Z Z (i, v;)(w, v5))

uu €E(G) v;eV(H)

2 ) Y () = 1) (r+1)

vjvp€E(H) uju € E(G)
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+ Z Z y(usu) — 1) - (r+1)

v; €V(H) uju € E(G)

+ Z Z [E ’U] y,v@)%—ﬁ((%%)(%%)))

u;u €E(G) vjvkEE'(H

+ Z Z B(@,v;)(y, v;))

uu €E(G) v;eV (H)

= (pr+p)r+ 1) (316 = m) +m Y (K x H)

(r+1)(r+2)

=(r 1% (321(0) = m) 4 mpr=3
0o (D 36 - ).
0

Note that in some cases the coloring algorithm described in the proof above finds a sum
edge-coloring:

Corollary 3.6. For any (n,m)-graph G that admits a sequential coloring and an r-reqular
graph H of order p (r € N), we have

S (G H) = (r+1)p 7"“ G

veV(Q)

This corollary derives directly from Theorem 3.5 and Lemma 2.1. In particular, since
all simple paths and cycles of even length admit sequential coloring, we have the following
results:

Corollary 3.7. For any r-reqular graph H of order p (r € N) and any n € N, we have

(r+1)p

ZI(P%@H) =

(4nr 4 6n — 3r — 4).

Corollary 3.8. For any r-reqular graph H of order p (r € N) and any positive integer
n > 2, we have

Z/(C% ® H) = (r + 1)p(2nr + 3n).

3.2.  Strong products of graphs

In this section we provide tight upper bounds on the edge-chromatic sums of strong
products of graphs with regular graphs.

Theorem 3.9. For any (n,m)-graph G and an r-regular graph H of order p (r € N), we
have

S (GRH) < (r+1)p <Z’(G)('r+ 1) — %) +w+n2’(H
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Proof. For the proof, we will construct a proper edge-coloring o of GX H with the sum of
colors equal to the right-hand side of the inequality in the theorem description. Let 3 be a
sum edge-coloring of G ® H using colors 1,2,...,s'(G® H). Let vy be a sum edge-coloring
of H with colors 1,2,...,s'(H). We construct an edge-coloring a of GX H as follows: for
each edge e = (u;,vj)(w,v;) € E(GRH), if e € E(G® H), then a(e) = (e), otherwise

ale) = m‘?u()é)g((ui, u), B) + v(vjug). Clearly, « is a proper edge-coloring of G X H with
CHAS

colors 1,2,...,5(G)(r + 1) + s'(H). Moreover, by Theorem 3.5, we obtain the following
upper bound on the sum of colors:

Yo oal)= ) alo+ > a((ui, v5) (i, v1))

e€E(GXH) e€E(G®H) u, €V (G),wjvi€E(H)

<@+ (G-
oY (5(G®H) +y(vu)

vjv €E(H)
—r+ Dp (@) + 1) - )
—i—s’(G@H)n% —i—nZ'(H)
[

Let us note that if both graphs G and H admit a sequential coloring, the coloring «
from the proof of Theorem 3.9 provides the exact value of the edge-chromatic sum of
GX H:

Corollary 3.10. For any (n,m)-graph G and an r-regular graph H of order p (r € N),
if both G and H admit a sequential coloring, we have

1)p
Z’(Gxﬁ):(“LT r1) > dg(v) +22r + m+rn
veV(G)

Proof. Note that the colorings o we used in the proofs of Theorems 3.5 and 3.9 become
sequential when both G and H graphs have a sequential coloring, hence, G X H admits
a sequential coloring, which gives us the exact value of the edge-chromatic sum. O]

3.3.  Composition of graphs

In this section we consider the edge-chromatic sums of composition of graphs. We begin
our consideration with the result on the edge-chromatic sum of composition of graphs
with empty graphs.

Theorem 3.11. For any graph G and any n € N, we have

3 n?(n — 1)|E(G)]
Z <n Z 5 .

Moreover, this upper bound is sharp.
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Proof. For the proof, it is sufficient to construct a proper edge-coloring o of G[K,)]
for which the sum of colors on the edges is n® > '(G) — w Let V(G[K,]) =
{(ui,v)] u; € V(G),1 < j < n} and E(G[K,]) = {(w,v;)(u,v)| vy € BE(G),1 <
J,k < n}. Let 8 be a sum edge-coloring of G with colors 1,2,...,s'(G). We construct an
edge-coloring a of G[K,,| as follows: for each w;u; € E(G) and for j, k =1,2,...,n, let

a((ug, v;)(u, o)) = nBuw) — (( +k—1) mod n).

Clearly, « is a proper edge-coloring of G[K,] with colors 1,2,...,s'(G)n, and the sum of
colors on all the edges is

>, o= ), nhluw)

e€E(G[Kr)) 1<4,k<n u;u €E(G)

1<4,k<n u;u €E(G)
, n*(n —1)|E(G
Loy (@)~ P DIEG)

Note that if G admits a sequential coloring, we can choose (8 as such a coloring, and in
that case, a would also be a sequential, and therefore, a sum edge-coloring of G[K,,]. [

Our next result concerns the edge-chromatic sums of composition of graphs with regular
graphs.

Theorem 3.12. For any (n,m)-graph G and an T—regular graph H of order p, we have

Sty < n Y )+ MO ) - e

Moreover, this upper bound 1s sharp.

Proof. Similarly as in the previous theorem, it is sufficient to construct a proper edge-
coloring o of G[H]| for which the sum of colors on the edges is less than or equal
to the right-hand side of the inequality in the theorem description. Let V(G[H]) =
{(ui,vj)| vy € V(G),1 < j <p} and E(G[H]) = {(w;, vj)(w, vp)| ww € E(G),1 < j, k<
p} U {(us, vj)(ui,v)| wi € V(G),vju, € E(H)}. Let 8 be a sum edge-coloring of G with
colors 1,2,...,5(G) and « be a sum edge-coloring of H with colors 1,2,...,s'(H). We
construct an edge-coloring o of G[H] as follows:
1) for each wu; € E(G) and for j,k =1,2,...,p, let

a((ug, v5)(w, vx)) = pBusw) — ((j +k —1) mod p),
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2) for each u; € V(G) and vjv, € E(H), let
a((ui, v)(ui, vi)) = pS(ui, B) + (vjv).

Clearly, « is a proper edge-coloring of G[H] with colors 1,2,...,s(G)p + s'(H), and
the sum of colors on all the edges is

D, e@= 3, ), phlum)

e€E(G[H]) 1<] k<p u;u € E(G)

Z Z Z ((j+k—1) modp)

ww €E(G) 1<j<p 1<k<p

+ Z Z ps'(G) + Z Z y(vjvg)

u; €V (G) vjup€E(H) u, €V(G) vjup,€E(H)
p —1)
= Y Bluw) = Y D
u;u ER(QG) wu €RE(G) 1<j<p
rp
+ n;ps’(G) +n Z v(vjur)
vjvaE(H)

_psz 1) +m“ps +nz

Note that if G and H admit a sequential coloring, we can choose  and v as sequential

colorings, and in that case, a would also be a sequential, and therefore, a sum edge-coloring
of G[H]. O

3.4.  Cartesian products of graphs

In the following we first give an upper bound on the edge-chromatic sums of the Cartesian
products of graphs. Next, we determine the edge-chromatic sums and edge-strengths of
the Cartesian products of regular graphs and paths (cycles) with an even number of
vertices. Finally, we determine the edge-chromatic sums and edge-strengths of grids,
cylinders and tori.

Theorem 3.13. For any (n, m)-graph G and (p, q)-graph H, we have

Z'(GDH) < pz/(G) + nZ'(H) + min{ngs' (G),pms' (H)}.

Proof. Tt is sufficient to construct proper edge-colorings a; and s of GLJH for which
the sums of colors on all edges are less than or equal to p> "(G) +n>_'(H) + ngs'(G)
and p> '(G) +n) ' (H) + pms'(H) respectively. Let us denote the sum edge-coloring of
G that uses colors 1,2,...,s(G) by f and the sum edge-coloring of H that uses colors
1,2,...,8(H) by 7v. We now construct an edge-coloring a; of GOH as follows:

1) for each wu; € E(G) and v; € V(H), let

o ((ui, v5) (w, v5)) = Busur),
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2) for each u; € V(G) and vjv, € E(H), let

o ((ui, ) (us, vi)) = v(vj00) + S(us, B).

Clearly, o is a proper edge-coloring of GLJH and the sum of all colors on the edges is

S @@= Y X s

e€cE(GUH) uw €E(G) v;eV(H)

+ Z Z U]Uk (uuﬁ))

u; €V(G) vjup€E(H)

= (G +n> (H)+q > S(ui,p)

uZEV(G)

SpZ'( —i—nz )+ qns'(G).

Similarly, we construct an edge-coloring ay of GLIH as follows:
1’) for each w;u; € E(G) and v; € V(H), let

o ((ui vj) (u, v)) = Bluaw) + S(v;,7),
2’) for each w; € V(G) and vju, € E(H), let

a((us, v;) (ui, vi)) = 7 (vjve)-
Clearly, ay is a proper edge-coloring of GLJH and the sum of all colors on the edges is

less than or equal p> '(G) +n > '(H) + pms'(H). O

Note that in Theorem 3.13 if G and H admit a sequential coloring, we can choose
and 7 as sequential colorings, and in that case a; (as well as ay) would be a sequential
coloring of GLJH. This gives us the following:

Corollary 3.14. For any (n,m)-graph G and (p,q)-graph H that admit a sequential
coloring, we have s'(GOH) = A(GOH) and

> N(GOH)=p)» "(G)+n) '(H)+ 2mq.

We now consider graphs GOP, and GOC,,. Let V(GOP,) = V(GOC,) = {(u,v;)| u €
V(G),1 <i<n}and E(GOP,) = {(u,v;)(w,v;)| uw € E(G),1 <i<n}U{(u,v;)(u,vi11)| v €
V(G),1<i<n-1}, E(GOC,) = E(GOP,) U {(u,v,)(u,v)| u € V(QG)}.

Theorem 3.15. (1) For any r-reqular graph G and any n (n,r € N), the edge-chromatic
sum of the graph GU Py, is determined as follows:

1
> (GOPy,) = §|V(G)\(r +2)(nr + 3n — 2),
and the edge-strength of the graph GUP,, is determined as follows:

r+1,if n=1,
r+21fn>1.

SI(GDP2n> = {
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(2) For any r-reqular graph G and any n > 1 (n,r € N), the edge-chromatic sum of the
graph GUOCYy,, is determined as follows:

1
> (GOCy,) = SIV(@)n(r +2)(r +3),
and the edge-strength of the graph GUCY, is determined as follows:
S/(GDCQTL) =r+2.

Proof. (1) By Theorem 2.6, we have s'(G) < r+ 1. This implies that there exists a sum
edge-coloring o of G where for each vertex v € V(G), there is exactly one missing color
i (1 <i<r+1) that does not belong to the spectrum of v. Let us denote this color by
mcq(v). Now we construct a proper edge-coloring 5 of GO Py, in the following way:
a) for 1 <i < 2n, let
B, ) (w, v7)) = ().
b) for 1 <i < n, let

B((u, v9;_1)(u, va;)) = meq(u).

c) for 1 <i<n-—1,let
B((w, v9:) (u, vai41)) = 1 + 2.

This coloring (3 ensures the following upper bound on the edge-chromatic sum of GLP,,:
1
> (GOPy,) < SV(G)|(r +2)(nr +3n - 2).

Now, by Lemma 2.1, Y /(GOP,,) > 3|V(G)|(r +2)(nr + 3n —2). Therefore, we obtain
the exact values of §'(GOPy,) and > '(GOPR,,).

(2) Similarly as in the previous proof, we construct a proper edge-coloring v of GOCy,
in the following way:

a’) for each e € E(GOP,,), let y(e) = B(e),

b’) for each u € V(G), let v((u, vo,)(u,v1)) =7+ 2.

This coloring v ensures the following upper bound on the edge-chromatic sum of GLIC5,,:

S (GOCy) < %|V(G)|n(r +2)(r+3).

Now, again by Lemma 2.1, >~ /(GOCy,) > 5|V(G)|n(r+2)(r+3). Therefore, we obtain
the exact values of §'(GOCYy,) and Y/ (GOCy,). O

A similar strategy for the edge-coloring of the Cartesian products of regular graphs and
simple paths (cycles) with an odd number of vertices gives a polynomial-time approxima-
tion algorithm, but is not always a sum edge-coloring. For example, > ’(C50P;) = 58,
but the coloring we talk about results in a sum of 59.
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3.4.1. Cartesian products of simple paths. In this section, we obtain the edge-strength
and the edge-chromatic sum of the graphs P,[JFP,,, where n and m are natural numbers.
We will consider only the non-trivial cases n > 1 and m > 1, since the rest are significantly
easier to obtain.

Let V(P,0OP,,) = {(u;,v,)| 1 <i<n,1 <j<m}and E(P,OP,,) = {(u;, v;)(¢it1,v;)| 1 <
i<n—1,1<j<m}U {(u,v)(uw,vj)] 1 <i<n1<j<m-—1}.

Theorem 3.16. For any m,n > 2 (n,m € N), we have

Snm —4n —4m + 2, if n or m is even,

Y(P,OP,) = .
Snm — 4n — 4m + 4, otherwise,

and s'(P,0F,,) = A(P,0P,,).

Proof. First of all, let us note that since P,[1P,, is bipartite, by Theorems 2.4 and 2.5,
we obtain §'(P,0P,,) = A(P,0OF,,).

Let us now consider the case where at least one of the paths has an even number of
vertices.

Assume that G = P,,,[0P,,.

We show that ¥'(G) = 10nm — 8n — 4m + 2.

Note that simple paths with an even number of vertices admit a sequential coloring,
such a coloring can be obtained by coloring the edges alternatively with colors 1 and 2.
So in case m is even, Corollary 3.11 gives us the exact value of > '(G).

Let m be odd now. By Lemma 2.1, we get ¥'(G) > 10nm — 8n — 4m + 2. To show
that this lower bound is achievable, we construct a proper edge-coloring @ with colors
1,2,...,A(G) and with the required sum of colors.

We define an edge-coloring « of G as follows:

1) for any 1 <i < n, let

a((ugi—1,v1)(ug,v1)) = 2 and a((ugi—1, Vm)(U2i, Um)) = 1,
2) forany 1 <i<n,2<j<m-—1,let
a((uzi1,v5)(u2i; v5)) = 3,
3) forany 1 <i<n-—1,5 € {1,m}, let
a((uai, vj) (u2ir1, v5)) = 3,
4)forany 1<i<n—12<j<m-—1,let
a((uai, vj) (ugir1, v5)) = 4,
5) for any 1 <i<2n,1 < j <24 et

a((ui, vaj-1) (i, vo5)) = 1 and o (ug, va;) (Ui, va2j41)) = 2.
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Clearly, a is a proper edge-coloring with 1,2,...  A(G) colors and by summing up all
the colors we obtain the desired result. Since the Cartesian product is commutative up to
isomorphism, the case where the graph is P,[1P,,, is obtained similarly. Hence, it remains
to consider the case where m and n are odd.

Let H = Py,10Py,, 1. We show that > '(H) = 20nm + 2n + 2m + 1.

Consider the set of vertices U = {(u;,v;)|1 <i<2n+1,1<j<2m+1, i+ jis odd}
of H. Clearly, H can be seen as a bipartite graph with parts U and V(H)\U. Obviously,

Y (H) = ZU Z( )6(vu) for some sum edge-coloring /5. Similarly to the observations in
veU ueNg (v

the proof of Lemma 2.1, Y '(H) = > Y. B(vu) > >, M = 20nm~+2n+2m.

veU ueNg (v) velU
Moreover, the equality holds if and only if for each vertex v € U, {5(vu)| u € Ny(v)} =
{1,2,...,dy(v)}. However, in that case, since the number of vertices of degree 4 in U

is 2nm — n — m, the number of edges colored with color 4 is also 2nm — n — m, while
in V(H)\U, there are 2nm — n — m + 1 vertices of degree 4, which means there is at
least one vertex of degree 4 in V(H)\U that is not incident to an edge colored with 4.
Note that in this case [ does not contain any color bigger than 4 either, so this vertex
is incident to four edges which are colored using the colors 1, 2, and 3, which contradicts
the assumption of 5 being a proper edge-coloring.

This means that > '(H) > 20nm + 2n + 2m + 1. Recalling that s'(H) = 4, it only
leaves us to construct an edge-coloring satisfying the requirements. Here is an example of
such an edge-coloring ~:

1) for any 1 <i < n, let

’7((“21‘7177)1)(7//21'; U1)) =2,

2) forany 1 <i<n,2<j<2m+1,let
Y((uzi-1, v;)(u2i,v5)) = 3,
3) forany 1 <i<n-—1,let
¥((ugi, v1) (ugig1, 1)) = 3 and y((uai, Vamr1) (U2is1, Vams1)) = 1,
4) forany 1 <i<n—1,2<j<2m, let
V((u2i, v5) (Ui, v5)) = 4,

5) let
Y ((tgn, v1)(tany1,v1)) = 1,

6) for any 2 < j <2m +1, let

Y ((ton, vj)(tonyi1,v5)) = 2,

7)forany 1 <i<2n—1,1<j<m,let

Y((uis vaj—1)(us, v25)) = 1 and y((us, vag) (ui, v2j11)) = 2,
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8) for any 1 < j < m, let
V((u2n, v2j—1) (U2n, v25)) = 4 and ((Uant1, Vaj—1) (Uant1, V2j)) = 3,
9) forany 2n <i<2n+1,1<j <m,let
Y((wi, v2;) (i, v2j11)) = 1
Clearly, v is a proper edge-coloring of H with colors 1,2,3,4 and > '(H,~) = 20nm +
2n + 2m + 1. O

In Figure 1, it can be seen the illustration of the sum edge-coloring of Ps[JP; used in
the proof of Theorem 3.16.

3 1 3 2
e ¢
(u1, U7) (Uz, ?17) (U3, 717) (U4, U7) (Us, U7)
2 2 2 1 1
3 4 3 2
99— ©¢
(U1, Ua) (U27 U6) (U3, Uﬁ) (U4, UG) (Us, UG)
1 1 1 4 3
3 4 3 2
9 ——€
(Ul, Us) (Uz, U5) (Us, U5) (U4, U5) (us, U5)
2 2 2 1 1
3 4 3 2
9 ¢
(upva)  (ugifva)  (us,va)  (ugfve)  (us,vy)
1 1 1 4 3

2
(U1, Us) (U2, U3) (U3, U3) (U4, U3) (Us, U3)

(u1,|va) (ug,[va) (us,|v2) (ugsva) (us,v2)

(u1,v1) (ug, v1) (us, v1) (ug, v1) (us, v1)

Fig. 1. The sum edge-coloring of P;0JP;

3.4.2. Cartesian products of simple cycles and simple paths. In this section, we obtain
the edge-strength and the edge-chromatic sum of the graphs C,0P,,, where n > 3 and
m > 2.
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Let V(C,OP,,) = {(u;,v;)|1 <i<n,1<j<m}and E(C,0OP,,) = {(u,vj)(uit1,v;)]1 <
i <n—1,1<j7<m}U{(u,v)(un,v;)|l <7 <mpU {(ug,v;)(u;,vj41)]1 <i<n, 1<
j<m—1}.

Theorem 3.17. For anyn > 3,m > 2 (n,m € N), we have

onm — 4n, if noor m 1s even,

¥(C,0P,) = 4
Snm — 4n + 3, otherwise,

and §'(C,0P,,) = A(C,OPF,,).

Proof. We distinguish three cases for the considered graph (we redefine the values of n
and m for convenience and denote the graph by G):

1) G = C,0P,, for any n,m € N and n > 2.

2) G = Cy,0Py, 41 for any n,m € N and n > 1.

3) G = Cy,110Py, 11 for any n,m € N.

Case 1. G = C,,l0P,,, for any n,m € N and n > 2.

We prove that Y '(G) = 10nm — 4n and s'(G) = A(G).

In this case we apply the Theorem 3.15 and obtain the desired result.

Case 2. G = C9,[0Py,, 41 for any n,m € N and n > 1.

We prove that Y '(G) = 20nm + 2n and §'(G) = A(G).

Since G is bipartite, by Theorems 2.1 and 2.5, we get that s'(G) = A(G). By Lemma
2.1, we obtain that > '(G) > 20nm + 2n. Here we provide a proper edge-coloring « that
uses A(G) colors and that satisfies the equality > '(G, ) = 20nm + 2n.

We define an edge-coloring a of GG as follows:

1) for any 1 <i < n, let

04((1621'71,@1)(“21‘,1)1)) =2 and a((umel,U2m+1)(u2uvzm+1)) =1,
2) for any 1 <i<n,2<j<2m, let
a((ugi—1,v5) (Ui, vy)) = 3,
3) forany 1 <i<n-—1,57¢€ {1,2m+ 1}, let
a((uzi, vj)(uis1,v5)) = 3,
4) forany 1 <i<n—1,2<j<2m,let
a((ugi, vj)(uiv1,v5)) = 4,
5) for any 1 <i<2n,1<j<m,let
a((ug; vaj-1)(ui, v25)) = 1 and a((ui, va;) (ui; v2j41)) = 2,
6) for any j € {1,2m + 1}, let

a(<u17 Uj)(u%? Uj)) =3,
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7) for any 2 < j < 2m, let

a(<u17 Uj)(u%? Uj)) =4.

It is straightforward that « is a proper edge-coloring of G with colors 1,2,3,4 and
Y NG, a) = 20nm + 2n.

Case 3. G = Cy, 1 100Py,, 41 for any n,m € N.

We prove that Y '(G) = 20nm + 2n + 10m + 4 and §'(G) = A(G).

Clearly, s'(G) > A(G) = 4, so putting £ = 4 in Lemma 2.2, we get >_'(G) > 20nm +
2n 4+ 10m + 4. Now we provide a proper edge-coloring 3 that uses A(G) = 4 colors and
satisfies the following equality > '(G, 5) = 20nm + 2n + 10m + 4.

We define an edge-coloring 3 of GG as follows:

1) for any 1 <i < n, let

B((ugi—1,v1)(ugs, v1)) = 2, and B((ugs, v1)(ugis1,v1)) = 3,
2) forany 1 <i1<n,2<j<2m+1, let
B(uzi-1,v5)(uai, v5)) = 3,
3) forany 1 <i<n—1,2<j<2m,let
B((uai, v3) (u2ig1, v5)) = 4,
4) for any 1 <i<n-—1, let
B((uzi, vam+1)(u2is1, vami1)) = 1,
5) for any 2 < j <2m +1, let
B((uzn, v;)(uzni1,v5)) = 2,
6) for any 1 < j < 2m, let
B((ur, vj)(uzn+1,v5)) = 4,

7) let
5((“1,Uzm+1)(uzn+1,’02m+1)) =1,

8) forany 1 <i<2n—1,1<j<m,let
B((ui, vaj-1)(ui, v25)) = 1, and B((us, vay) (us; vaj41)) = 2,
9) for any 1 < j <m, let
5((u2mvzj—1)(u2mvzj)) =4, and 5((U2n+1,v2j—1)(u2n+17Uzj)) =1,

5((”27“ U2j)(u2m Uzj+1)) =1, and 5((U2n+1>v2j)(uzn+17 U2j+1)) = 3.
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It is easy to verify that § is a proper edge-coloring of G with colors 1,2,3,4 and
Y G, B) =20nm + 2n + 10m + 4. O

In Figure 2, it can be seen the illustration of the sum edge-coloring of C5L1P; used in
the proof of Theorem 3.17.

3
(U’17 Yr
2
3
(Ul, Ue
1
3
(Uh Us
2
3
(Ul, W
1
3
(Ub Us
2

Fig. 2. The sum edge-coloring of C500P;

3.4.3. Cartesian Products of Simple Cycles. Finally, we determine the edge-strength and
the edge-chromatic sum of the graphs C,0C,,, where n,m > 3. Let V(C,0C,,) =
{(uj,vj)|1 <i<n,1 <j<m}and E(C,OC,,) = {(u;, v;)(wir1,v5)]1 <i<n—-11<
J < m}U{(ur,v5)(un, v)[1 < j < mpU {(us,05)(ug; v41)[1 i <n, 1 < j <m—1}U
{(wiyv1) (g, vm) |1 < i < n}.

Theorem 3.18. For any n,m >3 (n,m € N), we have

anm, if n or m is even,
¥(C,Oc,) = { /

onm 4+ 5, otherwise,
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and
4, if n or m is even,

§'(C,0C,,) = {

D, otherwise.

Proof. First of all, note that for regular graphs s'(G) = x'(G) [25]. If n or m is even,
Theorem 2.3 ensures that A(C,0C,,) = 4.
In case both n and m are odd, the size of each color class in a proper edge-coloring is

at most PV(C”ZDC"‘”J = ”";_1, and since there are 2nm edges in total, 4 colors are not

enough to color all the edges. Hence

, 4, if n or m is even,
s(C,0C,) =

9, otherwise.
In case n or m is even, the Theorem 3.15 is applicable and gives us the desired result.
Let us redefine n and m and consider the graph G = Cs,,.10CY,,,+1 for any n,m € N.

It leaves us to prove that > '(G) = 20nm + 10n + 10m + 10.
Since s'(G) > 5, putting k = 5 in Lemma 2.2, we get

> NG =5 <2(2n +1)©m+1) — o (21 + 1)(2;7% +1) - 1>

=20nm + 10n 4+ 10m + 10.

Now, to complete the proof, we show a proper edge-coloring o with colors 1,2,3,4,5
such that Y '(G, a) = 20nm + 10n + 10m + 10.

We define an edge-coloring a of GG as follows:

1) for any 1 <i < n, let

a((ugi—1,v1)(ug;,v1)) = 2 and a((ug;, v1)(Uivr,v1)) = 3,
2) forany 1 <i<n,2<j<2m+1,let
a((ugi—1,v;)(u2i, v5)) = 3,
3)forany 1 <i<n—1,2<j<2m,let

Oé((uzwvj)(um'ﬂavj)) =4,
4) for any 1 <i<n-—1, let

Oé((u% ’02m+1) (U21+17 ’02m+1)) =1,

5) for any 2 < j <2m +1, let

a((uzn, vj)(Uznt1,v5)) = 2,

Oé((u1,U1)(u2n+1,Ul)) =5, and a((uhU2m+1)(u2n+lav2m+1)) =1,
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a((uan, v1)(Uzn, Vam+1)) = 5, and o (Uznt1, V1) (Uznt1, Vams1)) = 4,

7) for any 2 < j < 2m, let

a((u1, vj)(uznt1,v5)) = 4,

8) forany 1 <i<2n—1,1<j<m,let

a((ui, vaj-1) (i, vo5)) = 1 and a((uy, va;) (Ui, v2j41)) = 2,

9) for any 1 < j <m, let

@<(u2mv2jfl)(u2mv2j>> =4, and Oé<<u2n+17'02j71)(u2n+17UQj)) =1,

Oé((uzm U2j)(u2n7 U2j+1>> =1, and a(<u2n+1av2j)(u2n+ly Uzj+1)) =3,

10) for any 1 <1i < 2n —1, let

a((us, v1) (ui; vam1)) = 4.

It is easy to verify that « is a proper edge-coloring of G with colors 1,2,3,4,5 and
> (G, a) = 20nm + 10n + 10m + 10. O
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