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ABSTRACT

In this paper, we generalize the k-Jacobsthal sequences and call them the generalized
(k,t)-Jacobsthal p-sequences. Also, we obtain combinatorial identities. Then, the generalized(k, t)-
Jacobsthal p-matrix is used to factorize the Pascal matrix. Finally, using the Riordan
method, we obtain two factorizations of the Pascal matrix involving the generalized
(k,t)-Jacobsthal p-sequences.
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1. Introduction

In Mathematics, sequences such as Fibonacci, Pell, Mersenne, etc., play an important
role (see [1, 8, 15, 16, 21]). A Jacobsthal number is one of many sequences studied in
mathematics and other fields. The Jacobsthal number J,, is defined as

Jn = Jnfl + 2Jn727 n 2> 27

with initial conditions Jy = 0 and J; = 1 [11]. The Jacobsthal numbers have been
generalized in several ways [1, 5, 6].

In 2008, the Jacobsthal Lucas F-matrix and R-matrix were given which are similar to
the Fibonacci Q-matrix [12]. In [2], Gaussian Jacobsthal sequences were introduced and
the corresponding generating functions were given. In 2016, upper and lower bounds were
obtained on matrices whose elements are k-Jacobsthal sequences [19]. A definition of the
adjacency-Jacobsthal sequence can be found in [7].
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In [14], obtained factorizations and eigenvalues of Fibonacci and symmetric Fibonacci
matrices. In 2011, introduced new factorizations of the Pascal matrix via Fibonomial
coefficients called the Fibo-Pascal matrix, involving the k-Fibonacci matrix and k-Pell
matrix [18]. In [9], the k-Fibonacci matrix and the Pascal matrix were studied. In 2022,
gave a factorization of the Pascal matrix involving the t-extension of the p-Fibonacci
matrix [10]. In [13], the (d, k)-Fibonacci polynomial was introduced and a factorization
of the Pascal matrix based on these sequences was presented.

Our motivation here is a generalization of the k-Jacobsthal sequence, which we used to
factorize Pascal matrices, which can be used later in other fields.

Here, we introduce the generalized k-Jacobsthal sequence and obtain combinatorial
identities. Also, we give a Factorization of the Pascal matrix involving these sequences.

The remainder of this paper is organized as follows. The Jacobsthal numbers are
generalized in Section 2 and new sequences are obtained. In Section 3, we give three
Factorization of the Pascal matrix involving the generalized (k, t)-Jacobsthal p-sequences.

2. Preliminaries

These are some definitions and concepts that will be useful during this process:
According to Jacobsthal’s sequence, one of these generalizations can be stated as follows:

Definition 2.1. For n > 0 and k > 2, the generalized Jacobsthal sequence {J(k,n)} is
defined as

J(k,n) =kJ(k,n—1)+2J(k,n—2) for n > 2,
with initial conditions J(k,0) =0 and J(k,1) =1 [20].
For example, if k£ = 3, we have
J(3,n)=3J3,n—1)+2J(3,n—2) for n>2,
and thus {J(2,n)} ={0,1,3,11,...}.

Definition 2.2. The n x n lower triangular Pascal matrix, denoted by P, = [p;;], is
defined as follows [3]:
t—1 e
(. ) ifi>j,
pij = J—=1
0, otherwise.

The Riordan group was introduced in [17] as follows.

Definition 2.3. Let R = [ry];;>0 be an infinite matrix with complex entries. Let
Ci(t) = > rnit" be the generating function of the ith column of R'. We call R a
n>0

Riordan matrix if ¢;(t) = g(t)[f(¢)]*, where

gt) =14+ gt + got? +gat> +---,  ft) =t + fot* + fot® +---.



SOME PROPERTIES OF GENERALIZED (k,t)-JACOBSTHAL p-SEQUENCES 81

In this case we write R = (g(t), f(t)) and denote by R the set of Riordan matrices.
Then the set R is a group under matrix multiplication , with the following properties:

(1) (g(1), F(2)) * ((1),1(2)) = (g(A(f (1)), I{F (1)),

(ii) I = (1,t) is the identity element,
, f(t)), where f(t) is the compositional

1
iii) the inverse of R is given by R™! = (—=
i 0
=t.

inverse of f(t), that is, f(f(t)) = f(f(t))

3. The Generalized (k,t)-Jacobsthal p-sequences

In this section, we define the generalized (k,t)-Jacobsthal p-sequences and some results
are given which will be used later.

Definition 3.1. For integers £k > 1, p > 1 and t > 2, the generalized (k,t)-Jacobsthal
p-sequences denoted {JP(k,t)} are defined as

‘]'rlz)(kvt> = kjg—l(k7t) + 2‘]5—[)—1(1{:’ t) +oot Jg—p—t(k:7t)a nz>t+p+1, (1)

where J§(k,t) = J{(k,t) = = J},, »(k,t) = 0and J7,, (k1) = 1.

Example 3.2. Let p =1 and k£ = 3.
(i) If t = 2, according to Definition 3.1, we have
Jé(& 2) = 3‘]711—1(37 2) + 2‘]711—2(37 2) + Jé_3<3, 2)7 n Z 4. (2)

Therefore, {J1(3,2)}5 = {0,0, 1,3, 11,40, 145, 526, - - -}
(i) If t = 3 , according to Definition 3.1, we have

J711<37 3) = 3‘]71171(37 3) + 2‘]7172(37 3) + J1}073<37 3) + JrlLf4<37 3)7 n 2> 5. (3)

So, {J1(3,3)}° = {0,0,0,1,3, 11,40, 146, 532, - - - }.
(iii) If ¢t = 4, according to Definition 3.1, we have

Jrlz(37 4) = 3J7:7l,71(37 4) + 2JTIL*2(37 4) + Ji*B(Sv 4) + JrlLf4(37 4) + Jrlth<37 4)7 n Z 6. (4)

So, {J1(3,4)} = {0,0,0,0,1, 3,11, 40, 146, 532, 1939, - - - }.

Lemma 3.3. Let g be the generating function of the generalized (k,t)-Jacobsthal
n(kit)

p-numbers, then
xt+p—1

9k = 1 — kpx — Qpp+l — pp+2 _ ... _ pttp’ ()

Proof. We have
9B (kt) = Z Sk, t)x"
n=1

= JP(k,t)x + JE(k, t)a” + -+ TP, (k)™ 4+ Y (k)"

n=t+p
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t+p ' + Z k: k t + 2Jp (k7t> + JTZZ—p—Q(k’ t) ‘I’ tee + Jg_t(k',t)l'n

n= t+p
:t+P1+Z k;Jplktx—i-ZZ plk‘tx—I—Z t)z"
n=t+p+1 n=t+p+1 n=t+p+1
ek YTk 1)
n=t+p+1
=2 kY TPk )" 4 20" TP (ke e 2P TR (k)
n=1 n=1 n=1

P b kg ey + 207 gpn + o+ 2P G-
Thus,

pitp—1

D = .
GIR k) = 1 Jor — 0gptl — gpt2 — .. _ ghip

Lemma 3.4. The generating function of the generalized (k,t)-Jacobsthal p-numbers has
the following exponential representation

Qe = 2P exp Y S (k + 2072 4P gt
i
i=1
where t > 2.

Proof. From Eq. (5), we have
GIE(k,t)

= — P+l p+2 . t+p
In v —In(1l — kz — 2x x )
—In(l — ko — 227" — 2Pt — o —2") = (k4 207+ 2T
1 1
_ 53;'2(/{: 4+ 22P + ... 4 xt+p71)2 — e — —.%n(k R xterfl)n . ']’
n
which gives the result. u

4. Factorization of the Pascal matrix

In this section, we obtain the inverse of the generalized (k, 1)-Jacobsthal 1-matrix. Also,
we give a factorization of generalized (k, 1)-Jacobsthal 1-matrix and get some results from
it. First, we define the generalized (k,t)-Jacobsthal p-matrix.

Definition 4.1. The n x n generalized (k,t)-Jacobsthal p-matrix p > 1, denoted by

Mg’ltk) = [m’(?,fij)], is defined as follows:
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1, we have

For example, suppose that n =7, k=2, t=1and p

SOME PROPERTIES OF GENERALIZED (k,t)—JACOBSTHAL P-SEQUENCES

N N N S
1’171717111
AN AN AN AN 1 1 1
<# el N — —
o ==

ﬂJ_.I.AJ_.I.AJ,_I,.J,JJJ

— o

— o o

[ae) [a\] —
— |~ |~ | RO TN T»m

N N T T R

| = RO o T o

NN RERERS

N N N S N
o o o

| DO T TN e = o

S S NN

N N e N N
L B e B e R e e B e B |

o N e o o

I T S S e N

e s N N N e T
L T e R e B e e T O |

e N e i ™o I~

SRS

11) and

M )

(n,k

0

if i = J,
ifg=1—1,
ifj=1—2,
otherwise.
00

—k,
_2’

L,
0,

1
Jo(k)

] as follows:

1)

k

0 00
k)
f.

(
[

!

0 00O
0 00O
0 00O

1
16 6 2 1 0

Fliem) =

0
0
1

2
(Fomy) " =

16

16

44

120 44
328 120 44 16 6 2 1

(k, 1).

1

n

Clearly, F{; ) is invertible and

<M(n7k))_1 - [ml(lj,k)]’ we have

I (k) :
Theorem 4.3. For the inverse of the generalized (k,1)-Jacobsthal 1-matriz, denoted by

Proof. To find the inverse of inverse of the generalized (k,1)-Jacobsthal 1-matrix, we

Remark 4.2. Using Definition 2.1, for n < 0, JJ'(k,t) = 0. Set M,

define the n X n matrix Fi )
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Hence,
Mgy = Fepy X (It ® Flgn-1)) X (1o ® Fip—2y) X -+ X (In—2 ® Fl29)),
where [; is an identity matrix. Since (I; ® Fiy 1) ' = I ® (Flgn—r)) ", we have

(M) ™' = (Inea @ (F2)) ™) X+ X (I & (Fon—1)) ") X (Flem) ™

Therefore,
1, ifi=j
, —k, ifj=i—1,
myK) =4 5 oo
0, otherwise.
O
Example 4.4. For n = 4, we have
1 0 0 0 1 000
- Ak 10 0] k 100
D7k 01 0| | k242 010
| Ju(k) 0 0 1 K2+4k 0 0 1
[ 0 0 0 1 0 00
Iy J(k) 1 0 0] k 1 00
DTN k) (k) 1 ol | kK242 kK 10
| Ju(k) Js(k) Ja(k) 1 K+ 4k K242 Kk 1
(1 0 0 0
0 1 00
I, & Fq =
R A
0 E2+2 k1
(1 0 0 0
010 0
L@ Fop =
2D =19 9 1 o
00 k 1
Mgy =Fup % (11 ® Figp) X (I2® Fog).

Therefore, for k > 1,

1 0 0 0
k1 0 0

M -1 _

(M) 0 —k 1 0
-2 0 -k 1

Here, we give a factorization of the the generalized (k, 1)-Jacobsthal 1-matrix. First,
we introduce the matrix V.
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k
ij

=G0 (70 =00 o

For i,j > 2, using relation (6), we can write

Definition 4.5. Entries of the n x n matrix V¥ = [v] are defined as following:

Ufj = Uffljfl + Ufflja

where of; =1, v}, =0, j > 2.
For k =1 and n = 4, we have

1 0 0 0

1—k 1 0 0
V6=

Y l-1-k 2—-k 1 0

—1—-k 1-2k 3—-Fk 1

By the above information, we prove the following theorem.
Theorem 4.6. For the Pascal matriz P,, we have P, = M(nvk)Vf.

Proof. The matrix M,y is invertible. If we get (M, ) ' P, = VE then Theorem is
proved. Let (M(mk))_lpn = An where An = (ai’j)lgi,jgn, i.e.,

%
aij =Y my,(k)ol;.
u=j

Since (M, 1))~" and P, are lower triangular matrices, by the definition of (M, )",

we have
: ’ u — 1
ai; =Y m,(k) i1
u=j

i) et 3) oo (7))
“2(m) ) R e

Corollary 4.7. Fort,u € N,

t—1 !
(u B 1) =P, = Z mtj(k‘)vfu = mﬂ(k:)v’fu+mt2(k)v§u+. . '+mtt—1<k)vf_1u+mtt(k)vfu.
Jj=u

For uw=1, we have

t
Py = Z my;(k)vf, = mu (k)vr) + mu(k)vgy + -« 4 my 1 (k)viy + ma(k)vg.
Jj=u
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Proof. By Theorem 4.6, we have P, = M(mk)Vnk. Then
P, = v+ Jima(k)var + -+ - + Jo(k)v—a1 + J1(k)vg.

Let uw = 1. Since

1, ifi=1,
viir =< 0, if 1 <3, (7)
—1—k, ifi>4,
we have the result. O

Here, we define an infinite Generalized (k, 1)-Jacobsthal 1-matrix.

Definition 4.8. For k > 1,the Generalized (k, 1)-Jacobsthal p-matrix, denoted by O(z) =
[J.(k)], is defined as follows:

1 0 0 000
k 1 0 000
k? 42 k 1 0 00
F(x) = k3 + Ak k2 42 Lk 100 = (90(22) (1), fO(lf) ()
k1 0

E*4+6k2+4 K+ 4k k242

The matrix O(z) is an element of the set of Riordan matrices. Since the first column
of O(x) is
(1 k k? + 2,k + 4k, k* + 6k> +4,-- )T

0 t
Then it is obvious that gow)(t) = > Ju(k)t" = 1 2 In the matrix O(z) each
n=0 — Kl —
entry has a rule the upper two rows, that is,
0, n<l1,
Jn(k) = 1a n = ]-,

kjnfl(k) -+ 2Jn,2(1§), n > 1.
Then Jo)(t) = t, that is

1 9
1—kt—2t2" 7
k

hence O(z) is R. For these factorization, we need to define V,(z) = (vf;

o= (20) (20 =00 .

we have the infinite matrix V*(z) as follows:

O(z) = (go@)(t); fow) (t)) = (

), as follows:

1 0 0 00
1—k 1 0 00 -

Vnk(gj): —1-k 2—-k% 1 0 0 - (9)
—1-k 1-2t 3—k 1 0 -
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Theorem 4.9. Let V¥(z) be the infinite matriz as (/) and O(z) be the infinite generalized
(k,1)—Jacobsthal 1— matriz . Then P(z) = O(z) * V*¥(x), where P is the Pascal matriz.

Proof. From the definitions of the infinite Pascal matrix and the infinite the generalized
(k,1)—Jacobsthal 1— matrix we have the following Riordan representing

PO = (7o) 00 = (g )

Now we can find the Riordan representation of infinite matrix

Vf($> = (gV,f(J:)(t)v fo(x) (t))a

as follows: ) )
1 0 0 0 0
1-k% 1 0 0 0
Vnk(x): —-1-k 2—-k& 1 0 0
-1—-k 1-2k 3—k 1 0

From the first column of the matrix V*(z) we obtain V*(x) = O(x)~! * P(z) and
O(z)™" = (o) (1), fow (t)) ™" = (1 — kt — 2¢°, 1),

we have
1—kt—2t ¢ )
1—t 1-—t7
which completes the proof. O

Vi) = (

n

Now we define the n x n matrix B(z) = (b;j(x)) as follows

= (1) -+(5 ) =202

we have the infinite matrix B(z) as follows

1 0 0 0
1—-k 1 0 0
B)=1_op—11-% 1 0 (10)
Lemma 4.10. Let B(x) be the matriz in (10). Then we have P(x) = B(x) * F(z).
Proof. The proof is similar to that of Theorem 4.3. O]

5. Conclusion

Our approach was to introduce generalized (k,t)-Jacobsthal p-sequences. The combina-
torial identities we obtained were also obtained. Then, using generalized (k,t)-Jacobsthal
p-matrices, we factorized the Pascal matrix. Finally, by using the Riordan method, we got
two factorizations of the Pascal matrix involving generalized (k, t)-Jacobsthal p-numbers.
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