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Abstract: We call a simple t-(v, k) trade with maximum volume
a maximal trade. In this paper, except for v = 6m + 5, m > 3,
maximal 2-(v, 3) trades for all v’s are determined. In the latter case
a bound for the volume of these trades is given.

1. Introduction

Trades are combinatorial objects with interesting and useful properties
which have captured the attention of some design theorists in recent years
and have been utilized in various parts of design theory. Among the ap-
plications of trades one could include construction of signed designs [6],
construction of block designs with repeated blocks and the study of the
spectrum of support sizes of block designs [5], construction of nonisomor-
phic block designs [5], determination of some intersection numbers among
triple systems with different indices [1], and determination of defining sets
of some designs [4].

In general, working with trades is rather convenient and handy since
they form a Z-module [3]. We will call this module trade space. Although
some families of generators for the trade space with very nice minimality
properties and complete characterization have been discovered by some
authors [2,8,9], nevertheless, their internal structures, to a great extent,
remain unknown. Information about trade space could be helpful in various
ways.

The aim of this paper is to study the simple trades (trades without
repeated blocks) with block size three and with the maximum possible
volume.
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2. Background and notations

Let v, k, and ¢ be positive integers such that v > k > t. Let X be a v-set.
For 0 < 7 < v, the set of all i-subsets of X is denoted by P;(X). In what
follows, the set {z1,---,z;} € P:(X) will be denoted by z1z3---2;. An
incidence structure D = (X, B) is called a t-(v, &, A) design (or simply a
t-design) if B is a collection of the elements of Px(X) (called blocks) such
that every element of P,(X) appears in B exactly A times. A t-design
is called simple if B is a set. (X, Px(X)) is called the trivial design and is
denoted by Dy,. A t-design with A = 1 is called a Steiner system. For given
v, k,t, and A, let \; = An=K, for i = 0,1,--- ;¢ — 1. A set of necessary
conditions for the existence of a t-(v, k, A) design is A}s to be integer for
i=0,1,---,t—1.

For given v, k, and ¢, let A, denote the minimum value of A’s satisfying
v—t
('i\_' I, forevery 1 < i <m, D; = (X, 5B;)
is a simple t-(v, k, A,) design such that for 1 < ¢, <m, B;NB; = ¢ and

the above conditions. Let m =

UDi = Dy, then {D;}%, is called a large set of designs.
i=1
Let Tt and T~ denote two disjoint collections of the elements of Pr(.X)
such that the occurrences of every element of P;(X) in both T+ and T~ are
equal. Then T = (T+,T) is called a t-(v, k) trade. Clearly |T+| = |T—|,
and |[T*| is called the volume of T, denoted by vol(T'). Both T+ and
T— must cover the same subset of X which is called the foundation of T,
denoted by found(T). The trade T is called simple if T+ and T~ do not
contain repeated blocks.
Hwang [7] has shown that for every arbitrary t-(v, k) trade T, we have
(i) vol (T) > 2,
(ii) |found (T)|>k+t+1,
and a trade with volume 2* and foundation size equal to k+{+1, is called a
minimal trade. For given v, k, and ¢, a simple trade with maximum possible
volume is called a mazimal t-(v, k) trade.
The purpose of this paper is the determination of maximal 2-(v,3)
trades for v > 5 which will be denoted by Tps(v). By trades in this paper,
we shall mean 2-(v, 3) trades.

212



3. Some further notations

Let D = (X, B) denote an incidence structure. For z,y € X, the number
of blocks in D which contain the pair {z,y} is denoted by Ap(zy) and
the number of blocks which contain € X is denoted by rp(z). Let
Dy = (X, P3(X)), then Ap, (zy) and rp, (z) will be denoted by A* and
r*, respectively. Clearly,

At=v-2, r,,:___(v—l);v—Q).

We will also use the following notations:

Ar(zy) = dp+ur- (zy),
rr(z) = re+yr- (2).

Clearly, Ar(zy) and rr(z) are even. Now let
T¢ = P3(X)\(TtUT").
Then
Are(zy) = X" = Ap(zy),
rre(z) = r* — rp(z).
Proposition 1.  Let T be an arbitrary trade and z,y € X. Then

Are(zy) = A* (mod 2),
rre(z) = r* (mod 2).

4. Results for v even

Lemma 1. If v = 4m and m > 2, then there exists a simple trade T
such that

4m(4m + 1)(m — 1).

vol (T') = 3

Proof. For m > 2, assume that
X ={1,2,---,4m}.
For1<i<m,let

X; ={4i-3,4i — 2,4i — 1,4¢).
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Table 1 shows that there exists a 2-(8,3) trade with volume equal to 24
(i-e., the statement is true for m = 2.) It is easy to observe that in this
trade blocks like zyz such that {z,y,2} C X1 or {z,y,2} C X, do not
occur. Now, let m > 2 and I, = {1,2,---,m}. To construct a trade T
with vol(T') = 4m(dm + 1)(m — 1)/3, we partition the elements of P3(X)
into 3 types as follows:

Type 1. This type consists of all blocks zyz such that
{I, Y, Z} C Xi:

for some ¢ € Ip,.

Type 2. This type consists of all blocks zyz such that

{.’B,y,z}nX.' # é, {x,y,z}ﬂX,- £, {:c,y,z} - (Xl UXj)’

for some 1,j € In,.

Type 3. This type consists of all blocks zyz such that
{z,y,2} N Xi;| =1,

for some i; € I, ,1 < 7 < 3.

Blocks of Type 1 do not occur in T. But, all the blocks of Type 2
appear in T. To assign the blocks to T+ and T, for each 1, j, we establish
a one-to-one correspondence between X; and X, and X; and X;. Now
partitioning the blocks of T into T+ and T~ can be done as in Table 1.
Also all the blocks of Type 3, do belong to T'. Let zyz be a block of Type
3. If ¢ + y + z is even, then zyz € T*, and otherwise zyz € T.

The number of blocks of T is equal to (3) — @m = (¢) -v =

M"m—?xm—_ll. Therefore, it suffices to show that T = (T+,T7) is a
2-(v, 3) trade.

From the construction of 7% and T~ , it is clear that T* NT~ = ¢.
Suppose that {z,y} € P2(X). If for an i € Im, =,y € Xi, then

Mr+(zy) = {B € T*|{z,y} C B}
= |{B € T*|B = zyz,z ¢ X},

Since every pair appears twice in the positive part of the 2-(8,3) trade of
Table 1, hence, Ap+(zy) = 2(m — 1). A similar argument implies that
AT— = 2(m - 1)

214



Now, suppose for each i € I, {z,y} € X;, then there exists 1,] € Im
such that £ € X; and y € Xj, and

Ar+(zy) = {B € T*|{z,y} C B}| = |{zyz € T*|z € X}|

m
= Z {zyz € Tt|z € X3}
i=1
= Heyz € T*|z € Xi}| + |{zyz € TH|z € X;}|

+ Z |{zyz € T*|z € X;}|
lerm\{i,j}

=3+ Z |{z€X1|1:+y+zéO}|

1€Im\{i,i}

=3+ Y. Hzexiz20)
lelm\{i,j}
lelm\{i,j}

Similarly, Ap- (zy) = 2m — 1. Therefore, for every z,y € X, we have
Ar+(zy) = Ar-(zy).
Thus, T is a trade.

Theorem 1. If v is even and v = 4m + [, then

m(4m + 1)(4m + 31 — 4)
3 .

vol (TM (v)) =

Proof. Let v = 4m + 2. In [8] it is shown that for any m, a 2-(4m +
2,3,2*/2) design exists. Therefore, one can find two disjoint designs such
that together they cover P3(X). Now, we consider one of these designs
as Tt and the other as 7~. Thus they naturally form a trade of volume
(3)/2. Hence

m(4m + 1)(4m + 2)
: .

vol (The (v)) = v(v—1)(v—2) _
12
Now, let v = 4m. In this case we have

A'=4m -2, r*=(2m-1)(4m-1).
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Suppose that T is a trade. Based on Proposition 1, Ar<(zy) is even and
rre(z) is odd. Therefore, for every z € X, we have rr<(z) > 1 and Are(zy)
is even. Hence

Are(zy) > 2= rye(z) 2 2> r7e(2) 2 3

o= 3 I s s 2o ix =

zeX reX

Therefore, |7+ U T~ | < (%) — v, which implies that

(8) —v
vol (T') < _3_5—

Consequently
4m(dm + 1)(m - 1)

vol (T (v)) < 3

Now from Lemma 1,

m(dm + 1)(m - 1)
7 .

vol (Twr () >

Therefore, equality holds.

5. Results for v odd

Lemma 2. If v is odd, then

vol (T (v)) < W -D=-3)
12
Proof. Letwv =2m+1. Hence \* = 2m—1. A" is odd and it follows from
Proposition 1 that for every z,y € X, Ar<(zy) is odd. Hence Are(zy) > 1,
and

Ape(z 1 Py(X B
= T(y)2 Z §=|2§3 )|=%l
zy€P2(X) zy€Px(X)

= 2vol(T) £ (g) - %
= vol(T) < &%ﬁl

Since this is true for any arbitrary trade, so we have the results.
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Theorem 2. Ifv=1or3 (mod6) and v > 7, then

vol (Tyr (v)) = W

Proof. It is well known that for v =1 or 3 (mod 6) and v > 7 large sets
exists [11]. This means that P5(X) can be partitioned into v — 2, 2-(v,3,1)
disjoint designs. We define TF as the union of 232 of these designs and
T~ as the union of 252 designs of the remaining v — 2 — 253 = ¥=L ones.
Now we have a trade with volume equal to %b, where b is the number of
blocks of the related Steiner triple system which is equal to 1("6;11. Thus
vol(T) = "—(";%";32 Hence, by

vol (T () > 222009,

together with Lemma 1, we obtain the result.

Lemma 3. If v = 7, Then there does not exist a trade T such that
vol(T) = 13.

Proof.  Suppose there exists a trade T with vol(T") = 13. Then |T°| = 9.
Suppose, for 1 < i < 21,q; is the number of ith pair in 7¢. Then we
have Y21 o = |T¢|(3) = 27 and by Proposition 1, a}s are all odd, and
1 < a; £ A* = 5. Thus two cases could happen:

(i) ai=3,a;=5,4=1,VI#1i,j

(i) aci=aj=ar=3,a,=1,Yn#14,jL

Now, we examine both cases.
(1) Suppose for ¢1,1; € X, we have Ape(tyt2) = 5. Now, since for any
z € X, Ape(t1z) > 1, therefore,

{t1tata, titata, t1iats, titats, Litats} C T,

where X = {t;,12,--- ,t7}. Since for any z € X, Ap<(taz) > 1, with no loss
of generality, we let t3t6t7 and 3¢4¢5 to be blocks of 7. In this case, blocks
t4lel7 and i5t6t7 must belong to 7°. This says that ryc(ts) = 4. This is
contrary to the assumption of oddness of rr<(z) for any z.(See Proposition

1)
(i) Assume that 7, 72, and 73 are elements of Py(X) such that Ape(m;) =

3, and hence for any 7 € P,(X) and 7 # =i, we have Ap<(7) = 1. Based
on the intersection among =;’s, we realize five cases.
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Casel. mNma=mNr3=m3NT = ¢
With no loss of generality, let 7, = {1,2}, 73 = {3,4}, and 73 = {5, 6}.
The blocks of T¢ should have the following form:

Byi=12[7) By:=12[} Bs:=12[ ] Ba:=34[7] Bs:=34 ],
Bs:=34[ ) Br:=56[7) Bs:=56 [ | Bo:=56[ |

Since Vz € X, Ar<(7z) = 1, therefore one can assume that B1, By, and Bz
contain 7. With no loss of generality, assume that B, = 123. Since 3 has
appeared with the elements of the set {1,2,4,7}, we are forced to assume
that

{B4, Bs} = {346, 345}.

If O of Bs is 5, then 5 appears with all the elements of X. Thus, there
remains no choice for Bg and Bg. Hence we assume that Bz # 125 and with
a similar argument B3z # 126. So, B3 = 124. Consequently {Bs, By} =
{561,562} and contrary to Proposition 1, rr<(1) = 4.

Case 2. mNmNws#¢.

Suppose that m; = {1,2}, 7o = {1,3}, and 73 = {1,4} and let Bi, By,
and Bz be blocks of T¢ which contain m. If for 1 < ¢ < 3, 3 € Bi,
then the three blocks By, Bs, and Bs must contain 13. Therefore, there
are six positions in By, - -, Bs which have to be filled only with 4,5,6,7.
With a similar argument, if 4 ¢ B;, a contradiction is attained. With no
loss of generality assume that B; = 123, B> = 124, and Bz = 125. If
134 ¢ T*, then there should be 4 different blocks in T, which are different
from Bj, Bs, and Bs, such that two of them contain 13 and the other two
contain 14. Since 1 has appeared with the elements of {2,---,5} in T°, 4
unoccupied spots of these 4 blocks have to be filled with 6 and 7, which is
impossibility. Thus 134 € T¢. But then both of 13 and 14 have to appear in
another block too. Hence rpc(1) = 6. Again a contradiction to Proposition
1 is obtained.

Case 3. mNmNwaz=¢,and mNm; #¢,1<4,5<3.

Let m = {1,2},m = {1,3}, and m3 = {2,3}. If 123 ¢ T°, then
there are exactly three blocks which contain 12, three blocks containing
13, and three blocks containing 23. In this case r7<(1) = 6 and this is
in contradiction with Proposition 1. Therefore, By = 123 € T*. In this
case two blocks (say B2 and Bs) contain 12, two blocks (say B4 and Bs)
contain 13, and two blocks (say Bs, B7) contain 23. The unfilled spots of
By, B3, By, and Bs (which all contain 1) should be filled with the elements
of {4,5,6,7}. Therefore, all the elements have appeared with one of the
two elements 2 or 3. Thus for the unfilled spots of Bs and Bz there remain
no choices.
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Case4d. mNmNaz=¢, mNmy# ¢, 1 N73=¢,and TaNT3 = ¢.
Let my = {1,2}, mp = {1,3}, and w3 = {4,5}. If 123 ¢ T°, then three
blocks will contain 12 and three other blocks will contain 13. Therefore,
there are altogether six blocks which contain 1, and we are left with 6 spots
and 4 elements to choose from. Thus 123 € T°. Besides the block 123, there
are four other blocks which contain 1 and at the same time they have to be
completed with 4,5,6,7. With no loss of generality, assume that 124 € T,
and also assume that B;, B, and B3 are 3 blocks of T¢ which contain
{4,5}. Now, if 135 € T, then for 3 unoccupied positions of B;, B3, and
B3, there are two choices, 6 and 7 which create the same problem. Thus,
135 ¢ T° and 125 € T°. Therefore, 123,124,125, 136, 137, 345, 456, 457 are
the 8 blocks of T° and consequently the 9th block should be 267, which
implies that r7.(2) = 4. This is in contradiction with Proposition 1.

Case 5. mNmMmNm=¢, mNT2#¢, m Nus# ¢, and 1o N7z = ¢.

Let m = {1,2}, my = {1,3}, and w3 = {2,4}. If 123 & T, then there
will be 6 blocks which contain 1, which is impossible. Likewise, 124 ¢ T
brings up a contradiction. Thus 123, 124 € T. There should be another
block from T which contains 12, (with no loss of generality), suppose
125 € T*. Then the unoccupied spots of the two blocks containing 13 (and
the unoccupied spots which contain 14) are necessarily 6 and 7. Since the
pairs 34, 35, 45, 56, 57, 67 should occur in T, therefore, two more blocks of
T° must be of the form 345 and 567. Then rr<(3) = 4, which is again a
contradiction to Proposition 1. Therefore, if v = 7, then there exists no
simple trade of volume 13.

Theorem 3.  vol(Tu (7)) = 12.

Proof. Form Lemma 2, vol(Ta (7)) < 14. If vol(T) = 14, then [T¢| = 7.
Since A* = 5, then with Proposition 1, for every zy € Py(X), Ape(zy) is
odd, therefore, Arc(zy) is at least 1. Since |T¢| = 7, therefore,
> Are(zy) =7x 3 =21
zyCBETe
From other hand |Py(X)| = 21. Hence, for all zy € X, Apc(zy) = 1. Hence
T¢ is a 2-(7,3,1) design.
Ar(zy) = A" = Are(zy) =4 = Ap+(zy) =2.

Thus each of Tt and T~ are a 2-(7,3,2) design, and since every simple
2-(7,3,2) is the union of two disjoint 2-(7,3, 1) designs [8], therefore, there
is a large set for v = 7 which is impossible [11]. A trade with volume 12 is

given in Table 2.
Now, by Lemma 3, the proof is complete.
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Theorem 4. If v =6m+ 5, then

vol (Tar(v)) < 18m® + 33m? + 19m + 2.

Proof. With Lemma 2 we have

7| > () _ (6m+5)3m+2)
p 3 3 )
and s
(6m+5)3m+2) 2522 1.
Therefore,
(%] > (6m+5)(3m+2)+1

3
where [ = 2 (mod 3) and { > 2. Thus

vol (T') = () ‘2 £ < 3(6m+ 5)(8m + 2)(2m + ;) — (6m+5)(3m +2) +2

= 18m3 + 33m”> + 19m + 3.
Now, if { = 2, then
3iy,ts € X,/\Tc(tltz) =3,
and for every 7 € P2o(X), ™ # {t1,t2}, we have

Let t3,14,t5 € X be such that
{t1tats, titata, titats) C T°.

t, should appear with the rest of the elements of X in 7. The number of
these elements is v — 5, i.e., 6m. Therefore, 3m other blocks of T must
contain 1, and hence
rre(t1) = 3m + 3.
We know that r* = (3m +2)(6m + 3). Now if m is odd, then r* is odd and
rr<(t1) is even (contradiction to Proposition 1), and if m is even, then r~
is even, whereas rp<(t;) is odd (again a contradiction to Proposition 1).
Therefore, for | > 2, we have

vol (T) < 18m® + 33m? + 19m +3
= vol (Ta(v)) < 18m® + 33m? + 19m + 2.
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Note. Form =1and2 (ie,v=11 and v = 17), Tables 3 and 4, show
that the inequality of Theorem 4 is in fact equality. It remains to show
that the equality holds in general.
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maximal 2-(8,3) trade

Table 3.
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maximal 2-(17,3) tradc
Tt T
1 2 5|2 6 154 7 13| 6 14 17 |1 2 32 7 9[4 7 8] 6 13 17
1 2 7|2 7 10|4 7 14) 6 15 171 2 4|2 7 12|4 7T 9| 6 14 15
1 2 8|2 7 13|4 7T 16( 6 16 17)|1 2 6|2 7 14|4 7 12| 6 15 16
1 21012 7 15|4 8 9| 7 8 9|1 2 9|2 T 16|4 T 15| 7T 8 10
1 2 11)2 7 17|4 8 10| 7 8 12|12 2 13|2 8 10|4 7 17| 7 8 11
1 2 14|2 8 9|4 8 11| 7 8 14||]2 2 15|2 8 11|4 8 13 7 8 13
1 2 162 8 12{4 8 12| 7 8 15|21 2 17|2 8 13|4 8 14| 7 8 16
1 3 4|2 8 14|4 9 10| 7 B8 17|f1 3 6|2 8 15{4 8 16| 7 9 13
1 3 5|2 8 16|4 9 121 7 9 11|j1 3 8|2 8 17|4 8 17| 7 9 1%
1 3 7|2 911|410 13| 7 9 12|11 3 9|2 9 104 9 11| 7 917
1 3 10|2 9 14|4 10 14| 7 9 14|12 3 12|2 9 12|4 9 13| 7 10 11
1 3 11|2 9 15|4 10 15] 7 9 16]|]1 3 15|2 9 13[4 9 14| 7 10 13
1 313|210 12|4 11 12| 7 10 12|21 3 17|2 9 16|4 9 15| 7 10 14
1 3 14|2 10 13|44 11 16| 7 10 15(||1 4 Ss|2 9 17|4 9 16| 7 10 16
1 4 6|2 10 154 11 17| 7 10 17||]1 4 7|2 10 14|4 9 17] T 11 12
1 4 81210 16(4 12 13| 7 11 13|]r 4 11|2 11 124 10 11| 7 11 15
1 41012 10 17|4 12 17| 7 11 14|j1 4 14|2 11 14(4 10 12| 7 11 17
1 4 12|12 11 18|14 13 14( 7 11 16|f1 4 15|2 11 164 10 16| 7 12 17
1 4 13|2 12 13|4 13 17| 7 12 13(|1 4 17|2 11 17|4 21 13| 7 13 15
1 4 16|2 12 15|4 14 15} 7 12 14|]1 5 8|2 12 14|4 11 14| 7 14 16
1 5 6|2 12 16|44 14 16] 7 12 16}|1 5 92 12 17|4 11 15| 7 14 17
1 8 7|2 13 16(4 15 16| 7 13 14]1 5 1112 13 144 12 15| 7 15 16
1 5 10(2 13 174 15 17| 7 13 16|21 5 12]2 13 154 12 16 7 15 17
1 5 15|12 14 1714 16 17| 7 14 15|]1 S5 13|2 14 15]4 13 15| 8 9 10
1 5 17|2 15 17|85 6 7| 7 16 17|t 5 16[2 16 17|4 13 16| 8 9 12
1 6 7|3 4 5|5 6 11| 8 9 14[1 6 10]3 4 7|4 14 17| 8 9 13
1 6 8|3 4 6|5 6 12| 8 10 12||1 6 12|3 4 8|5 6 8| 8 9 15
1 6 9|3 4 9|5 6 13| 8 10 15||1 6 14|3 4 10|5 6 9| 8 9 16
1 6 13|3 4 12|5 6 16| 8 10 17|12 6 18|3 4 13|5 6 14| 8 9 17
1 6 17|3 4 15|85 7 8| 8 11 13|}t 6 163 4 145 6 15] 8 10 11
1 7113 4 17(5 7 11| 8 11 14|/t 7 9|3 4 16|/5 6 17| 8 10 13
1 712|3 5 9|5 7 15| 8 11 16|{t 7 10(3 & 6|5 7 9| 8 10 14
1 7 17|13 s 12|5 7 17| 8 11 17|t 7 13|3 5 7|5 7 10| 8 11 12
1 8 9|3 5 14|55 8 9| 8 12 13{|/1 7 14|3 5 8|5 7 12| 8 11 18
1 8 11|3 5 16|5 8 10| 8 13 15|21 7 153 5 10|85 T 13| 8 12 14
1 8 12|3 6 10|5 8 12} 8 13 16]|/1 7 16(3 S 11|5 T 14| 8 12 15
1 8 17|3 6 11|5 8 13| 38 14 15(|]1 8 10|3 5 1s|s 7 16| 8 12 16
1 9 12|3 6 12|5 8 15| 8 14 17||1 8 13|3 5 17|5 8 11| 8 12 17
1 9 13|3 6 13|5 8 16| 8 15 16||]1 8 14|3 6 7|5 8 14| 8 13 17
1 9 15|3 6 145 9 11| 8 16 17||1 8 15|3 6 8|s 8 17| 8 14 16
1 9 16)3 6 1615 9 12| 9 10 11|12 8 16|3 6 9|5 9 10| 8 15 17
1 9173 7 8|5 9 13| 9 10 121 9 10|3 6 17(5 9 14] 9 10 14
1 10 11|3 7 9|5 10 11| 9 10 13|j1 9 11|3 7 115 9 15| 9 10 16
1 10 14|3 7 10|5 10 12| 9 10 15([1 9 143 7T 12|5 9 17| 9 11 14
1 10 15|13 7 15|85 10 13| 9 10 17||1 10 12|3 7T 13|5 10 18| 9 11 17
111 15|3 7 16|53 10 14| 9 11 13||1 10 16|3 8 125 10 17| 9 12 13
1 11 16|3 7 175 10 16| 8 11 15|21 10 17|3 &8 145 11 13| 9 12 15
1 12 1413 8 9(5 11 12| 9 12 141 11 12|3 @ 16(5 11 14} 9 12 17
1 12 15|3 8 10|55 11 17( 9 12 16{f1 11 13|3 9 10(5 11 16| 9 13 16
1 12 16|3 8 11|55 12 15] 9 13 14}|1 11 143 9 11|5 12 13| 9 14 15
1 13 15|3 8 13|5 13 14] 9 13 17]|1 11 17|3 9 12|5 12 14|10 11 12
1 13 16[3 8 15|5 13 16} 9 14 16|11 12 13[3 9 145 12 16|10 11 14
1 13 17|3 9 13|S 14 15| 9 14 17|11 12 17|3 9 16|S 13 15|10 11 1§
1 14 153 9 155 14 17| 9 18 16|]1 13 143 10 11|S 13 17}10 12 13
1 14 16(3 9 175 18 17| 9 15 17|{1 15 16|3 10 13|5 14 16|10 12 1§
1 14 17!3 10 14|5 16 17|10 11 13|{1 16 17|3 10 15]|5 15 16|10 12 16
2 3 5|3 1016)6 7 9|10 11 16||2 3 4|3 11 12]6 7 8|10 13 1§
2 3 8|3 10 17|16 T 10|10 11 17|{2 3 6|3 11 15/6 T 11|10 13 17
2 3 11|3 11 13|6 7 13)10 12 14||2 3 7|3 11 16|6 7 12|10 14 16
2 3 12|3 11 14|6 T 15|10 12 17||2 3 10|3 12 13|6 7 14|10 14 17
2 3 13|3 11 17|6 8 10|10 13 14 |2 3 15|3 12 14|6 7 17|10 15 17
2 3 143 12 15|6 8 13|10 13 16||2 3 17|3 13 14|6 8 9|10 16 17
2 3 16(3 12 166 8 14|10 15 16|]/]2 4 5|3 13 16|6 8 11{11 12 16
2 4 6|3 12 17|16 8 16|11 12 13||2 4 10|3 13 17}6 8 1$]11 13 15
2 4 7[3 13 15|6 8 17|11 12 14||2 4 12]3 14 15|/6 9 11]11 13 16
2 4 8|3 14 17|6 9 10|11 12 15|]2 4 133 14 16|6 9 12|11 13 17
2 4 9|3 15 16|/6 9 16]11 12 17][2 4 15|3 15 17|6 9 13|11 14 1S
2 4 11|14 5 9|6 9 17|11 13 142 S 10|3 16 17|6 9 15|11 16 17
2 4 14|4 5 11/6 10 11|11 14 16||2 S5 11|4 S 6|6 10 12|12 13 14
2 4 174 5 13|6 10 1411 15 16|{2 S 13|4 5 8|6 10 13|12 14 15
2 5 6|4 5 14|6 10 1611 15 17|}J2 S5 13|4 5 10|6 10 15]|12 14 17
2 5 7|4 5 15|6 11 1212 13 15||2 5 15|14 5 12|6 10 17|12 15 16
2 5 9|4 5 16|6 11 14|12 13 17[|2 5 16|4 5 17|6 11 13|12 15 17
2 5 14|4 6 T|6 11 15|12 14 16(|2 6 7|4 6 10|6 11 16|13 14 16
2 5 174 6 8|6 12 14|12 26 1T||2 6 8|4 6 11|6 11 17|13 14 17
2 6 9|4 6 9]6 12 15|13 14 15||2 6 0|4 6 12]|6 12 1313 135 16
2 6 1114 6 15|6 12 17|13 15 17|]2 6 14|4 6 14|6 12 16|14 15 17
2 6 12|4 7 10§6 13 15|13 16 17||2 6 16|4 6 16)6 13 14]{14 16 17
2 6 13|4 7 11|6 14 16|14 15 16|{2 7 8|4 6 17|6 13 16|15 16 17
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