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Abstract

A graph G is called edge-magic if there exists a bijective function
¢ : V(G)UE(G) — {1,2,...,|V(G)| + |E(G)|} such that ¢(z) +
¢(zy) + o(y) = c(¢) is a constant for every edge zy € E(G), called
the valance of ¢. A graph G is said to be super edge-magic if
d(V(G)) = {1,2,...,|V(G)|}. The super edge-magic deficiency, de-
noted by u.(G), is the minimum nonnegative integer » such that
G UnKji, has a super edge-magic labelings, if such integer does not
exist we define 4,(G) to be +co. In this paper, we study the super
edge-magic deficiency of some families of unicyclic graphs.

1 Introduction

In this paper, we consider only finite, simple and undirected graphs. We
denote the vertex set and edge set of a graph G by V(G) and E(G) re-
spectively, where |V(G)| = p and |E(G)| = ¢g. An edge-magic labeling of
a graph G is a bijection ¢ : V(G) U E(G) — {1,2,...,p + g}, where there
exists a constant c(¢) such that f(z) + f(zy) + f(y) = c(¢), for every edge
zy € E(G), c(¢) is called valance of ¢ and a graph with an edge-magic
labeling is called edge-magic. An edge-magic labeling ¢ is called super
edge-magic if ¢(V(G)) = {1, 2,...,p}.

In [5], Kotzig and Rosa proved that for any graph G there exists an edge
magic-graph H such that H 2 G U nK; for some nonnegative integer n.
This fact leads to the concept of edge-magic deficiency of a graph G, which
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is the minimum nonnegative integer n such that GUnK) is edge-magic and
it is denoted by (G). In particular,

u(G) = min{n > 0: GUnK, is edge-magic}.

In the same paper, Kotzig and Rosa gave an upper bound for the edge-
magic deficiency of a graph G with n vertices, 4(G) < Fni2 —2—n —
in(n — 1), where F, is the nth Fibonacci number. Motivated by Kotzig
and Rosa’s concept of edge-magic deficiency, Figueroa-Centeno et al. [3]
defined a similar concept for super edge-magic labelings. The super edge-
magic deficiency of a graph G, which is denoted by u,(G), is the minimum
nonnegative integer n such that G U nK; has a super edge-magic labeling
or +oo if there exists no such n.

Let M(G)= {n>0:GUnK, is a super edge-magic graph}, then

@) = { min M(G), if M(G)# ¢;
Hst™) =1 +o0, if M(G)=¢.

As a consequence of the above two definitions, we have that for every
graph G, p(G) < ps(G).

In (3, 4], Figueroa-Centeno et al. provided the exact values of super
edge-magic deficiencies of several classes of graphs, such as cycles, complete
graphs and complete bipartite graphs K2 m. They also proved that all
forests have finite deficiency. They proved that

0, if n is odd
us(Cn) =14 1, ifn=0 (mod 4)
' +o0o, ifn=2 (mod 4).

In [7], Ngurah et al. proved some upper bounds for the super edge-magic
deficiency of fans, double fans, and wheels. In this paper, we study the
super edge-magic deficiency of some families of unicyclic graphs.

In proving the main results, we frequently use the lemma below.

Lemma 1. [2] A graph G with p vertices and g edges is super edge-magic
if and only if there exists a bijective function ¢ : V(G) — {1,2,--- ,p} such
that the set S = {¢(z)+d(y)|zy € E(G)} consists of g consecutive integers.
In such a case, ¢ extends to a super edge-magic labeling of G.

Proposition 1. [1] Let G = (n,t)—kite. If G is super edge-magic then n
and t have the same parity.

In [10] Wallis posed the problem of investigating the edge-magic prop-
erties of C,, with the path of length ¢ attached to one vertex. Kim and Park
[6] call such a graph an (n,t)—kite. They prove that an (n, 1)—kite is super
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edge-magic if and only if » is odd and an (n, 3)—kite is super edge-magic if
and only if n is odd and at least 5. Also from the Proposition 1, (n, 1)—kite
is not super edge-magic if n is even, so in the next theorem, we show the
exact value of super edge-magic deficiency of (n,1)—kite graph.

Theorem 1. Let G = (n,1)—kite. For n even, u,(G) = 1.
Proof. Let G* = (n,1)—kiteUK, the vertex set of G* is

V(G@)={vi:1<i<n}U{u,z}
and edge set of G* is

E(G*) = {vivig1 : 1 £ i < n =1} U {vav1, vpue}
22 if n=0 (mod 4)
where w = 224 if n=2 (mod 4)
By Proposition 1 and in (6] it was showed that an (n, 1)—kite is super

edge-magic if and only if n is odd. As (n,1)—kite is not super edge-magic

for n even. Therefore
us(G) 2 1. (1)

To prove ps(G) < 1, we define the labeling ¢ : V(G*) — {1,2,...,n + 1}
of the graph G* as follows:

i'g-l-, if1<i<n and 7 odd
ﬁ;_'ti, if1<i<w and? even
$(vi) = %ﬁi, ifw+1<i<n-1 andi even
ai2 ifi=n
3(3—1)+5, if n=0 (mod 4)
$(u) = { 3(232 —1)+5, if n=2 (mod 4)
The isolated vertex, z is labeled such that
3(3 -1 +4, if n=0 (mod 4)
#(z) = 3(2;2 ~1)+6, ifn=2 (mod4)
(See Figure 1 for an illustration.) The set of all edge-sums generated by the

above formula forms a consecutive integer sequence %’—4 , l‘,",ﬁ +1,..., i’-‘{—‘-.
Therefore by Lemma 1, ¢ can be extended to a super edge-magic labeling.
This shows that

#s(G) < 1. (2)
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Figure 1: An illustration for the labeling given in the proof of Theorem 1

From equation (1) and (2), we get
#s(G) = 1.

Which completes the proof.
a

In the next theorem we show the super edge-magic deficiency of (n, 3)—kite
is exactly 1, for n =0 (mod 2).

Theorem 2. Forn even, the super edge-magic deficiency of the (n, 3)—kite

graph is
ps((n,3) — kite) = 1.

Proof. Let G = (n,3)—kite graph, where
V(G)={w|l £i<n}u{u]l <i<L3}
and
E(G) = {vivi+1|1 € i <n—1}U {su|l <4 <2} U {vavr, usnr}.
By the Proposition 1, G is not super edge-magic for n even. Therefore
#s(G) 2 1. (3)

To prove p,(G) < 1 for n even, we label the vertices of GU z, where 2
is isolated vertex in the following way.

gl ifi=1,3
P@)=\ 243 ifi=2
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Case I For n =0 (mod 4)
5+3, if1<i<n-1land i=0 (mod 2)

2l f1<i<Zand i=1 (mod 2)

() = 2t if241<i<n—1land i=1 (mod 2)

3, ifi=n

$(z) =

Case II For n_2 (mod 4)

ml-.zt_-lﬁ, ifi<i<Z-1land i=1 (mod 2)
n_-l-_lzu-_i, lf%5155+1and t=1 (mod 2)
45 if3+2<i<n-1land i=1 (mod 2)
$(vi) = ¢ 24 if1<i<%+1land i=0 (mod 2)

ndl04i f2+2<i<n—1land i=0 (mod 2)
e, ifi=n
¢(z)___3r§¢15

The set of all edge-sums generated by the above formula forms a set of
n+ 1 consecutive integers. Therefore by Lemma 1, ¢ can be extended to a

super edge-magic total labeling. This shows that

Hs (G) <1 (4)
from equations (3) and (4), we get
#s(G) =1.
Which completes the proof.
O

Theorem 3. Fort > 3 odd and n = 0 (mod 4), the super edge-magic
deficiency of (n,t)—kite graph is

us((n,t) — kite) = 1.
Proof. Let G = (n,t)—kite graph, the vertex set of G is
full<i<n}u{wll<i<t}
and the edge set of G is

{v;v,-+1|1 <i<n-— 1} U {u,-u;+1|1 <i<t- 1} U {vn'ul,ugvl}
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By the Proposition 1, G = (n,t)—kite graph is not super edge-magic

for n even and ¢ odd. Therefore
ks(G) 2 1. (5)

To prove u,(G) < 1, we label the vertices of (n,t)—kite in the following

way.
[#], if1<i<tand i=1 (mod2)

$u) =\ mbstist jf1<i<tand i=0 (mod?2)
e ifl1<i<nand i=0 (mod 2)
ad2tbldi jf 1 <i<[3] and i=1 (mod 2)
ni2tddbi jf [2]+1<i<nand i=1 (mod 2)

¢(vi) =

The isolated vertex z is labeled as ¢(z) = 2ntit+d,

The set of all edge-sums generated by the above formula forms a set of
n + 1 consecutive integers. Therefore by Lemma 1, ¢ can be extended to a
super edge-magic total labeling. This shows that

#s(G) <1 (6)
from equations (5) and (6), we get
#s(G) =1.

Which completes the proof.
O

Theorem 4. Fort > 3 even and n =0 (mod 4), the upper bound of super
edge-magic deficiency of (n,t)—kite graph is

pa((n,t) — kite) < 1
Proof. Let G = (n,t)—kite graph, the vertex set of G is
{1 <i<n}u{wll <i<t}
and the edge set of G is
{vivig1]l i <n -1}V {wuipa|l £ <t =1}U {vavg, uevn }

Let n =0 (mod 4) be a nonnegative integer. According to Lemma 1 it
is sufficient to prove that there exists a vertex labeling with the property
that the edge-sums under this labeling are consecutive integers. It is easy
to see that the following labeling ¢ : V(GUK}) — {1,2,...,n+1} has the

134



desired property, for n =0 (mod 4).
Here, we label G U K where V(K;) = {z}.

[£1, ifl1<i<tand i=0 (mod 2)
$w) =9 mtttisi jf1<i<tand i=1 (mod2)
ti if1<i<nand ¢{=0 (mod 2)

2
a2t §f 1 <i<[2]and i=1 (mod 2)

n+2t434¢ jf [B]+1<i<nand i=1 (mod 2)

B(uvi) =

The isolated vertex z under the labeling ¢ is labeled as ¢(z) = 3ntittd,
It is easy to see that the edge-sums forms a set of n 4+ 1 consecutive

integers. This shows that

us(G) <1 (7)

Which completes the proof.
]

Wallis [10] also posed the problem of determining when K>UC,, is super
edge-magic. Park et al. [8] and [6] showed that K2UC, is super edge-magic
if and only if n is even.

In the next theorem we show the super edge-magic deficiency of KoUC,,
is at most 1 for n =1 (mod 4).

Theorem 5. For n =1 (mod 4), the super edge-magic deficiency of Ko U
Cp is
us(K2UCp) =1.
Proof. Let G = K2 U C, The vertex set of G is
{vill £ i< n}u{u,w}
and the edge set of G is
{viviz1]l < i <n—1} U {vyv, uw}

Park et al. (8] and [6] proved that K3 U C, is super edge-magic if and
only if n is even. So, ps(G) > 1 for n odd. To prove p,(G) <lforn=1
(mod 4), we label the vertices of K3 UCy U z, where z is isolated vertex in

the following way.

$(u) = 1,¢(w) =n +3
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Figure 2: An illustration for the labeling given in the proof of Theorem 5

H43 if1<i<|})/-1and i=1 (mod?2)

o(v;) = %—5, if |3]<i<nand i=1 (mod 2)

'ﬁg-‘l‘-", if1<i<nand i=0 (mod 2)
#(z) = 3] +2
(See Figure 2 for illustration.) The set of all edge-sums generated by the
above formula forms a set of n + 1 consecutive integers. Therefore by

Lemma 1, ¢ can be extended to a super edge-magic total labeling. This
shows that u;(G) < 1. Therefore we get ps(G) = 1. Which completes the

proof.
a

In the next theorem we show that 1 < u,(KoUC,) < 2whenn =3
(mod 4).

Theorem 6. For n = 3 (mod 4), the super edge-magic deficiency of Ko U

Cﬂ is
1< pa(KrUCn) <2.

Proof. Let n =3 (mod 4) be a nonnegative integer. Let G = K2 UC,, The

vertex set of G is
{vill < i< n}uU {u,w}

and the edge set of G is
{vivis1]l < i < n -1} U {vpv, uw}

Park et al. [8] and [6] prove that K2 U C, is super edge-magic if and
only if n is even. So, for n odd

1s(G) 2 1. (8)
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Figure 3: An illustration for the labeling given in the proof of Theorem 6

To prove p,(G) < 2 for n = 3 (mod 4), according to Lemma 1 it is suf-
ficient to prove that there exists a vertex labeling with the property that
the edge-sums under this labeling are consecutive integers. It is easy to see
that the following labeling ¢ : V(GU2K:) — {1,2,...,|V(G)| +2} has the
desired property.

Here, we label G U 2K where V(2K) = {23, z2} as follows:
B(u) = 1, 6(w) = n+4
[$11+1, if1<i<[%]and i=1 (mod 2)
d(w) = [$1+2, if [3]+1<i<nand i=1 (mod 2)
nbBht ifl<i<nand i=0 (mod 2)
The isolated vertex z; are labeled as

(2142, fi=1
$E) =9 nis,  ififi=2

(See Figure 2 for illustration.) It is easy to see that the edge-sums forms
a set of n 4 1 consecutive integers. This shows that

us(G) <2. (9)
From equations (8) and (9), we get

1< ou's(K2 U Cn) <2
Which completes the proof.
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2 Closing remarks

We have shown that the (n, t)—kite graph has super edge-magic deficiency
at most 1, for n even and t odd. we also determined the upper bound
for the super edge-magic deficiency of (n,t)—kite graph for n even and
t > 3 even. Also we have found the exact value and upper bound for the
super edge-magic deficiency of C, U K2, we encourage researchers to try
to determine the super edge-magic deficiency of other graphs for further
research. In fact, it seems to be a very challenging problem to find the
exact value for the super edge-magic deficiency of families of graphs.
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