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Abstract

In this study, we consider generalization of the well-known Fi-
bonacci and Lucas numbers related with combinatorial sums by us-
ing finite differences. To write generalized Fibonacci and Lucas se-
quences in a new direct way, we investigate some new properties of

these numbers.
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1 Introduction

In this paper, we mainly interest in whether some new mathematical de-
velopments can be applied to Fibonacci and Lucas numbers and their gen-
eralization and obtain new results about these numbers. As a reminder,
for a,b € R and n > 2, the well-known Fibonacci {F,}, Lucas {L,} and
generalized Fibonacci sequences {Gn} are defined by F,, = F,,_; + F,_,,
L,=L,.1+L,2and Gp, =Gpy+Gn_g where F} = F, =1, L; = 2,
Ly =1 and G, = a, G3 = b, respectively.

As is well known, there has been a huge interest to linear difference
equations related to these numbers in number theory, applied mathemat-
ics, physics, computer science etc., recently. For the prettiness and rich
applications of these numbers and their relatives one can see science and
the nature [1-5] . For instance, the ratio of two consecutive of these num-

bers converges to the Golden ratio & = 15 Applications of Golden
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ratio appears in many research areas. Physicists gave some examples of the
Golden ratio in Theorotical Physics and Physics of High Energy Particles
in [9-13]. Falco’n S. and Plaza A. obtained many properties of k-Fibonacci
sequence {Fin} ., related with the so-called Pascal 2-triangle and studied
the sums of k-Fibonacci numbers with indexes in an arithmetic sequence,
say an+7 for fixed integers a and r in (7, 8]. Taskara et al., in [6], obtained
new properties of Lucas numbers with binomial coefficients and gave some
important results related to the Fibonacci numbers. Arthur T. Benjamin
et al., in [15], extended the combinatorial approach to understand relation-
ships among generalized Fibonacci numbers. In [16], they gave a new family
of k-Fibonacci numbers and established some properties of the relation to
the ordinary Fibonacci numbers.

2 Main result

Fibonacci numbers arise in the solution of many combinatorial problems.
In this studies, we investigate the generalization of the Fibonacci numbers.
Then we give theorems and corollaries with generalization for the fibonacci
numbers. In addition to these theorems, we may also obtain in different
way generalized Fibonacci numbers as in the following.

The following theorem gives Generalized Fibonacci and Lucas numbers.

Theorem 1 Forn >0, Gp+7 = 13Gnt1 + 8Gh.

Proof. Let us use the principle of mathematical induction on n.
For n = 1, it is easy to see that

Gs = 13G, + 8G, = 13b + 8a.
Assume that it is true for all positive integers n = k. That is,
Gr4+7 = 13Gg41 + 8Gi. 1)

Therefore, we have to show that it is true for n = k + 1. Adding G46 to
both sides of (1), we have

Gi47+Gres = 13Gi41 +8Gk + Gris
Gr+s 13Gk+1 + 8Gr + G5 + Giya
= 13Gg+41 + 8Gk + 2Gk+44 + Giya.

By recurring this procedure, we obtain Gr4+s = 13Gr42+8Gk41 as required.

|
The following theorem gives us denoting in the form of sum for some

Generalized Fibonacci and Lucas numbers.
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Theorem 2 Forn > 2 and b # a, it is hold the equation

a®+ab—b 5,41  34a—21b

Gan-t = —g=——ao— 55a — 3450~
1 'il (
et 22n—2 i+1)(aG3i+2 - bG3i+1)'
550 — 34b

2 —h2 -
Proof. Assume that ¢; = &E%=b and ¢; = $e=2l Tt us use the

induction on n.
For n = 2, it is easy to see that

1
1 .
= & 2 4-2(i+1) - - =
G =c12° + 552 — 34b izlz {aGs bG4) Gy = b.

Assume it is true for all positive integers n = m — 1. That is,
1 m—2
Gam-7 = c122m‘1+m 2 22m=2=2+1) (4G ;10 ~bG3i+1) —C2Cam—s.
o (2)
Therefore, we have to show that it is true for n = m. In other words,

1

= 2m+1, -
G3m—4 612 + 55a

m-—1
—3% Z 22240 (0 Gy 40— bGait1) — 2 Gam—s.
i=1

If we multiply both sides of (2) with 4, then we have

136a — 84b 2 22m=2-2+1) (G310 — bGait1)
4G3m—7 + 55a — 34b GSm—B = 4 ; 55a — 34b
+4¢, 221, (3)

By considering the equality G, = Gp+2 — Gpn41, We can rewrite on the left
hand side of above equality as

1

YT {(220a — 1366)G3m—7 + (136a — 84b)G3m—s]
4 m-2 )
= 4221+ 55a— 345 Z 22m=2-2041) (0Gl3i02 — bGaiy1).
i=1
55?1‘315 [(136a — 846)Gam-—s + (842 — 525)Cam_1]
4 m—2 )
= 4221+ S50 — 340 z 222241 (aGi4p — bGlaiy1)-
=1
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Hence, by recurring this procedure, we have

1
Gam—a + m((34a — 218)G3m-5 — aGam—1 + bG3am—2)
4 m-2
— 2m—1 2m—2—2(i+1) L )
4¢,2 + 5a —34b ; 2 (aG3i+2 — bG3it1)-
1
G3am—q + 2Gam-5 + m(-aGsm-l + bG3m—2)
4 m—2 .
= 4¢,22m 1 4 T ; 22m“2’2(‘+1)(aG3i+2 — bGsiy1).

Consequently, if the last equation is rearranged, then we obtain

aG3m-1 — bGam—2

Gam—1+2G3m—5 = ¢2°™*1 4

55a — 34b
1 m—2 .
+ 552 — 345 Y 227D (aGsit - bGiiv1)
i=1
1

m—1
Gsm-4 = g2 Y 222 (aGyiyg - bGin)
i=1

+C122m+1 — c2Gam-5
which ends up the induction. Therefore we have the required formulate on
GSn—4~ u
Corollary 3 In the above theorem, for n > 2, il is obvious that the fol-
lowing results hold:
i. Fora = b = 1, it is obvious F, = G,. Then it gives the Fibonacci
sequence with binomial coefficients, in [5], as

n—1

F3n+3 = 22n+1 + Z 22n—2(i+1)F3i’
i=1

4. Fora = 2 and b = 1, we can clearly see that L, = G, and we obtain
the Lucas sequences with Binomial coefficients given in [14] as

5 n—1

L3n—4 %227““ + = z 22n—2(1+1) (L3‘l + L31+2) L3n—

Now, the next theorems give us Generalized Fibonacci and Lucas num-
bers that are obtained by using binomial sums.
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We can obtain the elements of sequence {Si} from (4) as
Sk = {8, 144c, ..., aF3pya}.
Hence, by using Fy, = 2€5t2-28a+1 it is obvious that the equality

5a — 3b
Sk = G3p + §E—_55G3"_1 (7)

holds. As a result of (6) and (7), the proof is completed. m

Corollary 5 From the above theorem, the following results can be clearly
seen.

i. For a = b = 1, it is obvious F,, = G,. Then it gives the Fibonacci
sequence with binomial coefficients, in [5/, as

n—=1

< fn—1
Finyg =y 20*14 (n _ 2i)’

i=0
ii. Fora =2 and b = 1, we can clearly see that L, = G, and we obtain

the Lucas sequences with Binomial coefficients given in [14] as

n-1

N .
—4i n—1
Linyz = § :22n+1 4 ( n—2 ) +F311+11

i=0

2;_1
5 —4i n—1 3
L3n+2 = Z z 22n+1 4 ( n—2 ) - ZL3n+1=

i=0
: e 2
on+1-di [ T —1
(L (22h)) o
1=

In the following theorem, it is given odd Generalized Fibonacci and
Lucas numbers.

1/2

L3nta

Theorem 6 Forn > 0 and a # 0, we have

a2 +ab—b2 < fn+i b
Gon+3 = _‘—_—Z< ) + ;G2n+2-

a = 27
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Proof. Let us k = ﬁi‘fﬁi. For n > 0, we have the following iteration:

Gy = k(g>+§b
Gs = k[((l) +(§)]+§(a+2b) (8)

o= 4]+ ()] towe

The coefficients of a and b are Fibonacci numbers in (8). Hence, by iterating
this procedure, we have

Ganys =k [(:) + (n-zi-l) +ooo+ (22)} + g(aF2n+bF2n+1)' 9

Furthermore, considering the equality Gan42 = aFo, + bF2,41, we rewrite
the equation in (9)

+1 2 b
Gontz =k [(g) + (n2 ) +-o 4 (2:)] + a-G2n+2

or using the summation symbol, we have
a®+ab—-b? O~ n+i) b
Gonys = B — g ( 9% ) + ;G2n+2.
|

Corollary 7 From the above theorem, the following results can be clearly

seen.
i. For a = b = 1, it is obvious F, = Gnp. Then it gives the Fibonacci
sequence with binomial coefficients, in [5], as Fany1 = Y 1y (),

i4. For a = 2 and b = 1, we can clearly see that L, = G, and we obtain
the Lucas sequences with Binomial coefficients given in [6] as

s (&) -]

Similarly, the following theorem gives odd Generalized Fibonacci and
Lucas numbers with different point of view.

145



Theorem 8 Suppose that n > 0 is an even integer and a # 0. Then we

have 3
a? + ab— b2 n—1 b
Gn43 = _a— Z ( ) + ;Gn-;-z.

Proof. The proof can also be seen by using the iteration method as in
Theorem 6. =

Corollary 9 From the above theorem, the following results can be clearly
seen.

i. Fora = b = 1, it is obvious F,, = Gy,. Then it gives the Fibonacci
sequence with binomial coefficients, in [5], as Fnyy = 2?;0 (::;i),

ii. Fora =2 and b = 1, we can clearly see that L, = G, and we obtain
the Lucas sequences with Binomial coefficients given in [6] as

2
ks n—t
L2n+3=5(z< n—2i )) -2
i=0

References

[1] Vajda S., Fibonacci and Lucas numbers, and the Golden Section, the-
ory and applications, John Wiley and Sons, New York, 1989.

[2] Koshy T., Fibonacci and Lucas numbers with applications, John Wiley
and Sons, NY, 2001.

[3] Kilic E., Sums of Generalized Fibonacci numbers by matrix methods,
Ars Combinatoria, 84, 23-31, 2007.

[4] M. Farrokhi D. G., Some remarks on the equation F;, = kF,, in Fi-
bonacci numbers, Journal of Integer Sequences, Vol. 10, Article 07.5.7,
2007.

[5] Gulec H.H., Taskara N., On the properties of Fibonacci numbers with
binomial coefficients, Int. J. of Contemp. Math. Sci., 4(25), 1251-1256,

2009.

[6] Taskara N., Uslu K., Gulec H. H., On the properties of Lucas numbers
with binomial coefficients, Appl. Math. Lett., 23, 68-72, 2010.

(7] Falco’n S., Plaza A., The k-Fibonacci sequence and the Pascal 2-
triangle, Chaos, Solitons & Fractals, 33(1), 38-49, 2007.

146



[8] Falcon S., Plaza A., On k-Fibonacci numbers of arithmetic indexes,
Applied Mathematics and Computation, 208(1), 180-185, 2009.

[9] El Naschie MS., The golden mean in quantum geometry, Knot theory
and related topics, Chaos, Solitons & Fractals, 10(8), 1303-1307, 1999.

[10] El Naschie MS., The Fibonacci code behind super strings and P-
Branes, an answer to M. Kakus fundamental question, Chaos, Solitons
& Fractals, 31(3), 537-547, 2007.

[11] Marek-Crnjac L., On the mass spectrum of the elementary particles
of the standard model using El Naschie’s golden field theory, Chaos,
Solitons & Fractals,15(4), 611-618, 2003.

{12] Marek-Crnjac L., The mass spectrum of high energy elementary par-
ticles via El Naschie’s golden mean nested oscillators, the Dunkerly-
Southwell eigenvalue theorems and KAM, Chaos, Solitons & Fractals,

18(1), 125-133, 2003.

[13] Buyukkilic F., Demirhan D., Cumulative growth with Fibonacci ap-
proach, golden section and physics, Chaos, Solitons & Fractals, 42,

24-32, 2009.

(14] Gulec H. H., Taskara N., Uslu K., On the properties of generalized
Fibonacci and Lucas numbers with binomial coefficients, 14th Inter-
national Congress on Computational and Applied Mathematics (IC-
CAM2009), Antalya-Turkey, 2009.

{15] Benjamin A.T., Quinn J.J. and Su F.E., Phased Tilings and General-
ized Fibonacci identities, Fibonacci Quarterly, 38(3), 282-288, 2000.

[16] El-Mikkawy M., Sogabe T., A new family of k-Fibonacci numbers,
Appl. Math.Comput., doi: 10.1016/j.amc.2009.12.069, 2010.

147



