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Abstract

We recall from [13] a shell graph of size n, denoted C(n, n 3), is the
graph obtained from the cycle C,(v,,V,%,..v,,) by adding n 3
consecutive chords incident at a common vertex , say v,. The vertex v, of
C(n, n 3) is called apex of the shell C(n, n 3). The vertex v, of C(n,n 3)
is said to be at level ! .

A graph C(2n,n 2) is called an alternate shell, if C(2n,n 2) is
obtained from the cycle C,,{V, Vs VareVy, ;) by adding » 2 chords
between the vertex v, and the vertices v, ,, for 1 idn 8. If the vertex v,
of C(2n,n 2) atlevel /and is adjacent with v, then v, is said to be at level
! with a chord, otherwise the vertex v, is said to be at level ! without a chord.

A graph, denoted G 2n,n 2, k, 1 is called one vertex union of

alternate shells with a path at any common level | (with or without chords), if it
is obtained from & alternate shells C(2n,n, 2)’s, 1 i8 k, by merging them

together at their apex and joining k vertices each chosen from a distinct
alternate shell in a particular level / (with or without chords) by a path B, ,

such that the chosen vertex of the ith alternate shell C(2n,,n, 2) is at the
(2i 1)th vertex of the P, ,, for 1 i8k. We denote the graph
G 2n,n 2,k 1 as G 2n,n 2, k, I if the path B, , joins the vertices

only at the common level ! with chords.
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In this paper, we show that G 2n,,n, 2, k, I, is graceful and admits
an A-labeling, for £ ©l, n, 3,17i &dand G 2n,n, 2, k, I is cordial, for
n n 3,k 1 1%i &
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1. Introduction
At the Smolenic symposium in 1963, Ringel conjectured that the

complete graph K,, , can be decomposed into2m 1 isomorphic copies of a

given tree with m edges. In an attempt to solve Ringel’s conjecture, Rosa [12]
introduced graceful labeling, an A-labeling and other labeling as a tool to

attack the Ringel’s conjecture.
A function f is called a graceful labeling of G with m edges, if f is

an injection from the vertices of G to the set 1,1,2,...,m such that when each
edge v is assigned the label |f(u) f (v)|, then the resulting edge labels are
distinct. A graceful labeling f is called an A-labeling of G if there exists an
integer C such that f(u) @ f(v) (or) f(v) @ f(u), for every edge
uv E(G).A graph G admitting an A-labeling is necessarily bipartite.

Harmonious labeling was introduced by Graham and Sloane [9] in

connection with their study on error correcting codes. A function f is called
harmonious labeling of a graph G with m edges, if f is an injection from
the vertices of G to the group of integers modulo 72, such that when each edge
uv is assigned the label f(4) f(v)(modm), then the resulting edge labels

are distinct.
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Over the period, variations of these two labelings were studied with
different motivations. Chang [4] introduced elegant labeling as a variation of
harmonious labeling. A graph G with 7 edges is called elegant, if there is an
injection f:¥(G) 0 £,1,2,..,m such that when each edge v is assigned the
label f(u) f(v)(modm 1), then the resulting edge labels are distinct and
non-zero.

In [3]), cordial labeling was introduced by Cahit as a variation of both
graceful and harmonious. A function f from the set of vertices of the graph

G totheset £,1 and for each edge wVv assign the label |f@) fo) is
called cordial abeling, if the number of vertices labeled 0’s and the number of
vertices labeled 1’s differ by at most 1, and the number of edges labeled 0’s and
the number of edges labeled 1°s differ by at most 1. Though the cordial labeling
looks much simpler to graceful labeling, but it is surprising to note that there are
families of graphs which are graceful but not cordial, for example, K, is
graceful but not cordial.

The above labelings are not only useful in theoretical studies, but also
play an important role in applications, (refer [2]).

It is extremely hard to characterize graceful / harmonious / elegant /
cordial graphs. Also determining a graph is harmonious / cordial are NP-
complete, Due to the inherent difficulties of these labelings, researchers have
investigated these labelings on various specific families of graphs.

A line of work on graceful graphs has concentrated on graphs related to

the cycles stemming from Rosa’s result [12] that a cycle C, is graceful if and

only if » {0,3 (mod 4). In [5], Delmore ef al. proved that every cycle with a
chord is graceful. In this direction, Koh et al. [10] have shown that every cycle
with # consecutive chords is graceful for ¢ 2,3 andn 3, and this result

had been extended to all ¢, where 4 ¢8n 8 by Goh and Lim [8].

We recall from [13), a shell graph of size n, denoted C(n,n 3), is
the graph obtained from the cycle C,(v,w,v,,..v,,) by adding n 3
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consecutive chords incident with a common vertex, say V,,. The common vertex
v, of C(n,n 3) is called apex of the shell C(n,n 3). The vertex v, of

C(n,n 3) is said to be at the level [.
In [13], Sethuraman and Dhavamani have shown that one edge union
of shell graphs is graceful. In [14], Sethuraman and Selvaraju have shown that

the one edge union of shell graphs is cordial.
A graph C(2n,n 2) is called an alternate shell, if C(2n,n 2) is

obtained from the cycle C,,{Vg,V,Vpnty,,) by adding 2 chords
between the vertex V, and the vertices V,; ,,for 1 i8n 8. ]If the vertex v,
of C(2n,n 2) atlevel ! and is adjacent with v, then v, is said to be at /eve/

1 with chord, otherwise the vertex V, is said to be at level | without chord.
Let CQ@n,n 2), CQ@nun, 2), ..,CQ2n,n, 2) be any

k alternate shells, without loss of generality, we assume that n, 7, 8... &p.

The alternate shell C(2n,n, 2) is called ith alternate shell. Let

LI‘JC(Zn,.,n,. 2) denote the one vertex union of k alternate shells
ICI(Zn,,n, 2)’s,for 1 i8 k, obtained by merging the apex of each of these k
alternate shells together.  Let v, denotes the common vertex of
'L*JIC(Zn,.,n, 2), and let v,; be the vertex of the ith alternate shell
C(@2n,n, 2) atthe jthlevel, where 1 j82n, &.The (i 1)th alternate
shell C(2n, ,,n,, 2) and the ith alternate shell C(2n,,n, 2) are said to be

k
adjacent alternate shells in U]C(2n,,n, 2),for 2 8k
i
We arrange the vertices of each alternate shell C(2n,n, 2)’s
excluding the apex V, in the one vertex union of alternate shells

k

UC@2n,,n, 2) with certain hierarchy, so that k suitable common level
i1

vertices (with chords and without chords) can be identified for joining them by
apath B, .
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Level arrangement of first and second alternate shells
First arrange the vertices of the first alternate shell C(2n,n, 2) asa

chain v, 1, V, 5,0y V2, 1 Such that v, is in the bottom level vertex and
Viom 1 is in the top level vertex of C(2n,,n, 2). Now we arrange the vertices
of C(2m,n, 2) asachain v, ,V, ,,...V, 5,,  such that the top level vertex
Vi, 25, 1 Of the first alternate shell C(2m,m 2) and the top level vertex
V2,2, 1 of the second alternate shell C(2n,,n, 2) are in the same level, so

that the bottom level vertex v, | of the first alternate shell C(2n,,n, 2) and the

Vertex V; 5, 2, 1 Of the second alternate shell C(2n,,n, 2) are in the same
level.

Observe that there are n, pairs of vertices (VI-M > Va,2m, 1 ),
(vu,,l 32 V2,2m 3 ), ...,(VL,, V2 2m 2m 1 ) are in the same levels with
chords, and m 1 pairs of vertices <vl-2n. 22 Va,2m 2 ),

(vm”l 42 V2,20, 4 ), ...,(v,,z, Va.2m, 2m 2 ) are in the same level without

chords, see Figurel.
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Common Levels

Yo

Figure 1 : Level amangement of C(2n,,n, -2) and C(2n,, n,-2)

Level arrangement of i th alternate shell
When 3 i8k and i odd, arrange the i th alternate shell C(2n,,n, 2) as a

chain ViV Vi, 1 such that the bottom level vertex v, ,, of the

(i 1) thalternate shell C(2n,,, n,, 2) and the bottom level vertex v, ; of
the i th alternate shell C(2n,,n, 2) are in the same level, so that the top level
vertex V;  ,,  of the (i 1) th alternate shell C(2n, ,, n,, 2) and the
vertex V, 5, | of the ith alternate shell C(2n,,n, 2) are in the same
level.

Thus, there are #,, pairs of vertices (V,. L1 Vi ),

(v‘. L3 Vi3 ),..., (v,. Lo 1 Yiom, 1 ) are in the same levels with

chords, and there are n,, 1 pairs of vertices (v, L2 Vi2 ),
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(V: 1 as Via ),...,(v. Lam, 20 Viom, 2 ) are in the same levels without

chords.
When 3 i8k and i even, arrange the vertices of the ith alternate shell

C@2n,m, 2) asachain v, ,, V, 5,...,V;,, | such that the top level vertex

Vi 1, 2n , 1 Of the (i 1) thalternate shell C(2n, |, n,, 2) and the top level

vertex V, ,,, | of the i th alternate shell C(2n,,n, 2) are in the same level, so

that the bottom level vertex v, , , of (i 1) th alternate shell C(2n, \, n,, 2)

and the vertex V, , of the ith alternate shell C(2n,,n, 2) are in the

\2m 2m

same level.

Thus, there are n;, pairs of vertices (v, Lom, 10 Viam 1 ),
<v,. L2m, 3 Viiam 3 >, ...,(v, L1 Viam 2m, 1 ) are in the same levels
with chords, and n,, 1 pairs of vertices (v, Lan , 20 Viam 2 ),

<v,. Lan, 4 Vianm 4 ), ...,(v,, 120 Vian 2m, 2 > in the same levels

without chords.
We refer the above hierarchical level arrangement of vertices of the

k
alternate shell C(2n, n, 2) in ’UlC(2n,,n,. 2) is called Top-Bottom -Level

k
arrangement (TBL- arrangement). In the TBL-arrangement of UC(2n,,n, 2)
il

there are n, levels of vertices in each alternate shell which are in the common

level with chords and #, 1 levels of vertices in each alternate shell which are

in the common level without chords, the vertices in the common levels with
chords are called common level vertices with chords, and the vertices in the
common level without chords are called common level vertices without chords.

Observe that, there exists 7, different sets of common level vertices with
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chords where each set containing a vertex from a distinct alternate shell
C@2n, n, 2),for1 i3k, and there exists 7, 1 different sets of common
level vertices without chords where each set containing a vertex from a distinct
alternate shell C(2n,, n, 2),forl idk.

k
Let U.C(Zn,,n, 2) be one vertex union of k alternate shell
i

C(@n,n, 2)'s, 1 ik, with TBL- arrangement, choose k vertices, each
from a distinct alternate shell C(2n,, n, 2), such that they are in any fixed
common level / (with or without chords). Join these kK vertices by a path
B, | such that the i th alternate shell C(2n;, n; 2) at the (2i-1)th vertex of

B, |.The vertex w; of the path B, | is called middle vertex between the i th

alternate shell C(2nm, n, 2) and the (i 1)th alternate shell
c@n ,, n, 2),for 1 i8k &. The graph thus obtained is denoted by
G(@2n,,n, 2,k,1) and is called one vertex union of k alternate shells with a

path B, | at any common level | (with or without chords).
In particular, we denote the graph G(2m,n, 2,k,I) as

G@n,n, 2,k,1) if the path P, | joins the vertices only at the common
level / with chords, see Figure 2.

We observe the following two observations from the graph G(2n,,n, 2,k,1).

Observation 1
In each of the alternate shell C(2n, n, 2) excluding the apex v,

there isapath B, | oflength 2n, 1in G@2n,m 2,k 01),for1 i Ok.
In the path P, ; of G(2n,m, 2,k,I) joining the k alternate shell

with alternate vertices, there are k vertices which are common to the path

P, | and the k alternate shell, called shared vertices of the alternating path
B,, in G@n,nm 2,k]1), and the (k 1) middle vertices Ww,’s

(1 i8k &) which lies only on the path £, .
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By the construction of the graph G(2n,,n, 2,%,1), there is no odd
cycle. Therefore, G(2n;, n, 2, k, 1) is a bipartite graph.
Rosa [12] has proved the following significant theorem.

Theorem [Rosa).
If a graph G with m edges has an A-labeling, then there exists a

cyclic decomposition of the edges of the complete graph K, pm 1 info sub
graphs isomorphic to G , where p is an arbitrary natural number.
In 1996, El-Zanati and Vanden [6] have proved the following theorem.

Theorem [El-Zanati]

If G has m edges and admits an A-labeling then K,, ;. can be

partitioned into sub graphs isomorphic to G for all positive integers p and
q.
Observation 2

When n, n, for 1 i3k, then we denote the graph
GQ@2n,,n, 2,k, 1) as GQ2n,n 2,k,1). We arrange the k copies of the
alternate shells C(2n, n 2)’s in G(2n,n 2,k,1) as first, second,..., k th
copy. Observe that there are 2n 2 pairs of vertices which are in the common

levels between any two adjacent copies were not joined in the path £, ,. Join

2t P, paths between 2¢ pairs of vertices where each pair of vertex is selected
from any adjacent alternate shells in the same common level. The graph thus
obtained is denoted by G2n,n 2,k,1,2t), where 1 t3(k 1)(nd1).

In this paper, we show that the graph G(2n,,n, 2,k,1.) is graceful
and admits an A-labeling, for n, 3,1ti k, k3 B5. Thus it follows from
Rosa’s [12] and El-Zanati’s [6] theorems. We show that the graph
G@2nn 2,k,0) is cordial, for 7 T3, k tl, and the graph
G(@2n,n 2,k,1,2t) is cordial, for # 3, k7T 1. Finally, we discuss related

open problems.
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2, One vertex union of alternate shells with a path at any common level
with chords is graceful

In this section, we show that the graph G(2n,n, 2, k,l.) one vertex
union of k alternate shells C(2n,, n, 2)’s with a path B, , at any common

level ! with chords is graceful and admits an  A-labeling, for
n 3, 1ti k kdb.

Theorem 1. For k 1,m 13,1 ith, the graph GQ2n,n, 2,k,1) is

graceful.
Proof. Let G(2n,,n, 2,k,1) be the one vertex union of k alternate shells

C2n,, n, 2)’s with a path F,, , at any common level / with chords, for
n 3,1ti k k5B

k k
Observethat  [V(G2n,n, 2k1)  f@m D k =2 fn,,and
il il

k k
|EG@nn, 2k1)  fGn 2 2k D =3 fn) 2.
il il
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Figure 2 : The graph G(2n,, n-2, k, {) with k even

Let m |E(G2n.n 2,k1) .

Vil

For the convenience of graceful labeling, we rename the vertices of

G(2n,,n, 2,k,1.) as shown in Figure 3.
Define I:V(Gn,n, 2,k1)) £,1,2,.0m by
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k

I(vy) =0, I(v) ;[m G D forl j g’&, , and
il

T ok . 4
I(u)) Im 1 j 2“n,., Jor1 j (fln,) 18.

k
It is clear that the vertex labels /(v;)’s,for 0 ;3 f&, , and
1

k
I(u;)’s,for1 j8( fn,) & are distinct.
il
Let A be the set of edges of G(2n,,n, 2, k,l.) which are adjacent to v, that
k
is, 4= {v,v,) E GCm,n 2,k1),forl j S_ﬁx{_
il

Let B be the set of edge of G(2n,,n, 2,k,l.) whicharenotin 4.

Let A and B denote the sets of edge labels of the edges of the sets 4 and B
respectively.

Observe that
k
AX mym lLm 2,..m 1 fn, iy

M
k k 1T
Bx m ( n)m (fn) l,...,fZ,ll..
il i1

It is clear that the edge labels in the sets 4 ;and B are distinct, and
A By 123,..m lL,m.
Hence, G(2n,,n, 2,k,1.) is graceful.
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Figure 3 : The graph G (2n;, n-2, k, |) with k even

From Theorem 1, observe that for every edge uv E(G(2n,n, 2,k,1.)) such
k

that f@) Bf) or f(v) @ f(u), where Om fn, , hence
il

G(2n,,n, 2,k,1,) admits an A-labeling.
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The following two corollaries are an immediate consequence of Rosa’s
Theorem and El-Zanati’s Theorem.
Corollary 1.

The complete graphs K, om 1 €an be decomposed into sub graphs
isomorphic to G(2n,,n, 2,k,l.), where m |E(G(2n,,n,‘ 2,k, 1)), and p

is an arbitrary positive integer.
Corollary 2.

The edges of the complete graphs K om,qm Can be partitioned into sub

graphs isomorphic to GQ2n,,n, 2,k,1.), where m |E(GQn,n, 2,k,1)),

D and q are arbitrary positive integer.

3. One vertex union of copies of alternate shells with a path at any
level is cordial
In this section, we show that the graph G(2n,n 2, &, 1) the one vertex

union of k copies of alternate shell C(2n,n 2) with a path P, | at any level

! ( with or without chords) is cordial, for # 3, kT 1. We also show that the
graph G(2n,n 2,k,1,2) iscordial, for n 3, kt1,1 t3(k D@n3).

Theorem 2.
For n 3,kt1, thegraph G(2n,n 2,k,!) is cordial.

Proof. Let G(2n,n 2,k,I) one vertex union of k¥ copies of the alternate
shells C(2n,n 2) with a path B, | at any level / ( with or without chords),

whose vertices are described as shown in Figure 2, where

n n .. n n
Observethat  |[V(G2nmn 2,k,1)| 2m,

|[EG@2n,n 2,k,D)| 3kn 2.
Define I:V(Gn,n 2,k,1)) 0,1 by 1I(v,))=0,
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Labeling of the first copy in G(2n,n 2,k,1)
For1 jd2n &,

e
Let Kv,,) i'fj{ mod 4
9, if j {0,3 mod 4

Labeling of the i th copy in G(2n,n 2,k,0)
Let Iv,; =1 Av,,;), for2 idk,1 jd2n 8.
Labeling of middle vertices in the path P,

N, forl idk dandiodd

t I
Le " ﬁforl idk dandieven

Let ¥, and ¥, denotes the set of vertices of G(2n,n 2,k,I) were
assigned the labels 0°s and 1’s respectively.

Let E, and E, denotes the set of edges of G(2m,n 2,k,I) were
having the labels 0’s and 1’s respectively. Let 4 lLkJIA, , where 4, be the set of
all edge labels of the edges of the ith copy of the alternate shell which are
adjacent to v, that is,

4 Loy 10, por1 j 20 8

Let B be the set of all edge labels of the edges of the paths B, | ’s in
each copy of the k alternate shells C(2n,n 2). Let C be the set all edge
labels of the edges of the path P,, | atany level /, where / 1,2,3,...,2n 1 .
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Table 1. Edge labeling of G(2n,n 2,k,1).

Natu[ 27 4, B C "y AN A
re of i {1,3 |i{0,2|i {0.L2,]7 [1,2]7 {0,3
k (mod4) |(med4) | (mod 4) [(mod4 (mod 4

oddlar faoy |1 |OD™ ™*©On* a0y 5| |&]|
4r 2|laoy1r [0 [©D® |01 [aoy ||E| |E|
Bealdr 110y  [(O)" |©OD™ "M ©OD* |0y '||E| ||
4r 2(a0y1 [onro [©OD® ™|on* a0y & |E|
From the Table 1, it is clear that the graph G(2n,n 2, k, 1) is cordial.

Corollary 3. For k t1, n ©3, the graph G(2n,n 2, k,1, 2t) is cordial, for
1 t8k D(nd1).
Proof. The graph G(2n,n 2,k,1) is cordial. Observe that, any two adjacent

copies of the alternate shells are complement to each other in G(2n,n 2, k,1),

therefore joining any two adjacent copies of an alternate shell by a path B, with

middle vertex having the label O or having the label 1 will give one of the edge
label as 1 and the other edge label as 0.
From Observation 2, join ¢ P, paths having middle vertex labeled 0’s

and ¢ P, paths having middle vertex labeled 1’s between any adjacent

alternate shells in G2n,n 2,k,1).
Hence, G(2n,n 2, k,1, 2t) is cordial.

4. Discussion
In Section 2 of this paper we have shown that the graph

G@2n,,n, 2,k,1) the one vertex union of k alternate shells with a path P,,

at any common level [ with chords is graceful. We feel that tendency towards
having the graceful labeling of G(2nm,n, 2,k,[) the one vertex union of




k alternate shells with a path B, , at any common level / without chords
seems to be negative. It prompts to ask the following question.
Is GQ2n,n, 2,k,1) the one vertex union of k alternate shells with a

path B, | at any common level ! without chords graceful, for

kti,n 13,1 iSk?

In Section 3 of this paper, we have shown that G(2n,n 2,%,1) is
cordial. It appears that proving the cordialness of G(»,, n, 3, k,I) for arbitrary
n,’s, seem to be hard to establish. So we conclude this paper with the following

question.
Is G(n,,n, 3,k,1) the one vertex union of k alternate shells with a

path P, | at any common level [ (with or without chord) is cordial, for all
m 3, 1ti k, kdBn
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