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ABSTRACT

For integers p, q, s withp > ¢ > 2 and 8 2 0, let K5 °(p,q) denote the set
of 2—connected bipartite graphs which can be obtained from the complete
bipartite graph K, 4 by deleting a set of s edges. F.M.Dong et al. (Discrete
Math. vol.224 (2000) 107-124) proved that for any graph G € K3 *(p,q)
with p > ¢ > 3 and 0 < s < min{4,q — 1}, then G is chromatically unique.
In [13], we extended this result to s = 5 and s = 6. In this paper, we
consider the case when s =17.

Keywords: Chromatic Polynomial; Chromatically unique; Chromatically
equivalent.

1 Introduction

All graphs considered here are simple graphs. For a graph G, let V(G),
A(G) and P(G, )) be the vertex set, maximum degree and the chromatic

polynomial of G, respectively.

Two graphs G and H are said to be chromatically equivalent (or simply
x—equivalent), symbolically G ~ H, if P(G,)\) = P(H,\). The equiv-
alence class determined by G under ~ is denoted by [G]. A graph G is
chromatically unigue (or simply x—unique) if H & G whenever H ~ G, i.e,
[G] = {G} up to isomorphism. For a set G of graphs, if [G] C G for every
G € G, then G is said to be x—closed. For two sets G; and Ga of graphs, if

ARS COMBINATORIA 99(2011), pp. 257-277



P(Gi, ) # P(Ga, A) for every G € G; and G3 € G, then G, and G, are
said to be chromatically disjoint, or simply x—disjoint.

For integers p, q, s withp > ¢ > 2and s > 0, let K~*(p, q) (resp. K3 °(p,q))
denote the set of connected (resp. 2—connected) bipartite graphs which can
be obtained from the complete bipartite graph K, ; by deleting a set of s
edges.

In [5], Dong et al. proved the following result.

Theorem 1.1 For integers p,q,s withp 2 ¢ 22 and 0 < s < g-1,
K5 *(p,q) is x-closed.

Teo and Koh [14] showed that every graph in K(p,g) U K~ !(p,q) is
x—unique. The case when s > 2 has been studied by Giudici and Lima de

Sa [6), Peng [7], Borowiecki and Drgas-Burchardt {1]. Their typical results
are of the following:

(i) If 2 < s < 4 and p — q is small enough, then each graph in K~*(p, q)
is x—unique;
(ii) If G € K~*(p,q), where 0 < p — g < 1, such that the set of s edges
deleted forms a matching, then G is x—unique.
Chen [2] showed that if G € K~%(p, q), where 3 < s < p — g and

gz mex { 3= as= 1+ 5, 70— 07+ 5-0)+ 5546 ],

and the set of s edges deleted forms a matching or a star, then G is
x—unique. In [5], Dong et al. proved that any 2—connected graph ob-
tained from Kp, by deleting a set of edges that forms a matching of size
at most g — 1 or that induces a star is chromatically unique.

Dong et al. [4] showed that any graph in K5 °(p, g) is x-uniqueifp > ¢ >3
and 1 £ s < min{4,g — 1}. Very recently, we [13] extend this result to
p>q>6and s =5 or 6. The case when s = 7 shall be presented in this
paper. For the sake of completeness, we state again in the next section, all
known results listed in [13] which will be used to prove this case.

2 Preliminary results and notation
Throughout this paper, we fix the following conditions for p, g and s:

p>qg2>3 and 1<s<qg-1
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For a bipartite graph G = (A, B; E') with bipartition A and B and edge
set E, let G' = (A/, B'; E') be the bipartite graph induced by the edge set
E ={zy|2y¢ E,z € A,y B}, where A C Aand B' C B. We
write G’ = Kpq — G, where p = |A| and ¢ = |B|. Let A(G’) denote the
maximum degree of G'. Partition X ~%(p, q) into the following subsets:

D,-(p,q,s):{GeIC"’(p,q) ‘ A(G'):i}, i=1,2,...,s.

The following two results were obtained in [3].

Theorem 2.1 Let p,q,s be integers withp > ¢> 3 and1 < s < q-1.
The following sets are pairwise x-disjoint:

D1(p, 9, 8), U2<i<tDi(p, 4, 8), De(p, 4, 8), e (P, 9, 8), - .-, Ds(p 4, 8),
where t = [(s + 3)/2].
Theorem 2.2 Letp>qg>3andl1 <s<g-1
(i) Di(p, q, 3) is x-closed.
(%) Ua<ic(s+3)/2Di(p, g, 8) is x-closed for s > 2.
(i4) Di(p, q,s) is x-closed for each i with [(s +3)/2] < i < min{s,q—2}.
(iv) Dg-1(p,q,8) N K3 °(p,q) is x-closed for s =g — 1.

For a graph G and a positive integer k, a partition {Aj, A, ..., Ak} of
V(G) is called a k-independent partition in G if each A; is a non-empty
independent set of G. Let a(G,k) denote the number of k-independent
partitions in G. For any graph G of order n, we have (see [8]):

n
PG, N =) a(GKAA=1)---(A=k+1).
k=1
Thus, we have
Lemma 2.1 If G ~ H, then o(G,k) = a(H,k) fork=1,2,....

For any bipartite graph G = (A, B; E) with bipartition A and B and edge
set E, let
&/(G,3) = aG,3) — (2M141-! 4 2lBI-1 _ 9y, (1)

In [5], the authors found the following sharp bounds for o/(G, 3):
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Theorem 2.3 For G € K;*(p,q) withp>g>3and0<s<q-1,
s<d(G,3)<2° -1,
where o/(G,3) = s iff A(G') =1 and &/(G,3) =2° -1 if A(G') =

Fort =0,1,2,..., let B(p,q,s,t) denote the set of graphs G € KX~*(p, q)
with /(G,3) = s+ t. Thus, K~%(p,q) is partitioned into the following

subsets:
B(p, q, 8, 0)’B(p1 q, 8, 1)1 . 'sB(p, q, 8, 28 —8— 1)

Assume that B(p,q,s,t) =0 fort>2°-s-1.

Lemma 2.2 (Dong et al. [4]) Forp > ¢ > 3 and 0 < s < g-1, if
0<t<29"1 —g—1, then

B(p,q,s,t) C K3 °(p, q).

Dong et al. [5] have shown that any graph G in B(p, g, s,0)U B(p, q, 5, 2° —
s — 1), if G is 2-connected, is x-unique. In [4], Dong et al. proved that
every 2-connected graph in B(p, g, s,t) is x-unique for 1 < ¢t < 4. Roslan
and Peng in [10,11,12] proved that every 2-connected graph in B(p, q, s,t)
is also x-unique for 5 <t < 7.

For a bipartite graph G = (A, B; E), let
QG) ={ Q| Q is an independent sets in G with QNA#0,QNB #0 }.
Lemma 2.3 (Dong et al. [5]) For G € K~*(p,q),

o/(G,3) = |Q(G)| > 22 + s — 1 - A(G).
For a bipartite graph G = (4, B; E), the number of 4—independent par-
.titions {A1,A2,A3,A4} in G with A; CAor A; CBforalli=1,2,3,4
is

(2M41-1 _ 1)(21B1-1 _ 1 4 3%(3|A| —3.0 434 L (3|B| 3.8l 4 )
= (24171 —2)(2lBI-t — 2) + §(3'/‘"-1 +3lBI=1) — g,
Define
o' (G,4) = aG,4) - { (241-! —2)(2!B1-1 —2) + %(3'*4"1 +31BI=1y _ 9},

Observe that for G, H € K~*(p, q),

a(G,4) = a(H,4) iff o'(G,4)=d'(H,4).

The following results will be used to prove our main theorems.
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Lemma 2.4 (Dong et al. [3]) For G =(A,B;E) € K™%(p,q) with |A| =p
and IBI =4q

o(G,4) = Z (27-1-1@NAl | 99-1-1QNB| _9) 4
QeN(G)

’{{Qth}IQl,Qzefl(G),anQg=0}.

Lemma 2.5 (Dong et al. [4]) For a bipartite graph G = (A, B; E), if uvw
is a path in G’ with dg:(u) =1 and dg/(v) = 2, then for any k > 2,

a(G, k) = a(G + uwv, k) + a(G — {v,v},k - 1) + o(G — {u,v,w}, k- 1).

Lemma 2.6 (Roslan and Peng [9]) For a bipartite graph G = (A, B; E),
if uww, uvy and wvy are three paths in G’ with dg/(u) =1 and dg/(v) = 3,
then for any k > 2,

a(G, k) = o(G+uvk)+a(G-{u,v}k-1)+a(G - {u,v,w},k—1)+
a(G_ {U,'U,y},k— 1)+Q(G— {u’v)w’y}1k’_ 1)

v

Theorem 2.4 (Dong et al.[3]) For any G € K;°(p,q), withp > ¢
s+12>6, if A(G') =s—1, then G is x—unique.

v

Theorem 2.5 (Dong et al.[3]) For any G € K;*(p,q), withp > ¢
s+ 128, if A(G') = s—2, then G is x—unique.

Theorem 2.6 (Dong et al.[5]) For any G € B(p,q,s,0)UB(p,q,s,2°—s—
1), if G is 2-connected, then G is x—unique.

Theorem 2.7 (Dong et al.[4]) For any G € Uj_,B(p,q,s,t), if G is 2-
connected, then G is x—unigque.

Theorem 2.8 (Roslan and Peng (10,11,12]) For any G € U]_sB(p, g, s, 1),
if G is 2-connected, then G is x—unique.
3 Main result

Dong et al. in [4] proved that every graph in K3 *(p,q) is x-unique if
p>q>3and 1< s < min{4,g— 1}. In this section, we shall show that

every graph in X5 °(p, q) is x-unique if p>¢>8and s =7.

Our main result is the following theorem.

Theorem 3.1 Every graph in K57 (p,q) with p > q > 8 is x-unique.
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Proof. Let G be a graph in X3°(p,q) with p > ¢ > 8 and s = 7.
If A(G") € {1,7)}, then o/(G,3) = s or ¢/(G,3) = 2°~! and thus G
is x—unique by Theorem 2.6. If A(G’) = 5, then G is x—unique by
Theorem 2.5. If A(G’) = 6, then G is x—unique by Theorem 2.4. If
A(G') =2and G 2 C4U3K, or G’ 2C4sUP3UK; or G’ 2C4UP;or
G' # Cs U K, then a'(G,3) < s+ 6 and thus G is x—unique by Theo-
rems 2.7 and 2.8. If G' = C, U 3Kj, then o/(G,3) = 12 = s+ 5 and thus
G is x—unique by Theorem 2.8. If G’ 2 C4UP;U K> or G' = Cs U K3,
then &/(G,3) = 13 = s + 6 and thus G is x—unique by Theorem 2.8. If
G' & CyU Py, then o/(G,3) = 14 = s+ 7 and thus G is x—unique by
Theorem 2.8.

We now consider G € K3°(p,q) with A(G’) = 3. Let Y, and Z; be the
graphs shown in Figure 1.

n vertices
¢ 000 o
Y. Zy

<~ =<

Figure 1: The graphs Y,, and Z;

If G' = K, 3U4K>, then o/(G,3) = 11 = s+ 4 and thus G is x—unique by
Theorem 2.7. If G’ = K, 3U P3 U2K; or G’ 2 Y3 U3Kj, then o/(G,3) =
12 = s+ 5 and thus G is x—unique by Theorem 2.8. If G’ & Y, U 2K,
or G' 2YsUPsUKyor G = ZU2Ky or G' = K,3UPyUK; or
G' = K,3U 2Ps, then o/(G,3) = 13 = s+ 6 and thus G is x—unique
by Theorem 2.8. If G’ = Zz UKy or G' = Za U K3 or G' & Z; UP3 or
G 2YUPsor G 2Y3UPior G 2YsUKs or G & K, 3U Ps, then
a/(G,3) = 14 = s + 7 and thus G is x—unique by Theorem 2.8.

Otherwise, there are 109 possible structures for G’ with A(G') € {3,4} and
they are named as G}, G5, ..., G}go Which are listed the table in [16]. We
group them into 13 families 7; (1 < ¢ < 13) according to their values of
o/(G;, 3) which can be calculated by using Lemma 2.3 and these values are
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in column three of the table. Let

T = {G}

T, = {G2,Gs}

Tz = {G4,Gs5GeGr}
Ts = {GsGo}

Ts = {G10,Gn,...,G17}

Te = {Gi8,Gr,...,G2s}
T; = {G2,Gor,...,Gag}
Ts = {G39,Ge0,-.-,Gas}
To = {G49,Gs0,--.,Ge2}
Tio = {Ge3,Ges,.--,Ger}
T = {Gées,Ges,...,Gr7}

Ti2 = {G7,Gr,...,Gos }
Tis = {Gos,Gor,...,Gro9}

Observe that for any ¢, j with 1 < ¢ < j £ 13, o/(G,3) > o/(H,3) if
G € T; and H € 7;. Thus by Lemma 2.1 and Equation (1), 7; and T;
(1 €4 < j < 13) are x-disjoint and since U{_,D;(p, g, s) is x-closed (see
Theorem 2.2), each T; (1 < ¢ < 13) is x-closed. Hence, for each i, to show
that all graphs in 7; are x-unique, it suffices to show that for any two graphs
G,H € T;, if G % H, then either o/(G,4) # o'(H, 4) or oG, 5) # a(H,5).
Note that 7; contains only one graph G, and hence G; is x-unique. The
remaining works is to compare every two graphs in each 7; for 2 < ¢ < 13.

We shall establish several inequalities of the form o/(G;,4) < o/(G;,4)
for some 4,j. Since the methods used to obtain inequalities is standard,
long and rather repetitive, we shall not discuss all of them here. In the
following we shall only show the detail camparisons of every two graphs
in 7; for i = 2,3,4,5 and 6. The reader may refer to [15] for other detail
comparisons. For convenient, we show all the graphs in 7; (2 < i < 6)
together with their values of o/(G;,3) and o/(Gj,4) in Table 1.

(1) 7.
(1.1) When p =g, G2 & Ga.
(1.2) Whenp > g,

a'(Gz, 4) - a’(Gs, 4)

4
= [{Z (4)(2P-‘-’+2q-2—2)} +2Pt 4 5.9274 4 5. 2071 +5} -

i=1 ¢
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4
4 .
[ { (1) (2l or2 2)} +29%1 4 5.0974 5. 001 4 5]
i=1

= {f: (‘:) 2P -2 (1 - 2‘-‘} + (2P - 20t) 4

i=1
5(2P~4 — 29-4) _ 5(2r~1 _ 29-1)
< —12(2P74 - 2974) £ 25(2P7% - 297%) 4 5(2P—4 — 294) — 5. 23(2P4 — 29-4)
= -15(2P"% - 297%) < 0.

(2) 7.

Note that a'(G;,4) is odd when ¢ = 4,5 and even when ¢ = 6,7. Thus
o(Gi,4) # o/(G;,4) if i = 4,5 and j =6, 7.

(2.1) The graphs G; when i =4,5.

(2.1.1) When p=gq, G4 = Gs.

(2.1.2) Whenp > g,

o(Gs,4) - (G5, 4)

4
= [ { > (:) (2Pl 42972 - 2)} +7.2°72 4 opd 4 00%1 4 99=3 29] -
i=1

4
[ { > (‘:) (2971 4 or2 - 2)} +7-2072 42974 4 oPH1 L op-3 29]
i=1

- { 24: (‘:) (=1 _ ga-i=1)(] _ 2*'-1)} +7(2P2 - 2972) 4

i=1
(2Pt —297%) - (2p+1 —20%1) (2p-3 — 29-3)
< —12(2P74 —297%) 4 7. 2%(2P~4 — 2974y (2P — 2979 —
25(9P—% — 2974y — g(2r~4 — 2979)
= -17(2*"* - 2979 < 0.

(2.2) The graphs G; when i =6,7.
(2.2.1) When p =g, G¢ = Gr.
(2.2.2) When p > g,

a’(Gs, 4) - a’(G7, 4)

4
4 .
= [{Z(i)(2ﬂ—t—1+29—2_2)}+2P+1+2p-2+3,2q—1+3_2q_4+14] _

i=1
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4
[ { (‘:) (2t 2p2 2)} 427t 42024 3. 0071 4 3. 004 ¢ 14]
i=1

- {24: (‘:) (2741 — 9e-i-1)(1 - 2.‘-—1)} +(2P+ —20+1) 4

i=1
(2P~2 - 2972) — 3(2r~1 — 2971) — (2P~ — 297%)
< —12(2P74 — 2974) 4 25(2P4 — 2979) 4 22(2P4 — 297%)
3.23(2P4 — 29-4) - 3(2P—% - 297%)
=-3(2P~4 - 2979 <.
(3) 7.

(3.1) When p =g, Gg = Gy.
(3.2) Whenp>gq,

o (Gs,4) — (G, 4)

3
= [ {Z (::) (P14 212 2)} +13.2°72 4 2P=4 4 12. 2972 p g1=d _ 7] -

=1

- ,
[ { ) (3) (20-i-1 . oP-2 _ 2)} +13.2972 40074 1 19.9P"2 4 P4 _ 7]
2

i=1

= {za: (::’) (2p-i-1 — ga-i=1y(1 - 2i—1)} + (2P~ — 9977)
i=1

= ~5(2P% - 277%) < 0.

@) T
(4.1) Whenp =g, G1o & G, Grz & G13, G14 & Gi5, G1 & Gy7 and

o/ (Gre, 4) — o'(G14,4)

-[{

[ { E (4) (2Pt 42972 — 2)} +2°*t 4 5.2972 49974 L 91 ]

1
i=l
=(7-2P72 - 2PF1) 4 (294 4.297% - 5.2972 _29=4) _4

i

(4) (2P-i-1 4202 2)} +7-27"24204.4.2073 4 17] -

-,
- i
i

=-29"4_4<0. (sincep=gq)
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a'(GM, 4) - a'(GIO; 4)

4
= [ {Z (;1) (2F 14292 - 2)} +5-2972 4277 4 9974 4 01 ] -

i=]

4
[ {Z (‘:) (2Pt 42972 - 2)} +2P 34727724204 7. 0970 4 29]

i=1
= (2P _7.9P2 _9P=3) 4 (5.29°2 4 29— 6.29-%) 8
—9p-3_9¢-3 _g : ()
=-8<0.

o'(G10,4) - &'(G12,4)

4
= [ {Z (‘_1)(211—"-1+2"-2 —2)} +7.2072 4 2773 +2q+7-2"‘4+29] -
i=1

4
[ { ) (‘:) (2P-i-1 4 992 _ 2)} P AT P73y 57]

i=1
=(7-2P"24 0P8 QP 7. 2P 4 (2947.2074 —7.2972 _29-3) _ 98
=7-2P"4-7.2974-28<0.
Therefore, we have
a'(G16,4) < ¢/(G14,4) < &'(G10,4) < &' (G12,4).
(4.2) Whenp>gq,
o/ (Gi12,4) — &' (G, 4)

4
B [{E (‘:)(2?—‘—1 +a —2)} AT P72 +24-3+57] -
i=1

4
[ {Z (‘:) (i1 +2q-2-2)} +7-2P72 408 +4~2""3+17]

=1
=—5.2P"% 1 6.92974 1. 40
=—4.29"%4+40<0. (since g>8)
a’(G15,4) - 0'(010:4)
4
- [{Z (‘:)(211-‘-1 +29°2 _2)} +2P 4+ 7.2°72 +2°+4-2"‘3+17] -

i=1
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4
{5 (emersmrenfrrsmomar e
=1
=23 42974 _12<0.
From Equation (2), we have
o/(G1o,4) - @(G14,4)
=—(2P-3-29"3_8) <.

Ol’(Gm, 4) - a'(G’ls, 4)

4
[{E(oreeraforras rsean]-
i=1

N7\
[ { Z (i) (2”‘!—1 -+ 2?-—2 - 2)} + 5. 2?"2 + 20+l + 2}?—4 + 21 ]

i=l

4
= {Z (‘:) (2P—i-t - 2011 - 2“‘)} + (2P — 29ty _
i=1
5(2P~2 — 29-2) — (2P~4 — 29-4)
< —12(2P% — 297%) 4 25(2P~4 — 20-4) _ 5. 22(9P~4 _ 99-4) _ (2p~4 _ 90-9)
= -4 -27% <.

a’(G15, 4) - Ot'(Gu, 4)

4
= [{Z (‘:) (2‘1-%'-1 +2p-2 _2)} +2q+1 +5.2p—2+2p—4+21] -

i=1
4 4 .
[ {Z (z) (2914272 - 2)} +7.2972 4 9P 1 4.2P3 4 17]
f=1
=-3.2""444.297% 1 4 <0
a,(G!5)4) - a'(G11$4)

4
= [ { z (:1) (29—:'—1 + 9P=2 _ 2)} + 2¢+1 + 5.2 4 2p—4 +21 ] -
i=1
4 4 .
[ {Z (z) @2 - 2)} +7-2072 4 2973 +2?+7-2P-‘+29]
i=l
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=-2r"3409"3 _g<0.
a'(G11, 4) - a'(GIS: 4)

4

= [{Z (‘:)(2"-‘-1 +2p-2 -2)} +7.2072 +2P+4-2"'3+17] -
i=1
4

[ { > (‘:) (2914 2P 2~ 2)} +2947.2974 4 7.2P72 L op-3 4 57]

i=1

= —6.-2P"445.297%4_ 40 < 0.
o' (G, 4) — &'(G13, 4)

4
= [{Z (‘:)(2.,_,--1 +2°r2 —2)} +7.2972 42973 1 o +7~2"“+29] -
i=1

4
[ {Z (‘:) (291 4272 - 2)} +294+7.2974 47,2072 4 op3 +57]
i=1
=(2P47- 2P -7 2P 2P 4 (7297242970 29 7. 297 28
= 7.2 1 7.2974_928<0.
o' (G17,4) — &'(G11,4)
4
= [{}: (‘:)(29--'-1 +2°2 —2)} +7.2972 +2"+4-2""3+17] -

i=1

4
[ {Z (‘:) (@1 4272 - 2)} +7.2972 42978 4 9P 1. 7. p=4 +29]
i=1

=2P4_.2.2974_12
{ <0 ff p—qg=1;
>0 if p-g22,
Thus, if p — ¢ = 1, we have
a'(G12,4) < a'(Grs,4) < &/(G10,4) < &/(G14,4) < &/(Gys,4) <
a'(G17,4) < @'(G11,4) < &'(G13,4);
and if p — g > 2, we have
a'(G12,4) < o'(Gi6,4) < &'(G10,4) < &' (G14,4) < &'(G15,4) <
a'(G11,4) < &/(G17,4) < &'(G13, 4)
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Therefore,
o' (Gi,4) # o(Gj,4) for 10<i<j<17.

5) Te.
I(‘Io)te that o/(G;, 4) is odd when 22 < 7 < 25 and even when 18 < i < 21.
Thus o/(G;,4) # o’(G;,4) if 22 <i < 25and 18 <4 < 21.
(5.1) The graphs G; when 18 <i < 21.
(5.1.1) When p = q, G1s8 = G19, G20 & G2; and

a’(Gls, 4) - a'(Ggo, 4)

4
= [{Z (?)(2"“'"+2"""—2)} +6~2"‘2+29+3-2q-3+24] -

i=1
4 4 .
[{E(.)(2P'*'1+2q-2-2)} +7-2P-2+2q+3-2q-4+28]
i=1 t
=—4.2P7443.297% ¢4 (3)

=-29%-4<0. (sincep=ygq)
(5.1.2) When p > g, from Equation (3), we have

o' (Gis,4) — & (Gao,4) = —4- 2774 +3. 2974 _4 <0
a'(Gzo,4) — &/(Ga1,4) _
= [{i (:,’)(2"-"1 +2¢-2—2)} +7-2P-2+2q+3-29—4+2s] -
c::l
[ { Z (4) (2971 4 P2 2)} +7-2972 4 9P 4 3.9774 4 28]

i
i=1

4
= {2 (e -mmna-rh} ereer oo
i=1
(27 — 29) — 3(2P~% — 2974)
< —12(2P7% = 297%) 4 7. 23(2P% — 2979) _ 24(9P—4 _ 99-4) _ 3(2p—4 _21-4)
= _3(2?—4 - 2q_4) < 0.

a'(Ga1,4) — a'(Gre,4)

4
T ST P

i=1
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4
[ {Z (j)(zq-i—l +2P-2-2)} +6-2‘1‘2+2P+3-2P‘3+24]

i=1
=-3.27"44+4.297% 1+ 4<0.
Therefore, we have
o' (G1s,4) < a'(G20,4) < &/(G21,4) < o/(G19,4).

(5.2) The graphs G; when 22 < i < 25.
(5.2.1) When p=q, ng =4 G23, G24 & G25 and

a' (Ggg, 4) - a'(G24, 4)

= [{Z(‘?)(2P-*-1+2q-2—2)}+2P+3-2P-4+7-2q-2+91] -

1

i=1
4 /4 _
= [{E (i)(?““ +2972 —2)} +7-2P72 429 4.3.2974 +91]
i=1
=(2P+3.2P7% —7.2P"2) 4 (7.2972 - 29 - 3.297%)
=-9.2P"% 4+ 9.2974, (4)
=0.

Thus, we need to calculate a(Gag,5) — a(Ga4,5). By using Lemmas 2.6,
we have

a(Gzz, 5) - a(G24, 5)

= | &(G22 + a1b1,5) + a(G22 — {a1,01},4) + a(Ga2 — {a1,b1,c1},4) +

a(Gaz — {a1,b1,d1},4) + a(Gaz — {01,51,61,d1},4)] -
a(Gaq + a2b2,5) + a(Gaq — {a2, b2}, 4) + a(Gas — {a2,b2,c2},4) +

(Gaa — {02, b3, da}, 4) + a(Gas — {a, b3y 2, da}, 4) ]
= | a(G22 — {a1,b1,¢1},4) — a(Ga4 — {a2,b2,¢2},4) ] +

a(G22 - {0»1, bla d]}r 4) - a(G24 - {(12, b2a d2}i 4) ] +

a(Ga2 — {a1,b1,¢1,d1},4) — a(Gag — {a2, bo, c2,d2}, 4) ]
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since Gaa + a1by = Gag + a2by, Gz — {a1,b1} = Gag — {ag, b2}

= 0/(022 — {a1,b1,¢1},4) — &/ (Gas — {az, b2, c2},4) ] +
o'(Gaz — {a1,b1,d1},4) — &/(Ga4 — {az, b, dg},4)] +

o/(Gaz — {a1, b1, ¢1,d1},4) — &/ (Gag — {az, b2, c2,d2}, 4) ]

=E§(‘:)(2”-3-'+2°-3 2) - ;()(2P-2-'+2q-4 9]+
; (f)<2”‘3'*+2"-3 2) - ;( ey |+

(5.2.2) When p > g, from Equation (4), we have
o/ (Gao, 4) — o'(Gaq,4) = —9. 2774 4+ 9. 2974 < 0.

o'(G24,4) - &'(Gas,4)

4
[{Z( )(2?-:—1+2q—2 2)}+7.2P-2+2q+3,2q—4+91] _

i=1
4 /4
[{Z(z’)(zq_i—l”p—z_z)}+7'2q'2+2”+3'2"“‘+91]

i=1

= { 24: (‘:) (2P~ =297y (1 - 2*‘-1)} +7(2P7% - 2972) —

i=1
(2P —29) — 3(2P~4 —297%)
< -3(2rt-27% <.

C!'(Ggs, 4) - a’(Gz:;, 4)
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4
= [{Z (f)(zq-i—uzp-?-z)} +7-2q—2+2P+3.2P-4+91} -
i=1

4

[ {E (‘:)(20-*’-1 + 272 - 2)} +2943.2974 4 7.2p72 +91]
i=1

=(2P+3.2P74 —7.2P72) 1 (7.2972 - 29-3.297%)

= _g.9P—4 .99—4
Therefore, gvé ave+ 9-27<0.

a’(ng,4) < a'(G24,4) < 01(025,4) < QI(G235 4).

Similarly, we can show that for any two graphs G;,, G, € 7; (6 < i < 13),
if Gi, % Gi,, then either o/(G;,,4) # &/(Gy,,4) or o(G;,,5) # a(Gi,, 5)
(see [15]). Hence the proof of the theorem is complete.

Acknowledgments. The authors would like to thank the referee for his
helpful comments.
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Name ol! Graphs G}
Graph, (Gi=Kpq—Gi) |y(c,,3) o/(Gy, 4)
G; |A| =p|B| =4
1 2 3 4
A 4 14y (op-i-1 -2
G \W 0 | it ()@t 4202 - 2)4
B 9P+l 4 5.9P=4 4 5.29-1 15
A 4[4\ (og—i-1 -2
G % 0 | T (Y@t 2r-2 _2)t
{ {NN B 29+l +5.29744+5.27-1 45
1 2 3 4 "
Gq W o5 [Tim (2P 42072 - 2)4
B 7 A Sz;’"’ +2P—4 4 20%1 4 29-3
+
A 4 4 —i'—l 2
G5 25 2:’:1 (t) (2q +2P7° — 2)+
B 7.929-2 4 99—4 4 9p+1 4 9p-3
1 2 3 4 +29
7 3 ; A 4 4 —i—1 -2
o % 95 | 2=t (D@1 +2072 - 2)+
B 9.2P~243.29-1 4 3.29-4
+14
A 4 4 —i=1 -2
! 9.99-2 43.9r-1 4 3.9p-4
> 3y B oy + +3-2

TABLE 1: Graphsin 7; for 2 < i <6 (1 of 4)
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Name Of Graphs G:
Graph, | (Ci=Kpe—Gi) ly(G,3) o/(Gi,4)
1 2 3 A
G WI g4 |Zim (D@1 +2072 - 2)+
B 53 2P_4 + 12. 2q-2 + 2q—4 -7
4 4 4 —io1 —2
G W g4 [Zim (242772 - 2)+
1 2 3 B 53.99-4 4 12.9P-2 4 op—4 _7
1 2 3 4 4
o \Wl/ 23 | Zima (D@22 -2+
B 15.2P=3 + 929 47.92974 4+ 29
A 4 4\ (oq—i-1 o2
CGu N a3 | 2= ()2 +2P72_2)4
1 2 3 4 B 15.29-3 427 4 7.2P~4 1+ 29
1 2 3 4 A
Gi2 W 03 S, (4 (et 4 202 —2)4
B 23 - 2P—4 + 7 29—2 =+ 2‘1—3 + 57
A e
G1s M 93 |2i= (I +2P72 - 2)+

23.29-44.7.2°-2 + 273 4 57

TABLE 1: Graphsin 7; for2 < i <6 (2 of 4)
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Name of Graphs G}
Graph, (G: = KP;Q - o' (G, 3) 01(05,4)
G; |A] = p|B|l=¢q
1 2 3 4
G W o3 | Zim (D@ 42972 - 2)+
2r+l 4 5.92972 4 29-4 4 2]
Gis w 23 T (Dt e - 2)4
$ Y 20+l 4 5.9P-2 L 9p—4 1 9]
! 2 3 4
Gie M 23 Z?=1 (‘:) (2Pl 42172 - 9)4
7-277242944.2973 417
4
o N g | T (@427 -0
Y 7.297242P +4.2P-3 417
1 2 3 4
o | N/ || = B,
6.-2P724+294+3.2973 424
Go /NK gy | Zim (@272 - 2)4

6-2972427P43.2P73 1 24

TABLE 1: Graphs in

T for2<i<6(3of 4)
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Name of Graphs G/
Graph, (Gi=Kpy-Gi) |,
' Gi,3 e
Gs a=piBl=q [ o/(Gi,4)
1 2 3 4
4 4 4 —-i=1 2
Gao g9 | Zim (D@1 277 -2+
B 7.2772 199 43.2974 498
4 4 (4y(9g—i-1 2
Cn g9 | L= (D@22 -2)4
1 2 3 4 B 7.29-2 497 £ 3.2P4 1 98
a1 ¢ d A \
o \l/ 9o |Zim (D@ 42972 -2)+
by B 2p+3-2p‘4+7.2q—2+91
A 4 4 -i=-1 -2
Cn A\ 99 |Zi=m (I +2P72-2)+
B 2q+3'2q—4+7.2p—2+91
2 3 A
G 22 o (Drit 22— )4
a2 c2 dg B 7.9P-249943.99-4 401
4 4 (4y(9q—i-1 2
G25 \/ 29 Zi:l (‘) (29 + 9op-2 _ 2)+
1 2 4 B 7-2q‘2+2p+3.2p_4+91

TABLE 1: Graphs in 7; for 2 < < 6 (4 of 4)
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