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ABSTRACT

Let P(G, ) be the chromatic polynomial of a graph G. A graph G is
chromatically unique if for any graph H, P(H,\) = P(G, A) implies H is
isomorphic to G. It is known that a complete tripartite graph K(a,b,c)
with ¢ > b > a > 2 is chromatically unique if ¢ — a < 3. In this paper, we
proved that a complete 4-partite graph K(a,b,¢c,d) withd>c>b>a > 2
is also chromatically unique if d ~ a < 3.
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1. Introduction

All graphs considered in this paper are finite, undirected, simple and loop-
less. For a graph G, we denote by P(G; A) (or P(G)), the chromatic poly-
nomial of G. Two graphs G and H are said to be chromatically equivalent,
or x-equivalent, denoted G ~ H if P(G) = P(H). It is clear that the
relation ” ~ ” is an equivalence relation on the family of graphs.A graph
G is said to be chromatically unique, or x-unique, if H ~ G implies that
H =~ G. Many families of x-unique graphs are known (see [5, 6]). In this
paper, we proved that a complete 4-partite graph K(a, b, ¢, d) is x-unique
ifd-a<3.

lCorreapcmdmg author. E-mail: geeclau®yahoo.com

ARS COMBINATORIA 99(2011), pp. 377-382



2. Preliminary results and notations

Let x(G),v(G), e(G) and t(G) be the chromatic number, the number of
vertices, the number of edges and the number of triangles of G, respec-
tively. Denote by K(G) (respectively Q(G)) the number of subgraphs K,
(respectively induced subgraphs Cj) in a graph G. By G, we denote the
complement of G. Then we let O, = K,, where K, denotes the complete
graph with p vertices. Let Sbe a set of edges of G with |S| = s, and denote
by G— S (or G — s if there is no confusion) the graph obtained by deleting
all edges in S from G.

For a graph G and a positive integer k, a partition {4,, Az,..., Ax} of
V(G) is called a k-independent partition in G if each A; is a non-empty
independent set of G. Let oG, k) denote the number of k-independent
partitions in G. If G is of order p, then P(G,)) = Y%_, (G, k)(\)k
where (A)r = A(A—=1)--- (A=k+1) (see [9]). Therefore, a(G, k) = a(H, k)
foreachk=1,2,...,if G~ H.

For convenience, simply denote G & H by G = H. For terms used but not
defined here we refer to [1].

Lemma 1 (Koh and Teo (5]) If H ~ G, then v(G) = v(H), e(G) = e(H),
t(G) = t(H) and x(G) = x(H). Moreover, a(G,k) = a(H,k) for each
k=1,2,....

Lemma 2 (Zhao [10]) Let G = K(p1,p2, - . ,pt) andlet H=G - S fora
set S of s edges of G. Then a(G,t+1) = i 2% 1 —¢t. Ifp; > s+1,
then

sfogp(H)=a(H,t+1)—a(G,t+1)<2° -1,
oy11(H) = s if and only if the subgraph induced by any r > 2 edges in S is
not a complete multipartite graph, and a1 (H) = 2° — 1 if and only if all
s edges in S induced a K(1,s) with all end-vertices belong to the same V;
for some 1.

Lemma 3 (Zhao [10]) Let G = K(p1,p2,...,pt) with2 <p; <pp < +-- <
pe. If H ~ G, then

(i) H € [G] C {K(xl,:l:2, wZ) =Sl £ 23 Sz £ - K3 £
P, Zn—lxt—z:z—-lpuscE(K(xlaxm o))}

(i) there exists an integer b > 2 such that z; < 29 <--- < zp <pp—1
and K,, is a component of H foranyi>b+1;

(i) if p1 = 2 and z; = p; for any i > 3, then H =G.
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A complete tripartite graph tripartite graph K(a,b,c) withc>b>a > 2
is x-unique if c—a < 3 (see [3]) orif c —b < 1 (see [7]). Very few
results on the chromaticity of complete 4-partite graphs K(a, b, ¢, d) with
d>c>b>a > 2 are available.

Lemma 4 (i) K(1,b,¢,d) is x-unique if and only if d < 2 [8];
(ii) K(a—1,a,a,a+ 1) i3 x-unique if a > 3 [4];
(i) K(a,b,c,d) is x-unique ifd—b< 1 (2, 7].

3. Chromaticity of K(a,b,¢,d)

We now present our main theorem.

Theorem 1 The complete 4-partite graph K(a,b, c,d) is x-unique for d >
c>b>a>2andd—a <3.

Proof. Suppose G = K(a,b,¢c,d) withd > ¢ > b > a > 2. Suppose
H ~ G. By Lemma 3, there exists F' = K(z,y,2,w) and S C E(F)
such that H = F —Swithl <z <y <2< w < dwhere |[S|=35=
e(F)—e(G) =zy+(z +y)(z +w) + zw—ab—(a+b)(c+d) - cd > 0 and
z+y+z+w=a+b+c+d.
By Lemma 1, t(G) = t(H). Hence, we shall consider the number of triangles
in G and H. Let S = {e1,€2,...,6,} C E(F). Denote by t(¢;) the number
of triangles containing the edge ¢; in F. It is not hard to see that ¢(e;) <
(2 + w). Then

t(H) 2 t(F) - s(z+w), (1)
and the equality holds only if t(e;) = z +w for all ¢; € S.

Let 8 = t(F)—t(G). It is obvious that {(F') = zyz+iyw+(x+y)zw, H{G) =
abc+abd+(a+b)ed and § = zyz+zyw+T2zw+yzw —abc—abd — (a+b)cd.

So, we have
tG)=tF)-B. (2)
Since t(G) = t(H), from (1) and (2) it follows that
B < s(z+w). (3)

Let f(2,w) =B —s(z +w). Recallingthat z+y=a+b+c+d-2-w.
By calculation, we have

flzw) = (z-a)(z-b)(z—c)+(w—-a)(w-c)w—-d)+
(z+w—a—c)(z—b)(w—-d) <0. (4)
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We first consider d—a = 2. By Lemma 4, G is x-unique if d—b < 1. Hence,
we only need to consider G € {K(p—2,p—2,p-2,p),K(p—-2,p—2,p—
1,p),K(p—2,p—2,p,p)} with p > 4 and w < p. We have the following
cases.

Case 1. G = K(p—-2,p—2,p—2,p). Clearly, z = p-2,w = p or
w >z > p—1s0 that s > 0. Since f(z,w) <0, by Lemma 3, we have
He {G1K(p— 3»?" 11?" l)p’_ 1),K(p— 2:?" 2,p-— I,P- 1) - 1} If
H = K(p-3,p-1,p-1,p—1), Lemma 2 implies that o(G, 5) > a(H, 5). If
H = K(p-2,p—2,p—1,p—1)—1, we have a(G, 5)—a(H,5) = 27~3-1 > 0.
Both contradicting Lemma 1. Hence, H = G.

Case 2. G=K(p—2,p—2,p—1,p). Clearly,w 222> p—-1. Since s> 0
and f(z,w) <0, we have H € {G,K(p—2,p—1,p—1,p—1)—1}. By an
argument similar to that in Case 1, we have H = G.

Case 3. G = K(p—2,p—2,p,p). Clearly,w > z > p—1. Since f(z,w) <0,
we have H € {G’,K(p—l,p—l,P—1,P—1)—2,K(P—2,P—1,P—11P)‘1}-
By an argument similar to that in Case 1, we have H = G.

We now consider d —a = 3. By Lemma 4, G is x-unique if d — b < 1.
Hence, we only need to consider G € {K(p—3,p—3,p—3,p), K(p—3,p—
3,p—2,p),K(p—3,p—3,p— 1,p),K(p-3,p—3,p,p),K(p—3,p—-2,p—
2,p),K(p~3,p-2,p—1,p), K(p—3,p—2,p,p)} withp > 5 and w < p.
We have the following cases.

Case 4. G = K(p—-3,p—3,p—3,p). Clearly, w =p—3,z2 = p or
w > z 2 p—2so that s > 0. Since f(z,w) <0, we have H € {G,K(p -
3,p—-2,p-2,p-2)-3,K(p—4,p-2,p-2,p-1)-1,K(p-3,p-3,p—-
2,p—-1)-2,K(p-4,p-3,p-1,p—- 1)}

Let H = K(p—3,p—2,p—2,p—2)—3, we consider the following subcases.

Subcase 4.1. G = K(2,2,2,5) and H = K(2,3,3,3) - 3. If (S) = K(1,3)
with all the end-vertices in the same partite set V;,i = 2,3,4 or (S) has
a K(1,2) subgraph with all the end-vertices in the partite set V}, then
a(H,4) > a(G,4), a contradiction. Otherwise, as(H) < 5 and a(G, 5) —
a(H,5) > 0, also a contradiction.

Subcase 4.2. G = K(3,3,3,6) and H = K(3,4,4,4) - 3. If (S) = K(1,3)
with all the end-vertices in the partite set V1, then a(H,4) > a(G,4), a
contradiction. Otherwise, as(H) < 7 and «(G,5) — a(H,5) > 0, also a
contradiction.

Subcase 4.3.1f p > 7, then a(G, 5)—a(H, 5) > 2P~2—7 > 0, a contradiction.

Let H = K(p—4,p-2,p-2,p-1)-1. If H = K(1,3,3,4)—1 and the deleted
edge has an end-vertex in Vj, then «(H,4) > a(G,4), a contradiction.
Otherwise, a(G, 5) — a(H,5) = 2P=3 4-2P~5 — 1 > 0, also a contradiction.
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Let H=K(p-3,p—3,p—2,p—1)-2. If H = K(2,2,3,4)—2 and (S) =
K(1,2) with all the end-vertices in partite set V; or V3, then a(H,4) >
a(G, 4), a contradiction. Otherwise, a(G, 5)—a(H, 5) > 2P~34+2P~4-3 > 0,
also a contradiction.

Let H = K(p—4,p—3,p—1,p—1), then (G, 5) > a(H, 5), a contradiction.
Hence, H =G.

Case 5. G=K(p-3,p-3,p—2,p). Clearly, w > 2 >p—2. Since s >0
and f(z,w) <0, we have H € {G,K(p—2,p—2,p-2,p—-2)-3,K(p-3,p—
2aP-2,P‘1)—2,K(P"4ap—2yp—I,P-l),K(P—3,P—3:P—11P—1)‘1}-
By an argument similar to that in Case 4, we have H = G.

Case 8. G=K(p—3,p—3,p—1,p). Clearly, z > p—2,w > p— 1. Since
s > 0and f(z,w) <0, we have H € {G, K(p—2,p—2,p—-2,p—1)-3,K(p—
' 3,P—21P-2,P)‘I’K(P—35P"2,P—1,P-1)"2mK(P—4,P—1,P—1,P—1)}-
By an argument similar to that in Case 4, we have H = G.

Case 7. G = K(p-3,p-3,p,p). Clearly, z=p—-2,w =porw > z > p—1.
Since s > 0 and f(z,w) < 0, we have H € {G,K(p—2,p—-2,p— 2,p) —
3,K(P°‘3,P" lap- 1L,p- 1) _33K(p-2’p_21p_ lap—' 1)-4aK(p—
4,p-1,p—-1,p),K(p—3,p— 2,p— 1,p) — 2}. By an argument similar to
that in Case 4, we have H = G.

Case 8. G=K(p-3,p—2,p—2,p). Clearly, z > p—2,w > p— 1. Since
s > 0and f(2,w) <0, we have H € {G,K(p—-2,p—-2,p—2,p—1) —
2,K(p-3,p—2,p—1,p—1)—1}. By an argument similar to that in Case
4, we have H =G.

Case 9. G = K(p—3,p—2,p-1,p). Clearly, z =p—-2,w =por
w>2z>p—1. Since s > 0 and f(z,w) <0, we have H € {G,K(p—2,p—
2,p-2,p)-1,K(p—3,p—1,p—1,p—1)-1,K(p-2,p—2,p—1,p—1)~2}.
By an argument similar to that in Case 4, we have H = G.

Case 10. G = K(p-3,p—2,p,p). Clearly, w > 2 2 p—1. Since s > 0
and f(z,w) <0, we have H € {G,K(p—-2,p—1,p-1,p—1)-3,K(p—
3,p-1,p-1,p)—1,K(p—-2,p—2,p—1,p) —2}. By an argument similar
to that in Case 4, we have H = G.

Thus the proof is completed.
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