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Abstract: Let G = (V, E) be a graph with vertex set V and edge set E. An edge labeling f : £ — Z,
induces a vertex labeling f* : V — Z, defined by f*(v) = ) f(uv) (mod 2), for each vertex

Ve V. Fori € Zo let vi(i) = (v € Vi f*(v) = ifl and e,i) = lle € E: f(e) = iJl. An edge
labeling f of a graph G is said to be edge-friendly if |e(1) — ef(0)] < 1. The set {v¢(1) — v¢(0) :
f is an edge-friendly labeling of G} is called the full edge-friendly index set of G. In this paper, we
shall determine the full edge-friendly index sets of one point union of cycles.
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1. Introduction

In this paper, all graphs are simple and connected. We refer to [1] for terms and notation that are
not defined in this paper.

Since graph labelings was first introduced by Rosa, various labeling concepts have been intro-
duced [2]. For example, cordial labeling, edge-friendly labeling, harmonious labeling, felicitous
labeling, odd harmonious labeling and even harmonious labeling, semi-magic labeling, etc. Most
graph labeling methods can be traced to the method introduced by Rosa [3] in 1967, or Graham and
Sloane [4] in 1980.

Let G = (V,E) be a graph with vertex set V (or V(G)) and edge set E (or E(G)). A labeling
f : E — Z, induces a vertex labeling f* : V — Z, defined by f*(v) = > f(uv) (mod 2), for each

uvekE

vertex v € V. Here Z, is the field of order 2.

Fori € Z,,letvs(i) = [{v € V: f7(v) = i}| and es(i) = |{e € E : f(e) = i}|. The number v(1) —v(0)
is denoted by 1,(G) and is called the edge-friendly index of f.

An edge labeled by i is called an i-edge (under f). A vertex labeled by i is called an i-vertex (under
f). In this paper, an edge labeling (or a (0, 1)-edge labeling) means an edge labeling whose codomain
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is Z,. An edge labeling f of a graph G is said to be edge-friendly if |e;(1) — e(0)| < 1.

Definition 1. The full edge-friendly index set of G, denoted by FEFI(G), is the set {I;(G) :f is an
edge-friendly labeling of G}.

The concept of full edge-friendly index set was introduced in [5]. Since v(1) +v((0) = |V],
14(G) = 2v,(1) = V] = |V] = 2v,(0). (1)

So the edge-friendly index of f of G is determined by the value of v,(1).

Definition 2. Let f be an edge labeling of a graph G of order p and size g. We fix the sequence
of vertices V = {v;,vs,...,v,} and the sequence of edges E = {ej,es,...,¢e,} of G. The vector
fE) = (f(er), f(ea),..., f(ey) € Z‘ZI is called an edge labeling vector of f, where Z) denotes the
Cartesian product of n copies of Z,. Similarly,

TV = (0D ), fTp) € ZE
is called a vertex labeling vector of f.

For any (row) vector X € Z”, X” denotes the transpose of X.
Let M be the incidence matrix of a graph G according to fixed sequences of vertices and edges.
Let f be an edge-labeling of G = (V, E). It is easy to see that

[T = Mf(E),

which is a column vector of length p over Z,.

For a vector X € Zf, the number of 1’s in X is denoted by w#(X), the Hamming weight of X.
Hence, if f is an edge-friendly labeling of a graph G, then wt(f*(V)) is v(1). For convenience, we
will identify f with f(E)". Hence v¢(1) = wt(f*(V)) = wr((M f)").

Let H; be a graph and v; € V(H;) be fixed, 1 < i < t. A one point union of H;, 1 < i < t, is the
graph obtained from the disjoint union of H; by merging all v; into a single vertex which is called the
merged vertex or core vertex. So there will be many different one point unions of H;’s.

If H; = C,, is a cycle of order n; > 3, then all one point unions of H;, 1 <i < t, are isomorphic. So

t
we denote the one point union of C,,,, 1 <i <t, by |4 C,, for t > 2. In this paper, we shall study the
k=1

t
full edge-friendly index set of the graph 4 C,,.
k=1

For1 < k < t, let an = Vi tVe2 Vi1V Vk,1- Let €k = VkjVk j+1 for 1 < _] < nyg, where

Vime+1 = Vi1 Let v € V(C,,) be the chosen vertex to be merged. We denote the core vertex of the

t t t
graph G, = |4 C,, by ¢ (or vyp). Note that G, is of order (Z nk) —t+ 1 and of size }; n;. Following
k=1 k=1 k=1
is the one point union of C3, C,4 and Cs, i.e., C3 W C4 W Cs.

Ars Combinatoria Volume 159, 21-30



Full edge-friendly index sets of one point union of cycles 23

In the rest of the paper, we will use the notation defined above.
2. Some Extrema of Edge-Friendly Indices

In this section, necessary and sufficient conditions that give the extrema values of v£(0) or v(1)
are obtained. Following is Lemma 2.1 of [5, 6].

Lemma 1. Let f be any edge labeling of a graph G = (V, E), then v¢(1) must be even.

Suppose there are s odd numbers among n,,...,n; where 0 < s < r. Without loss of generality,
we may assume that ny,...,n; are odd and the others are even. Note that, s = 0 means that there is
no odd number; s = f means that there is no even number. Now

N t

(1) +vp0) = VGl = ) me+ D me—t+1=s—t+1 (mod2). )

k=1 k=s+1

It is obvious that [V(G,)| > v¢(0) > O for any edge labeling f of G,. By Lemma 1 and the equation
above, we have

vi@)=s—t+1 (mod 2). 3)

Hence v¢(0) > 1 if r — s is even for any edge labeling f of G,. A natural question is that whether there
is an edge-friendly labeling of G, attaining the lower bound and whether there is an edge-friendly
labeling of G, attaining the upper bound.

Lemma 2. Suppose there are s odd numbers among ny, . ..,n;. There is an edge-friendly labeling f
of G, such that

(1) v¢(0) = 1 if and only if t — s is even;
(2) v¢(0) =0 if and only if t — s is odd.

Proof. The necessity of (1) and (2) come from Eq. (3).

Note that G, is Eulerian. Let R be an Euler tour of G,. We label the edge of G, by 0 and 1
alternatively along R. Clearly the induced label of each vertex except the core is 1 and the label of the
core cis (t—s) mod 2. Hence we have the sufficiency of (1) and (2). O

Obtaining the maximum value of v((0) is equivalent to obtaining the minimum value of v¢(1). O

Remark 1. If there are r numbers among n4, . .., n, such that the sum of these numbers is | |E(G,)|/2],
then the sum of the remaining numbers is [|E(G,)|/2]. So, the statement ‘there are r numbers among
ni,...,n, such that the sum of these numbers is | |E(G,)|/2] is equivalent to the statement ‘there are r
numbers among ny, . .., n, such that the sum of these numbers is [|E(G,)|/2] .

Lemma 3. There is an edge-friendly labeling f of G, such that v¢(1) = O if and only if there are r
numbers among ny, . .., n, such that the sum of these numbers is | |E(G,)|/2].

Necessity. Consider the subgraph E; induced by all i-edges of G, under f, i = 0, 1. Since there is no
1-vertex, each cycle of G, is entirely edge-labelled by 1’s or entirely edge-labelled by 0’s. Hence E;
is a one point union of some subcycles of G,. Hence E| is also a one point union of some subcycles
of G,, namely E| is the one point union of r subcycles. Since f is edge-friendly, |E(Ey)| = L|E(G,)|/2]
or [|[E(G,)|/2]. Thus we have the necessary condition by Remark 1.

[Sufficiency] Suppose there are r numbers among ny, . .., n, such that the sum of such numbers is
LIE(G,)|/2]. We label the edges of the corresponding cycles by 0 and label the other edges of G, by 1.
Thus this labeling is an edge-friendly labeling and the labels of all vertices are 0’s. O
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3. Full Edge-Friendly Index Sets

t
The main results are given in this section. For a given one point union of cycles G, = | C,,, we fix
i=1

the sequences of vertices and edges with respect to the lexicographic order. Thus the incident matrix
of G, is

Zl Zz Zt—l Zz
B, O 0
M: 0 B'z h : 0 ’
O O --- B, O
O O --- 0O B,
1 1 0O 00
1 1 0
0 1 - ) .
where B, = , Ly = (1 0O --- 0 1)lX , and each O is a zero matrix
L LT i
Ooo0 o0 --- 1
O 0 0 (ng—1)xny

of certain size, | <k <.

We define some notation and recall some known results first. For positive /, let 1, be the row
vector of length / whose entries are 1’s, and 0; be the row vector of length / whose entries are 0’s. Let
ay = (1,0,1,0,...,1,0) € ZZ and B, = (0, 1,0, 1...,0, 1) € Z3". For convenience, we let 1y, 0y, g
and S, be the empty rows.

t
Let p = |V(G))| = (Z nk) —t+ 1. From (2), we have p = s —t+ 1 (mod 2), where s is defined in
k=1

t
Section 2. So ¢ — s is odd if and only if p is even. From now on, we shall use ¢ = | n; = |E(G,)|. For
k=1
each edge labeling f = (Y, Y,...,Y)!, where Y € Z;", 1 <k <t wehave

T
t
Mf:(zzkyz, BY, ..., B,yf) ,
k=1

From (1) we have
FEFI(G,) = {2v/(1) — p : f is an edge-friendly labeling of G,}
c{4j-p:0<j<lp/2}

For each possible value 2 of the number of 1-vertices, we want to find an edge-friendly labeling f
such that v(1) = 2.
We deal with some special cases first.

Theorem 1. Suppose all ny, ..., n, are even.
1. Suppose there are r numbers among ny, . . .,n, such that the sum of these numbers is q/2, then

(la) FEFI(G,)) ={4j—p:0<j< p/2}iftisodd;
(1b) FEFI(G,)) ={4j—p:0<j<(p—-1)/2}iftis even.

2. Suppose the sum of any combination of integers ny, ..., n, is not equal to q/?2.

(2a) FEFI(G,)) = {4j— p: 1 < j < p/2} if t is odd;
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(2b) FEFI(G)) ={4j—p:1<j<(p—-1)/2}iftis even.

Proof. Foreachiand [, 1 <i<tand1 <[ < mn/2, letY; = (1,0, a,) € Z,. Thus, B,YZI =
(011, 1,01, 1,,2)" and Z;Y], = 1. Hence

wi(B;Y]) = n; =21 + 1. 4)

Forl1l <k <t,let f = (Yl,nl/Z’ ey Yk—l,nk,l/z’ Yk,l, Yk+1,1, cees Yt,l)T. Thus,
Mf = (l mod 2, Bl Y17:n1/2’ ey B/{_lykfl,nkfl/b Bng’l’ Bl{+l Yk+1,1, ey BtTYt,l)T. By (4)

k—1 t
ve(1) = wi(Mf) = (t mod 2) + Z T+ =20+ 1)+ Z (ni— 1) (5)
i=1 i=k+1

r t
1. Without loss of generality, we assume ), n; = g/2. Thus >, n; = g/2. Since either r or t — r is at
k=r+1

k=1
most /2. We may assume that » < [¢/2] and ¢t — r > [t/2].

(la) Suppose ¢ is odd.

Step 1: Forafixed k, 1 < k <t letlbe an integer such that 1 <[ < n;/2.
Let f be defined above, then (5) becomes

t
V(1) = wi(Mf) = 1+ Zni+2k+nk—2l—t:p—

i=k+1 i

k—1
n; — 20 + 2k.

1

For a fixed k, when [ runs through from 1 to n;/2, the range of v((1) is an increasing arithmetic
k k=1

sequence with common difference 2 from p — ) n; + 2k to p — >, n; — 2 + 2k. Thus when k
i=1 i=1

runs through from 1 to ¢, the range of v¢(1) is an increasing arithmetic sequence with common

difference 2 from p — zt: n;+2t=t+1top.

i=1
Step 2: Let R be the Euler tour starts from the core ¢ and travels the cycles C,,, C,,, ...,
C,, in order. Denote R = ujupus - - - UUG (UG, - Uy, where u; = c. In this case Usy = C.
There may have some u;’s equal to c. Let g = (1%, Og)T, then v,(1) = 0.
Step 3: Now we swap the labels of u;u;,; and Ugigi1Ug 1| ST < L 1], where the indices are
taken in modulo ¢. For each case, the number of 1-vertices increases by 2 if i = 1 or ¢ is not
incident with neither u;u;,y nor ug,o; jug,; and may not change if ¢ is incident with either
Uilliv1 OF Ug ;U3 ,o; for i # 1. The last case can occur at most 2r — 1 times. So the number of
1-vertices increases by 2 at least % —2r+1>2t-2[t/2]+ 1 >t + 1 times. Thus, the number
of 1-vertices runs through each even integers from O to 7 + 1 under the above swapping.

So we obtain all the possible values of the number of 1-vertices.

(1b) Suppose ¢ is even.
Perform Step 1 as Case (1a). Now (5) becomes

t k-1
vi(l) = wi(Mf) = 0 + Z n,-+2k+nk—21—t:p—Zni—21+2k—1.
i=k+1 i=1

Similar to Case (1a), when k and [ run through all possible values, v¢(1) runs through p — 1,
p—3,...,t

Perform Steps 2 and 3 as Case (1a). We obtain that the number of 1-vertices runs through
each even integers from O to .

So we obtain all the possible values of the number of 1-vertices.

Ars Combinatoria Volume 159, 21-30



Gao et al. 26
2. By Lemma 3, 1 < vg(1) < p for any edge-friendly labeling f. Without loss of generality, we

assume that n; > n, > --- > n, and Z n < q/2 < Z ng. Here r < |t/2].
k=r+1

(2a) Suppose t is odd. Do the same Step 1 as Case (1a) to obtain the edge labeling f. Thus, we
t
obtain that v¢(1) runs through p, p—2, ..., p— > n; + 2t =t + 1.
i=1
Let R be an Euler tour as in Case (1a). In this case, Ugy # C. Constructing the edge labeling
g as in Case (la), we get that v,(1) = 2, since g"(u;) = g"(c) = 1.
Do the same Step 3 as in Case (1a). Here we obtain that the number of 1-vertices runs through
each even integers from 2 to t + 1.
So we obtain all the possible values of the number of 1-vertices.

(2b) Suppose ¢ is even. By a similar procedure and argument, we obtain all possible values of the
number of 1-vertices.

Hence this completes the proof. O

Theorem 2. Suppose all ny,...,n, are odd.

1. Suppose there are r numbers among ny, . .., n, such that the sum of these numbers is | q/2], then
FEFI(G,) ={4j—-p:0<j<(p-1)/2}.

2. Suppose the sum of any combination of integers ny, ..., n, is not equal to | q/2], then
FEFI(G) ={4j-p:1<j<(p-1)/2}.

Proof. Recall that ay = (1,0,...,1,0) € ZZ and By = (0, 1,...,0,1) € ZZ; 1y, 0y, @ and S, are the
empty rows (see the beginning of this section).
For a fixed i, 1 < i < [t/2], let [ be an integer such that 1 < [ < (m; — 1)/2. Let Y;; =
(1],01_],5,”_,_1_21) S Z g then B YT (O] 1s 1 Ol 1, ni— 2Z)T andZYT 0. HCHCC Wl(B Y ) =n; — 20+ 1.
For a fixed i, [I/Z] +1 < i < t, let [ be an integer such that 1 <1< - 1)/2 Let Vi, =
(0 11, 01, Qp—1- 21) S an then BYT = (1,01_1,1,01_1,1ni_1_21)T and ZiYiT = 0. Hence WI(BY ) =
-2[+1.
Step 1: Let f = (Yl,(nl—l)/Z’- --va—L(nk_]—l)/Z, Yk,la Yk+1,1,.. .,Y[’l)T, where | <k <tand1 <[ <

(n, — 1)/2. Clearly f is edge-friendly.

vi(l) = wi(Mf) = Z2+(nk—21+ 1)+ Z(nl— 1)
i=k+1
k—1

=p— ) n—2l+3k-2.
i=1
One may check that when k and / run through all possible values, v¢(1) runs through p—1,p-3, ...,
t
p—2n+3t—-1=2t
i=1

Step 2: For 1 < i < [t/2], we define Y, = (lg, +1)/2, Ogs;-1)/2), then B; Yl D2 =
(O(n,—l)/Za 1, O(ni_3)/2)T and Z; YlT( A2 = = 1. Hence wi(B; Y’ i +1)/2)

For [t/21+ 1 < i < t, we define Y; (12 = (l(n —1)/25 0(ni+1)/2). Here B; YtI;n Y
(O(n,._3)/2, 1,0(,1,._1)/2) and Z; Y’ L 1))2 = = 1. Hence wt(B; Y’ (g +1)/2) =1.

For each k, 1 <k < t, let ﬁ< = (Yl,(n|+1)/2’ ey Yk,(nk+1)/2a Yk+1,(nk+1 1)/25 ¢+« Yt’(n[_l)/z)T. Note that,
Ji = i+ - -+ Yt,(n,+1)/2)T. Clearly f; is edge-friendly. Suppose k is even. We have vy (1) =
wi(Mf) = (X5, 1 mod 2} + k) +2(t—k) = (0 + k) +2(t —k) =2t — k.

One may check that when & runs through all even numbers from 2 to ¢, v (1) runs through all even
numbers from 2¢ — 2 down to 7.

Now we shall perform some steps similar to Steps 2 and 3 in the proof of Theorem 1 to obtain the

remaining possible values of the number of 1-vertices.
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1. Without loss of generality, we assume that ) n, = |¢g/2]. Here r < [#/2].
k=1

Let R = wyuous -« - uygp2 Uy g/2)+1U1q/2)+2  * - Uity be the Buler tour starts from the core u; = ¢ and
travels the cycles C,,,, C,,, ..., C,, in order. By convention u,,; = u;.

Step 3: Define g = (qu/gJ,Orq/z])T. Now Vg(l) =0.

Step 4:

t

(1a) When g = 4m + 1, where m > 2. Note that uy,,.1 = ¢, 4m + 1 = ), n; > 3t and ¢ is odd. Swap
i=1

the labels of u;u;y and uy,42i-1Uoms2i, 1 < i < m+ 1. The number of 1-vertices increases by 2

at least (m + 1) — (r — 1) times, since the first swapping increases v,(1) by 2.

Next, swap the labels of u,,,1+iUpi2+;i and up;_1uy;, 1 < i < m— 1. So the number of 1-vertices
increases by 2 at least m — 1 — r times.

By the same argument as Step 3 in the proof of Theorem 1, the number of 1-vertices increases
by 2 atleast2m+ 1 —-2r > 3t-1)/2+1 -1t = (t + 1)/2 times totally. Thus, the number of
1-vertices runs through each even integer from O to # + 1 under the above swapping.

(1b) When g = 4m + 3, where m > 2 (in this case g cannot be 7). Note that uy,,.» = ¢, 4m + 3 =
t

>, n; > 3t and ¢ is odd.

i=1

Swap the labels of w;u;y; and upyizitomizivi, 1 < i < m + 1. Next, swap the labels of
Up i1 +iltme+i and uo;_jup;, 1 <0< m.

Totally, the number of 1-vertices increases by 2 at least 2m+1)—-2r+1 > (3t-3)/2+2 -t =
(t+ 1)/2 times. Thus, the number of 1-vertices runs through each even integer from O to 7 + 1
under the above swapping.

(1c) When g = 4m, where m > 3 (in this case g cannot be 8). Note that u,,, = ¢, 4m = i n; > 3t
and 7 is even. -
Swap the labels of u;u;; and uzy i 1Usm2i, 1 < i < m. Next, swap the labels of u,,,tt1i1
and uy;_1up;, 1 <i<m-—1.
Totally, the number of 1-vertices increases by 2 at least 2m — 1) —2r + 1 > 3¢t/2 —t = t/2
times. Thus, the number of 1-vertices runs through each even integer from O to 7 under the
above swapping.

(1d) When g = 4m + 2, where m > 1. Note that uy,,.1 = ¢, 4m+2 = zt] n; > 3t and ¢ is even.
i=1
Swap the labels of w;u;y; and upyizitomizivi, 1 < i < m + 1. Next, swap the labels of
Upi1+iltmsiv2 and Ui Ui, 1 <0< m.
Totally, the number of 1-vertices increases by 2 at least 2m+1)-2r+1 > 3t/2+1-t =1t/2+1
times. Thus, the number of 1-vertices runs through each even integer from O to # + 2 under
the above swapping.

r t
2. Without loss of generality, we assume that n; > n, > --- > n,and ) n, < g/2 < ), ni. Here
k=1 k=r+l
r < [t/2]. We do the same procedure as Case 1. The only difference is v,(1) = 2. Hence the

number of 1-vertices at least runs through each even integer from 2 to 7 under the above swapping.

This completes the proof. O
Example 1. Consider the graph Cs W C3 W C3 W C3 W C5. Heret =5, p =13, g = 17, m = 4 and
r=2. Let R = ujuy - - - uy7;uy be an Euler tour of the graph, where uy = ug = ug = uy, = uys = c. For

1 <i<17, lete; = uju;,y, where uiz = uy.
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The procedure of Steps 2 listed below:

‘61‘62‘63‘94‘65‘66‘67‘68‘69‘610‘611‘612‘313‘614‘615‘616‘317‘\/(1)
fi |l 1 11010 (1]0]|1 1 0 1 0 1 0 0 1 0 10
L1 1 1 0|0 1 1 0 1 0 1 0 1 0 0 1 0 8
fH] 1 1 1 0|0 1 1 0 1 1 0 0 1 0 0 1 0 8
fa| 1 1 1101071 1101 1 0 1 0 0 0 1 0 6
] 1 1 1 0|0 1 1 0 1 1 0 1 0 0 1 0 0 6
The procedure of swapping (Steps 3 and 4) listed below start from g = (1g,0).
e | ey | ez |eq|es|es|er|es| e | e |en |en|es|eules|es|er|vl)
g |1 1 1 1 1 1 1 1|0 0 0 0 0 0 0 0 0 0
0|1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 2
0101 1 1 1 1 1 1 0 1 0 0 0 0 0 0 4
00|01 1 1 1 1 1 0 1 0 1 0 0 0 0 6
0]0|0]0]1 1 1 1 1 0 1 0 1 0 1 0 0 6
0000|001 1 1 1 0 1 0 1 0 1 0 1 6
11010]0]0|0]|1 1 1 0 1 0 1 0 1 0 1 8
1r{o|1[{0]0O0|0]O0]|T1 1 0 1 0 1 0 1 0 1 10
1|01 (0]1]0]|0]O0]1 0 1 0 1 0 1 0 1 10
Example 2. Consider the graph C3 W C5. Heret = 2, p =5 g =6, m = landr = 1. Let
R = ujuy - - - uguy be an Euler tour of the graph, where u; = uy = c. For 1 <i < 6, let ¢; = uu;yq,

where u; = u;.
The procedure of Steps 3 and 4 listed below start from g = (13,03).

~

9]

o
o
*

£
o

wn
o
(=)

3 4

— o o=
o|lo ~| =[S
S| = ==
—_—_——= O
oo OO
==
AR DO

Lemma 4. Let G and H be two graphs with only one common vertex u. Suppose f; and fy be two
edge-friendly labelings of G and H, respectively. If (fg(u), f;;(w)) # (1,1), then there is an edge-
friendly labeling h of G W H such that vy(1) = v, (1) + vg, (D). If (f5 W), f;;(w)) = (1, 1), then there is
an edge-friendly labeling h of G W H such that vi,(1) = v (1) + vg, (1) = 2.

Proof. Let h be the combined labeling of f; and fy. We obtain the lemma easily. O
Theorem 3. Let p and q be the order and the size of G,, respectively.

1. Suppose there are r numbers among ny, . ..,n; such that the sum of these numbers is |q/2], then
FEFI(G,) ={4j—-p:0<j<|p/2]}.

2. Suppose there are no r numbers among ny, ... ,n, such that the sum of these numbers are |q/2],
then FEFI(G,)) ={4j—p: 1 < j<|p/2]}.

Proof. Without loss of generality, we assume that ny,...,n are even and ng,,...,n, are odd, where
0 < s <t Whens=0ors =t we get the results using Theorem 1 and Theorem 2.
By Lemma 3, it suffices to find an edge-friendly labeling f of G, such that v¢(1) runs through all
even numbers in [2, p].
s t
LetG=4C,and H= ¢ C,. Let p; and py be orders of G and H, respectively. Note that py
=1

i=s+1

isoddandpl:pG+pH— I.
By Theorem 1 there is an edge-friendly labeling f; of G such that v (1) at least runs through all
even numbers of [2, p;], and by Theorem 2 there is an edge-friendly labeling fy of H such that v, (1)
at least runs through all even numbers of [2, py — 1].
By Lemma 4, in the worst case, there is an edge-friendly labeling 4 of G W H such that v,(1) runs
through all even numbers of [4, pg + pg — 1 -2] = [4,p —2].
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Now we only need to find an edge-friendly labeling g of G & H such that v,(1) is p when p is even,
or p — 1 when p is odd, or else, v,(1) is 2 (see D and @ below).

Let R = ujususz - - - Uig/ajUg/21+1U1g/2+2 * * - Uguty be the Euler tour of G, starts from the core u; = c.
Note that g = p + t — 1 and deg(c) = 2t¢.
@ When giseven, p=t—1 (mod 2). Define g = (1,0,1,0,...,1,0)" € Zg, then g*(c) =t mod 2.
p iftisodd, |p if p is even,
p—1 iftiseven, B p—1 ifpisodd.
When g is odd, p =t (mod 2). Define g = (1,0,1,0,...,1,0,1)! € Zg, then g*(¢) =t+1 mod 2.
iftisodd, {p— 1 ifpisodd,

if t is even, P if p is even.

Hence v,(1) = {

-1
Hence v,(1) = P
4

@ Suppose ujg21+1 # c. Define g = (1|_q/2J,O|'q/2‘|)T. Thus only g*(c) = g*(u42;+1) = 1. Hence
ve(1) = 2.

Suppose Ugpl+1 = C, then U # ¢ and Ulg/2)+2 # c¢. Define g = (O, qu/ZJ,O[q/ﬂ—l)T- Thus only
g (u2) = g% (ugp2)42) = 1. Hence vy (1) = 2.

This completes the proof. O

We denote the graph G, by C when ny = -+~ = n, = n. When n = 3, C\" is called the Dutch
t-windmill graph. By Theorem 3, we have the following corollaries.

Corollary 1. Suppose n > 3 and t > 2. Now, the order of C\ is p = nt —t + 1.

1. Suppose n is odd, then

dj—-p:1<j<(p-1/2} iftisodd,

FEFI(C") =
4j—p:0<j<(p-1)/2} iftiseven.

2. Suppose n is even, then

{4j-p:1<j<p/2} if t is odd;

FEFI(CY) =
4j—-p:0<j<(p-1)/2} iftiseven.

Corollary 2. Fort > 2,

4j-2t—1:1<j<t if'tis odd,
4j-2t-1:0<j<t} iftiseven.
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