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Abstract: In this paper, we introduce graceful and near graceful labellings of several families of
windmills. In particular, we use Skolem-type sequences to prove (near) graceful labellings exist for
windmills with C3 and C4 vanes, and infinite families of 3, 5-windmills and 3, 6-windmills. Fur-
thermore, we offer a new solution showing that the graph obtained from the union of t 5-cycles
with one vertex in common (Ct

5) is graceful if and only if t ≡ 0, 3 (mod 4) and near graceful when
t ≡ 1, 2 (mod 4).
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1. Introduction

In [1], Rosa introduced a new type of graph labelling known as a β-labelling, or graceful labelling,
as it was renamed later. Let G = (V, E) be a graph with m edges. Let f : V(G) → {0, 1, 2, . . . ,m}
be a labelling of V of G and let g : E(G) → {1, 2, . . . ,m} be the induced edge labelling defined by
g(uv) = | f (u) − f (v)|, for all uv ∈ E. The labelling f is said to be a graceful labelling if and only if
f is an injective mapping and g is a bijection. If a graph G has a graceful labelling then we say G is
graceful.

A near graceful labelling of a graph G = (V, E) with m edges is defined in a similar way. Let
f : V(G) → {0, 1, 2, . . . ,m + 1} be a labelling of V of G and let g : E(G) → A be the induced
edge labelling defined by g(uv) = | f (u) − f (v)|, for all uv ∈ E, where A is {1, 2, . . . ,m − 1,m} or
{1, 2, . . . ,m − 1,m + 1}. The labelling f is said to be a near graceful labelling if and only if f is an
injective mapping and g is a bijection. If a graph G has a near graceful labelling then we say G is near
graceful. In this paper, all near graceful labellings constructed will omit the vertex label m and the
edge label m.

In this paper, we adopt the convention that 0 is a natural number. So, when we write [a, b] with
a, b ∈ N and a < b, we are indicating the set {x ∈ N|a ≤ x ≤ b}.

Bermond, in [2], proved that Dutch windmills (the graphs consisting of t copies of K3 with one
vertex in common) are graceful. Let Cn be a cycle of length n ≥ 3, and Ct

n be the graph obtained
from the union of t n-cycles with one vertex in common that we will call the central vertex. In [3],
the authors stated the following conjecture.
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Conjecture 1. [3] Ct
n is graceful if and only if nt ≡ 0, 3 (mod 4).

This conjecture has been shown to hold for n = 3, n = 4, n = 5, and n = 6 and n = 4k (k any
positive integer) in [4–6], and [3], respectively. Also, in [7–10], the authors show that the graceful
labellings exist for the Ct

n with n = 7, 9, 11, 13, respectively. In 2012, Dyer, et al. [11], use Skolem se-
quences to prove that all Dutch windmills with zero, one or two pendant triangles are (near) graceful.
A comprehensive survey of graceful labelling can be found in [12].

We define an m, n-windmill to be a graph G = C s
mCt

n obtained from identifying the central vertices
of C s

m and Ct
n, where m , n. In other words, the graph C s

mCt
n is a windmill with s m-cycle vanes and t

n-cycle vanes. More generally, we call any windmill made up of two or more cycle lengths a variable
windmill.

In this paper we use Skolem-type sequences to show (near) graceful labellings exist for the G =
Ct

nC
s
m graphs where n = 3 and m = 4, 5, 6. An example of a graceful labelling of C4

3C3
4 is given in

Figure 1.
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Figure 1. Graceful Labelling of C4
3C3

4

2. Skolem-type Sequences

In this section we begin by defining a Skolem-type sequence, and then present several definitions
and known results for Skolem and Langford sequences.

A Skolem-type sequence of order n is a sequence (s1, s2, . . . , s2n) of 2n integers satisfying the
conditions:

1. for some set H of n distinct positive integers, ∀ k ∈ H, ∃ si, s j such that si = s j = k;

2. if si = s j = k, with i < j, then j − i = k.

For example, (6, 4, 1, 1, 3, 4, 6, 3) is a Skolem-type sequence of order 4 with H = {1, 3, 4, 6}. We
can also write Skolem-type sequences by specifying the ordered pairs where identical elements of
H occur, as follows {(ai, bi) : i ∈ H, bi − ai = i}. So, we could equivalently write the sequence
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{(3, 4), (5, 8), (2, 6), (1, 7)}. In the Skolem-type sequences if bi > ai we call bi right endpoint. The
definition of the Skolem-type sequence introduced in [13].

A hooked Skolem-type sequence of order n is a sequence (s1, s2, . . . , s2n+1) of 2n + 1 integers satis-
fying the conditions of a Skolem-type sequence with the added condition that s2n = 0. For example,
(5, 3, 1, 1, 3, 5, 2, 0, 2) is a hooked Skolem-type sequence of order 4 with H = {1, 2, 3, 5}.

A (hooked) Skolem sequence of order n is a (hooked) Skolem-type sequence of order n with
H = [1, n]. Necessary and sufficient conditions for the existence of Skolem sequences are given
in [14].

Let m and n be positive integers, with m ≤ n. A (hooked) near-Skolem sequence of order n
and defect m is a sequence (s1, s2, . . . , s2n−2) is a (hooked) Skolem-type sequence of order n − 1 with
H = [1,m − 1]∪[m + 1, n]. For example, (1, 1, 6, 3, 7, 5, 3, 2, 6, 2, 5, 7) is a 4-near-Skolem sequence of
order 7 and (2, 5, 2, 4, 6, 7, 5, 4, 1, 1, 6, 0, 7) is a hooked 3-near-Skolem sequence of order 7. Necessary
and sufficient conditions for the existence of near-Skolem sequences are given in [15].

A (hooked) Langford sequence with defect d and order l is a (hooked) Skolem-type sequence with
H = [d, d + l − 1]. Necessary and sufficient conditions for the existence of Langford sequences are
given in [16].

Note that in this paper, in the constructions, ai and bi or c j and d j or e j and f j represent the two
positions in the Skolem-type sequence of the element i and j, with ai < bi, c j < d j and e j < f j with
1 ≤ i, j ≤ n. When written in this form, we say that ai, c j, and e j are left endpoints, and bi, d j, and f j

are right endpoints.

Construction 1. From Table 1, we can construct a Langford sequence with defect d ≥ 1 and order
2d − 1, (omitting row 2 when d = 1). We define L2d−1

d to be exactly this sequence for d ≥ 1.

i ai bi

d + 2r d − r 2d + r 0 ≤ r ≤ d − 1
d + 2r + 1 2d − 1 − r 3d + r 0 ≤ r ≤ d − 2

Table 1. Langford Sequence, L2d−1
d

Construction 1 is new and it is straightforward to check that Construction 1 gives a Langford
sequence.

Notice that there is a different use of defect in Langford and near-Skolem sequences. In Langford
sequences the defect (d) is the smallest integer in the sequence, but in near-Skolem sequences the
defect (m) is the integer omitted from the sequence.

Construction 2. From Table 2, we can construct a hooked near-Skolem sequence of order n = 4m+1
with m ≥ 3 and defect n − 1, (omitting row 5 when m = 3).

Construction 3. From Table 3, we can construct a near-Skolem sequence of order n = 4m + 3 with
m ≥ 2 and defect n − 1, (omitting row 4, 5 when m = 2).

It is straightforward to check that Constructions 2 and 3 both produce the desired sequences. These
constructions establish Lemma 1, which will be useful in Section 3 and 5 when labelling Cp

5 and Ct
3C

p
5 .

Lemma 1. If n = 2k + 1, with k ≥ 5, then there exists a (hooked) near-Skolem sequence of order n,
with defect n − 1, which has no right endpoints in the positions [1, k + 2].

We now extend our definition of Skolem-type sequences to sequences where every pair of elements
in H occurs exactly twice. A two-fold Skolem-type sequence of order n is a sequence (s1, s2, . . . , s4n)
of 4n positive integers such that the following conditions hold:
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i ai bi

2r + 1 2m + 1 − r 2m + 2 + r 1 ≤ r ≤ 2m
4m − 4 2m + 2 6m − 2 −

4m − 2 2m + 1 6m − 1 −

2m + 2r 5m − r 7m + r 0 ≤ r ≤ m − 3
2r + 4 6m − r − 3 6m + r + 1 0 ≤ r ≤ m − 4
2m − 2 6m 8m − 2 −

1 7m − 2 7m − 1 −

2 8m − 1 8m + 1 −

Table 2. Hooked near-Skolem Sequence from Construction 2

i ai bi

2r + 1 2m + 2 − r 2m + 3 + r 1 ≤ r ≤ 2m + 1
4m 2m + 2 6m + 2 −

4m − 2 2m + 3 6m + 1 −

2m + 2 + 2r 5m + 2 − r 7m + 4 + r 0 ≤ r ≤ m − 3
2r + 4 6m − r 6m + 4 + r 0 ≤ r ≤ m − 3

1 7m + 2 7m + 3 −

2m 6m + 3 8m + 3 −

2 8m + 2 8m + 4 −

Table 3. Near-Skolem Sequence from Construction 3

1. for a set H of n distinct positive integers, for every p ∈ H, there exist exactly 2 disjoint pairs(
si, s j

)
and (si′ , s j′) such that si = s j = si′ = s j′ = p,

2. if si = s j = p and si′ = s j′ = p with i < j and i′ < j′, then j − i = p and j′ − i′ = p.

For example, (2, 3, 2, 3, 3, 2, 3, 2) is a two-fold Skolem-type sequence of order 2 with H = {2, 3}.

Construction 4. From Table 4, we can construct a two-fold Skolem-type sequence construction of
order n ≥ 1, where H = {1} ∪ {4i|1 ≤ i ≤ n − 1}.

j
(
c j, d j

) (
e j, f j

)
1 (2n − 1, 2n) (4n − 1, 4n) −

4r (2n − 2r − 1, 2n + 2r − 1) (2n − 2r, 2n + 2r) 1 ≤ r ≤ n − 1

Table 4. Two-fold Skolem-type Sequence from Construction 4

For example, (8, 8, 4, 4, 1, 1, 4, 4, 8, 8, 1, 1) is a two-fold Skolem-type sequence of order 3 with
H = {1, 4, 8}, created using Construction 4.

A (2n + 1, 2n + 2)-extended two-fold Skolem-type sequence of order n is a sequence
(ŝ1, ŝ2, . . . , ŝ4n+2) of 4n + 2 positive integers that satisfies the above conditions as well as ŝ2n+1 =

ŝ2n+2 = 0.

Proposition 1. The following sequences are all two-fold Skolem-type sequences:
C0 = ∅, (the sequence of length 0),
C1 = (2, 2, 2, 2), where H = {2},
C2 = (2, 3, 2, 3, 3, 2, 3, 2), where H = {2, 3},
C3 = (2, 2, 2, 2, 5, 3, 5, 3, 3, 5, 3, 5), where H = {2, 3, 5}, and
C4 = (6, 6, 2, 2, 2, 2, 6, 6, 5, 3, 5, 3, 3, 5, 3, 5), where H = {2, 3, 5, 6}.
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By placing restrictions on the nature of H, we can define two-fold Skolem and Langford sequences,
similar to the way we defined the Skolem and Langford sequences.

A double Skolem-type sequence of order l and defect d is a sequence obtained by concatenating two
existing Skolem-type sequences with the same defect and order, or by interlacing a hooked Skolem-
type sequence with its reverse. A two-fold Skolem sequence of order n is a two-fold Skolem-type
sequence with H = [1, n]. It is straightforward to show that two-fold Skolem sequences exist for any
order n by concatenating Skolem sequences (possibly interlacing their hooks). However, in Tables 5
and 6 we introduce a different construction for two-fold Skolem sequences which will be useful later.

j
(
c j, d j

) (
e j, f j

)
2r + 1

(
n+1

2 − r, n+3
2 + r

) (
3n+3

2 − r, 3n+5
2 + r

)
0≤r≤ n−1

2

n − 1 (2n + 3, 3n + 2)
(

5n+5
2 ,

7n+3
2

)
−

2r + 2
(

5n+3
2 − r, 5n+3

2 + r + 2
) (

7n+1
2 − r, 7n+1

2 + r + 2
)

0≤r≤ n−5
2

Table 5. Two-fold Skolem Sequence Construction of Odd Order n

j
(
c j, d j

) (
e j, f j

)
2r + 1

(
n
2 − r, n+2

2 + r
) (

3n
2 − r, 3n+2

2 + r
)

0 ≤ r ≤ n−2
2

n (2n + 1, 3n + 1)
(

5n+2
2 ,

7n+2
2

)
−

2r + 2
(

5n
2 − r, 5n

2 + r + 2
) (

7n
2 − r, 7n

2 + r + 2
)

0 ≤ r ≤ n−4
2

Table 6. Two-fold Skolem Sequence Construction of Even Order n

A two-fold Langford sequence of order l and defect d is a two-fold Skolem-type sequence of order
l, (l1, l2, . . . , l4l) with H = [d, d + l − 1]. Again, it is straightforward to show that a two-fold Langford
sequence can be obtained by concatenating (hooked) Langford sequences. In Construction 5, we give
a two-fold Langford sequence that is not constructed by concatenation that will be useful later.

Construction 5. From Table 7, we can construct a two-fold Langford sequence with defect 6k−1 and
order 4k − 1, where k ≥ 1.

j
(
c j, d j

) (
e j, f j

)
10k−2−2r (r, 10k−2−r) (2k−1+r, 12k−3−r) 1 ≤ r ≤ 2k−1
10k−1−2r (4k−2+r, 14k−3−r) (6k−2+r, 16k−3−r) 1 ≤ r ≤ 2k

Table 7. Two-fold Langford Sequence with Defect 6k − 1 and Order 4k − 1, where k ≥ 1

We summarize necessary and sufficient conditions for the existence of various useful Skolem-type
sequences in Table 8 as an aid for the reader.

3. Labellings from Skolem-type Sequences

In this section, we use Skolem-type sequences to label variable windmills of different orders.

3.1. Constructions Using Skolem-type Sequences

To begin, we discuss how to label Ct
3 and Cp

5 by using Skolem-type sequences. In [6], Yang
et al. proved that the Cp

5 is graceful when p ≡ 0, 3 (mod 4). Bermond in [2] proved that the Ct
3 is

graceful when t ≡ 0, 1 (mod 4).

Ars Combinatoria Volume 159, 109–131
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Sequence Order/
Defect

Necessary and Sufficient conditions Ref.

Skolem n/- n ≡ 0, 1 (mod 4) [14]
hooked Skolem n/- n ≡ 2, 3 (mod 4) [17]
Langford l/d l ≥ 2d − 1,

l ≡ 0, 1 (mod 4) and d is odd, or l ≡ 0, 3
(mod 4) and d is even

[16]

hooked Langford l/d l (l − 2d + 1) + 2 ≥ 0,
l ≡ 2, 3 (mod 4) and d is odd, or l ≡ 1, 2
(mod 4) and d is even

[16]

m-near-Skolem n/- n ≡ 0, 1 (mod 4) and m is odd, or n ≡ 2, 3
(mod 4) and m is even

[15]

hooked
m-near-Skolem

n/- n ≡ 0, 1 (mod 4) and m is even, or n ≡ 2, 3
(mod 4) and m is odd

[15]

m-fold Skolem n/- n ≡ 0, 1 (mod 4) and any m, or n ≡ 2, 3
(mod 4) and m is even

[18]

hooked m-fold
Skolem

n/- n ≡ 2, 3 (mod 4) and m is odd [18]

Table 8. Summary of Necessary and Sufficient Conditions for the Existence of Various
Skolem-type Sequences

Construction 6. From a Skolem-type sequence or a hooked Skolem-type sequence of order t, con-
struct the pairs (ai, bi) such that bi − ai = i for 1 ≤ i ≤ t. From these pairs, along with an arbitrary
positive integer c, form one of the following sets of triples

1. (0, ai + c, bi + c), 1 ≤ i ≤ t, or

2. (0, i, bi + c), 1 ≤ i ≤ t.

The triples give a labelling of a Ct
3, with the central vertex labelled 0.

Lemma 2. Let c ≥ t be an arbitrary positive integer.

1. Using any Skolem sequence of order t, with Construction 6(1) gives the edge labels [1, t] ∪
[c + 1, c + 2t], and the vertex labels from {0}∪[c + 1, c + 2t], such that each nonzero label occurs
exactly once, and

2. using any hooked Skolem sequence of order t, with Construction 6(1) gives the edge labels
[1, t]∪[c + 1, c + 2t − 1]∪{c + 2t + 1}, and the vertex labels {0}∪[c + 1, c + 2t − 1]∪{c + 2t + 1},
such that each nonzero label occurring exactly once, and

3. using any Skolem sequence with Construction 6(2) gives the edge labels [1, t] ∪ [c + 1, c + 2t]
and the vertex labels from {0}∪ [1, t]∪ [c + 2, c + 2t], each nonzero label occurring exactly once,
and

4. using any hooked Skolem sequence with Construction 6(2) gives the edge labels [1, t] ∪
[c + 1, c + 2t − 1] ∪ {c + 2t + 1} and the vertex labels from {0} ∪ [1, t] ∪ [c + 2, c + 2t − 1, ] ∪
{c + 2t + 1}, each nonzero label occurring exactly once.

Proof. Start with a Skolem sequence S t of order t, and construct the triples (0, ai + c, bi + c)t
i=1 by

using Construction 6(1). Since 1 ≤ ai ≤ 2t−1 and 2 ≤ bi ≤ 2t, and all ai and bi are distinct, the vertex
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labels are {0} ∪ [c + 1, c + 2t], where no vertex label other than 0 is repeated. Considering the edge
labels, we see that they are bi − ai = i, ai + c, and bi + c. Since by construction, 1 ≤ i ≤ t and all the
ai and bi are distinct, we obtain edge labels [1, t] ∪ [c + 1, c + 2t], a union of disjoint sets since c ≥ t,
all of which are distinct.

A similar argument holds for hooked Skolem sequences, and for each case of Construction 6(2).
□

We make note of one more special case of a Skolem-type sequence used with Construction 6(1).

Lemma 3. Using a Langford sequence with Construction 6(1) and c ≥ d + l − 1 gives edge labels
[d, d + l − 1]∪ [c + 1, c + 2l] and vertex labels from {0}∪ [c + 1, c + 2l], each nonzero label occurring
exactly once.

To illustrate Constructions 6(1) and 6(2), consider for example, (3, 1, 1, 3, 2, 0, 2), a hooked
Skolem sequence of order 3 which yields the pairs (2, 3), (5, 7), (1, 4). Letting c = 3, these pairs yield
the triples to near gracefully label a C3

3: (0, 5, 6) , (0, 8, 10), and (0, 4, 7) by Construction 6(1), and
(0, 1, 6) , (0, 2, 10), and (0, 3, 7) by Construction 6(2). Taking c = t and considering only Skolem and
hooked Skolem sequences in this construction, we can use the resulting triples to (near) gracefully
label Dutch windmills (Ct

3) for any t ≥ 1, as well as some related graphs. See [11] and [19].
Koh, Rogers, Lee, and Toh [3] conjectured that Ct

n is graceful if and only if nt ≡ 0, 3 (mod 4).
In 2005, Yang et al. in [6] have shown the conjecture true for n = 5. In Theorem 8, we prove that
G = Cp

5 is near graceful when p ≡ 1, 2 (mod 4), and verify that G is graceful when p ≡ 0, 3 (mod 4)
through the use of (hooked) Skolem and (hooked) near-Skolem sequences. Then, in Section 5, we use
this construction to prove (near) graceful labellings exist for families of Ct

3C
p
5 . In Construction 7 we

will use (hooked) Skolem and (hooked) near-Skolem sequences together to form the 5-tuples to label
a Cp

5 .

Construction 7. Let p > 0. Given a (hooked) Skolem sequence S 1 of order p = 4m + k where
0 ≤ k ≤ 3, construct the pairs (ai, bi) such that bi − ai = i for 1 ≤ i ≤ p. Select Skolem sequence S 2

and construct the pairs (c j, d j) as follows.

1. For k = 0, select the Skolem sequence of order 2p using Table 12, in Appendix A.

2. For k = 1, select the hooked Skolem sequence of order 2p using Table 14, in Appendix A.

3. For k = 2, select the hooked near-Skolem sequence of order 2p + 1 using Table 2.

4. For k = 3, select the near-Skolem sequence of order 2p + 1 using Table 3.

Then form the 5-tuple
(
0, dbi + p, bi, ai, dai + p

)
for each 1 ≤ i ≤ p.

Note that by construction, for k = 0 and k = 1, no right endpoints occur in positions 1 to p of S 2.
Similarly, S 2 has no right endpoints in positions 1, 2, . . . , p − 1, nor in p + 1 when k = 2 and k = 3.

Theorem 8. If G = Cp
5 , then G is near graceful when p ≡ 1, 2 (mod 4) and G is graceful when

p ≡ 0, 3 (mod 4).

Proof. Case 1. Let p ≡ 1 (mod 4). Form the 5-tuples
(
0, dbi + p, bi, ai, dai + p

)
for each 1 ≤ i ≤ p as

indicated in Construction 7. We begin by considering the vertex labels used by the 5-tuples.
Note that from the Skolem sequence S 1 the entries ai and bi in the third and fourth entries of the

5-tuples give the distinct numbers
[
1, 2p
]
. As we know, there are no right endpoints

(
d j

)
in the first

p positions in the hooked Skolem sequence. The first right endpoint is in position p + 1, so the set
of possible positions for right endpoints are

[
p + 1, 4p − 1

]
∪ {4p + 1} . Thus, the second and fifth

entries of the 5-tuples are all elements of
[
2p + 1, 5p − 1

]
∪ {5p + 1} . In Skolem sequences, ai and

bi are distinct, so in the hooked Skolem sequence, dai and dbi are distinct. Further, we know that
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the entries ai and bi on the third and fourth entries of the 5-tuples give the distinct numbers
[
1, 2p
]
,

and dai , dbi ≥ p + 1 so the minimum value of the second and fifth entries of the 5-tuples is 2p + 1.
Therefore, all the nonzero entries of the 5-tuples are distinct.

From the above discussion, it is clear that the only vertex label repeated is 0 (p times), and that all
vertices are distinct and come from the set

[
0, 5p − 1

]
∪ {5p + 1}.

We now consider the edge labels defined by the difference between subsequent entries (taken
cyclically) in the 5-tuple

(
0, dbi + p, bi, ai, dai + p

)
.

Since bi − ai = i, these differences are all distinct and comprise the set
[
1, p
]
. Based on our

previous discussion, the differences between dbi + p and 0 and the differences between dai + p and 0
give distinct numbers from the set

[
2p + 1, 5p − 1

]
∪{5p + 1}. Considering the remaining differences,

we see that
(
dbi + p

)
− bi =

(
dbi − bi

)
+ p = cbi + p and

(
dai + p

)
− ai =

(
dai − ai

)
+ p = cai + p.

These differences are all distinct numbers in the set
[
p + 1, 5p − 1

]
. Since

p⋃
i=1
{ai, bi} =

[
1, p
]
, then

p⋃
i=1

{
cai , cbi , dai , dbi

}
=
[
1, 4p − 1

]
∪ {4p + 1}, and hence

p⋃
i=1

{
cai + p, cbi + p, dai + p, dbi + p

}
is exactly[

p + 1, 5p − 1
]
∪ {5p + 1}, since all the c j and d j are distinct.

From the above discussion, it is clear that all edges are distinct and are exactly the set
[
1, 5p − 1

]
∪

{5p + 1}. We can conclude that since the vertex labels are a subset of
[
0, 5p − 1

]
∪ {5p + 1}, each

nonzero label occurring exactly once, and the edge labels are exactly
[
1, 5p − 1

]
∪ {5p + 1}, Cp

5 can
be near gracefully labelled when p ≡ 1 (mod 4).

Case 2. The case p ≡ 0 (mod 4), is proved similarly to Case 1. Use a Skolem sequence to construct
the pairs ai and bi. Instead of a hooked Skolem sequence, use a Skolem sequence to construct the pairs
dai and dbi . The resulting Cp

5 can be gracefully labelled when p ≡ 0 (mod 4).
Case 3. If p ≡ 2 (mod 4) and p > 2, the statement is proved similarly to Case 1. Instead of a

Skolem sequence, use a hooked Skolem sequence to construct the pairs ai and bi. Instead of a hooked
Skolem sequence, use a hooked near-Skolem sequence to construct the pairs dai and dbi . We know
such a sequence exists by Lemma 1. For p = 2, use the 5-tuples (0, 11, 2, 9, 1) and (0, 6, 3, 7, 5).
Therefore, Cp

5 can be near gracefully labelled when p ≡ 2 (mod 4).
Case 4. If p ≡ 3 (mod 4) and p > 3, the statement is proved similarly to Case 1. Instead of

a Skolem sequence, use a hooked Skolem sequence to construct the pairs ai and bi. Instead of a
hooked Skolem sequence, use a near-Skolem sequence to construct the pairs dai and dbi . We know
such a sequence exists by Lemma 1. For p = 3, use the 5-tuples (0, 15, 1, 14, 12), (0, 5, 6, 3, 10) and
(0, 9, 13, 2, 8). Therefore, Cp

5 can be gracefully labelled when p ≡ 3 (mod 4). □

3.2. Two-fold Skolem-type Sequence Constructions

In this section we discuss how to label C s
4 using two-fold Skolem-type sequences.

Construction 9. From a two-fold Skolem-type sequence of order s, construct the pairs of the form(
c j, d j

)
and
(
e j, f j

)
where c j, d j, e j, and f j are the entries where j occurs in the two-fold Skolem-type

sequence, c j < d j, e j < f j, with j ∈ H and d j − c j = f j − e j = j. From these pairs we can obtain s
quadruples of the form

(
0, d j + c, j, f j + c

)
, where c is a fixed positive integer. These quadruples admit

a labelling of C s
4.

In this paper, we will use Construction 9 with a variety of two-fold Skolem-type sequences which
will produce edge and vertex labels as given in Table 9. The symbols t and c are constants, s and l are
the order of the sequences, and d is the defect of the Langford sequence.

Lemma 4. The results in Table 9 are correct, with each nonzero label occurring exactly once.

Proof. We will prove that the result in the first row of Table 9 is correct. The other rows follow
similarly.
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Sequence Edge labels are: Vertex labels from:

Two-fold Skolem sequences of order s ≤ c + 1 [c + 1, c + 4s] [0, s] ∪ [c + 2, c + 4s]

Two-fold Skolem sequences from Table 5 of
order s ≤ 2c + 1 and s is odd

[c + 1, c + 4s] [0, s] ∪
[
c + s+3

2 , c + 4s
]

Two-fold Skolem sequences from Table 6 of
order s ≤ 2c and s is even

[c + 1, c + 4s] [0, s] ∪
[
c + s+2

2 , c + 4s
]

Double Langford sequence from Table 1 with
defect d ≤ c + 1 and order l

[c + 1, c + 4l] {0} ∪ [d, 3d − 2] ∪ [c + 2d, c + 4l]

Double Skolem sequences of order s ≤ 2c + 2
from Tables 12, 14

[c + 1, c + 4s] [0, s] ∪
[
c + s+4

2 , c + 4s
]

Double Skolem sequences of order s ≤ 2c + 1
from Tables 13, 15

[c + 1, c + 4s] [0, s] ∪
[
c + s+3

2 , c + 4s
]

Two-fold Skolem-type sequence of order
s ≤ (c+4)

2 from Table 4
[c + 1, c + 4s] {0} ∪ [c + 2s + 1, c + 4s] ∪ H

Two-fold Skolem-type sequence C1, with c ≥ 0 [c + 1, c + 4] {0, 2} ∪ [c + 3, c + 4]

Two-fold Skolem-type sequence C2, with c ≥ 1 [c + 1, c + 8] {0, 2, 3} ∪ {c + 3, c + 5, c + 7, c + 8}

Two-fold Skolem-type sequence C3, with c ≥ 3 [c + 1, c + 12] {0, 2, 3, 5} ∪ [c + 3, c + 4]
∪ [c + 9, c + 12]

Two-fold Skolem-type sequence C4, with c ≥ 2 [c + 1, c + 16] {0, 2, 3, 5, 6} ∪ [c + 5, c + 8]
∪ [c + 13, c + 16]

Two-fold Langford sequences from Table 7 with
d = 6k − 1 and l = 4k − 1, and c ≥ 2k − 1

[c + 1, c + 16k − 4] {0} ∪ [6k − 1, 10k − 3]
∪ [c + 8k − 1, c + 16k − 4]

Table 9. Summary of Results of Construction 9 with a Variety of two-fold Skolem-type
Sequences

From a two-fold Skolem sequence S 2
s made up of pairs

(
c j, d j

)
and
(
e j, f j

)
, construct the quadruples(

0, d j + c, j, f j + c
)s

j=1
as given by Construction 9 with c ≥ s − 1. As we know 2 ≤ d j ≤ 4s − 1 and

4 ≤ f j ≤ 4s and 1 ≤ j ≤ s, all the vertex labels will be distinct and from the set [1, s]∪ [c + 2, c + 4s],
except 0, which will be repeated s times. Considering the differences of these quadruples, we see that(
d j + c

)
− j = c j + c,

(
f j + c

)
− j = e j + c, d j + c − 0 = d j + c, and f j + c − 0 = f j + c. Since, by

construction, c j, d j, e j, f j are all distinct, we obtain [c + 1, c + 4s] as the set of distinct edge labels. □

Note that for the result in the first row of Table 9 there are no restrictions on the sequence so the
set of vertex labels is large. If we restrict the sequence, as in the second and third rows of Table 9, we
will refine the set of vertex labels.

In Constructions 10–13, we will give labellings of Ct
3C

s
4 when 2t < s ≤ (13t+37)

2 , with the central
vertex labelled 0.

Let Px be the two-fold Skolem-type sequence of order x given by Construction 4. Let P
′

x be the
the sequence obtained from Px by removing the pair (1, 1) from the end of the sequence. Define P

′

0 to
be the sequence (1, 1).

Construction 10. From a double Langford sequence with defect d = t + 1 and order l = 2t + 1, con-
struct the quadruples of the form

(
0, d j + c, j, f j + c

)
as indicated in Construction 9 with c = t. From

a Skolem sequence of order t, construct the triples (0, ai + c, bi + c) as indicated in Construction 6
with c = 4l + t. These triples and quadraples give a labelling for a Ct

3C
s
4 where s = 2t + 1, with the

central vertex labelled 0.

Construction 11. By concatenating a double Langford sequence with defect d = t + 1 and order
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l = 2t + 1, with a two-fold Skolem sequence of order k (k ≤ t), construct the quadruples of the form(
0, d j + c, j, f j + c

)
with c = t as indicated in Construction 9. From a Skolem sequence of order t,

construct the triples (0, ai + c, bi + c) as indicated in Construction 6 with c = 4k+4l+ t. These triples
and quadruples give a labelling for a Ct

3C
s
4 where 2t + 2 ≤ s ≤ 3t + 1, with the central vertex labelled

0.

Construction 12. By concatenating a two-fold Skolem-type sequence P
′

x−1 of order x − 1 and 1 ≤
x ≤ (t+3)

2 , with a double Langford sequence with defect d = t + 4x − 1 and order l = 2t + 8x −
3, with the sequence P

′

0, and a two-fold Skolem-type sequence from Proposition 1 of order y, for
0 ≤ y ≤ 4, construct the quadruples of the form

(
0, d j + c, j, f j + c

)
with c = t as indicated in

Construction 9. From a Skolem sequence of order t construct the triples (0, ai + c, bi + c) as indicated
in Construction 6 with c = 4l + t + 4x + 4y + 4. These triples and quadruples give a labelling for a
Ct

3C
s
4 where s = 2t + 9x + y − 3 and 3t + 2 ≤ s ≤ (13t+37)

2 , with the central vertex labelled 0.

Construction 13. By concatenating a two-fold Skolem-type sequence Px of order x with 1 ≤ x ≤ (t+3)
2 ,

with a double Langford sequence with defect d = t + 4x+ 1 and order l = 2t + 8x+ 1, with a two-fold
Skolem-type sequence from Proposition 1 of order y, with 0 ≤ y ≤ 4, construct the quadruples of the
form

(
0, d j + c, j, f j + c

)
with c = t as indicated in Construction 9. From a Skolem sequence of order

t construct the triples (0, ai + c, bi + c) as indicated in Construction 6 with c = 4l+ t + 4x+ 4y. These
triples and quadruples give a labelling for a Ct

3C
s
4 where s = 2t + 9x + y + 1 and 3t + 2 ≤ s ≤ (13t+37)

2 ,
with the central vertex labelled 0.

Note that Constructions 12 and 13 will cover all the values of s ∈
[
3t + 2, (13t+37)

2

]
.

The bound s ≤ (13t+37)
2 comes from Constructions 12 and 13 as we know s = 2t + 9x + z or

x = (s−2t−z)
9 . Since t ≥ 2x − 3 then s ≤ (13t+2z+27)

2 and since z ∈ [−3, 5] we obtain that s ≤ (13t+37)
2 .

Lemma 5. In the labellings of Ct
3C

s
4 given by Constructions 10 - 13 for 4 ≤ t ≤ s ≤ (13t+37)

2 , and
t ≥ 2x − 3 when s ≥ 3t + 2,

1. if t ≡ 0, 1 (mod 4), then the edge labels used are [1, 4s + 3t] and the vertex labels used are from
{0} ∪ [1, 4s + 3t], where each nonzero label occurs exactly once,

2. if t ≡ 2, 3 (mod 4) then the edge labels used are [1, 4s + 3t − 1] ∪ {4s + 3t + 1} and the vertex
labels used are from {0}∪[1, 4s + 3t − 1]∪{4s + 3t + 1}, where each nonzero label occurs exactly
once.

Proof. We will prove these results for Construction 13. The proof for Construction 12 follows in the
same fashion as Construction 13. For Constructions 10 and 11 the proofs also follow in the same
fashion as Construction 13, but with no Skolem-type sequences.

Let t ≡ 0, 1 (mod 4). We begin by considering the edge labels. Consider the quadruples formed
by the concatenated sequence in Construction 13, with c = t. Those quadruples corresponding to
Px yield edge labels [t + 1, t + 4x], by Table 9 (row 7). For the quadruples corresponding to the
double Langford sequence, we obtain the edge labels [t + 4x + 1, 4l + t + 4x], by Table 9 (row 4), by
considering c = t + 4x (the length of Px). For the quadruples corresponding to the two-fold Skolem-
type sequence from Proposition 1, we obtain the edge labels [4l + t + 4x + 1, 4l + t + 4x
+4y
]
, by Table 9 (rows 9-12), by considering c = 4l+ t+4x (the length of Px and the double Langford

sequence). Note that if y = 0, then we are considering C0, the empty sequence, and hence produce no
edge labels.
Consider the triples formed by the Skolem sequence of order t with c = 4l + t + 4x + 4y (the length
of Px, the double Langford sequence, and the two-fold Skolem-type sequence). By Lemma 2(1), this
construction yields edge labels [1, t] ∪

[
4l + t + 4x + 4y + 1, 4l + 3t + 4x + 4y

]
.

From the above discussion, it is clear that all edges are distinct and are exactly the set [1, 4s + 3t],
where s = l + x + y.
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We now consider the vertex labels. Consider the quadruples formed by the concatenated sequence
in Construction 13, with c = t. Those quadruples corresponding to Px yield vertex labels that are
a subset of {0, 1} ∪ [t + 2x, t + 4x] ∪ {4i|1 ≤ i ≤ x − 1}, by Table 9 (row 7) and since t ≥ 2x − 3
there are no vertices repeated. For the quadruples corresponding to the double Langford sequence,
we obtain vertex labels from {0} ∪ [t + 4x + 1, 9t + 36x + 4], by Table 9 (row 4), by considering
c = t+4x (the length of Px). For the quadruples corresponding to the two-fold Skolem-type sequence
from Proposition 1, we obtain vertex labels from {0, 2, 3, 5, 6} ∪

[
9t + 36x + 7, 9t + 36x + 4y + 4

]
, by

Table 9 (rows 9-12), by considering c = 4l + t + 4x (the length of Px and double Langford sequence).
The labels {0, 2, 3, 5, 6} are only used once so they do not conflict with any other vertex labels, since
t + 2x ≥ 6 and none of these labels is a multiple of four. Note that if y = 0, then we are considering
C0, the empty sequence, and hence produce no vertex labels.

Consider the triples formed by the Skolem sequence of order t with c = 4l+ t+ 4x+ 4y (the length
of Px, double Langford sequence, and the two-fold Skolem-type sequence). By Lemma 2(1), this
construction yields vertex labels from {0} ∪

[
9t + 36x + 4y + 5, 11t + 36x + 4y + 4

]
.

From the above discussion, it is clear that all vertex labels are distinct and are from the set
[0, 4s + 3t] where s = l + x + y.

If t ≡ 2, 3 (mod 4), we proceed similarly to the proof for the case t ≡ 0, 1 (mod 4), but use a hooked
Skolem sequence instead of Skolem sequence with Construction 6 and Lemma 2(2). □

4. Ct
3C

s
4

In this section, we prove (near) graceful labellings exist for Ct
3C

s
4.

Theorem 14. If G = Ct
3C

s
4, where t ≥ s ≥ 1, then G is graceful when t ≡ 0, 1 (mod 4) and near

graceful when t ≡ 2, 3 (mod 4).

Proof. Case 1. t ≡ 0, 1 (mod 4).
Use a two-fold Skolem sequence of order s, with Construction 9 and with c = t, to get(

0, d j + c, j, f j + c
)
, 1 ≤ j ≤ s. Using a Skolem sequence of order t in Construction 6 with c = 4s + t

and t ≥ s, gives (0, ai + c, bi + c), 1 ≤ i ≤ t. These sequences are known to exist; see Table 8.
These two constructions give the vertex labels and the induced edge labels of G. By Table 9

(row 1) the quadruples use vertex labels in [0, s] ∪ [t + 2, 4s + t] and edge labels [t + 1, 4s + t] and
by Lemma 2(1) the triples use vertex labels in {0} ∪ [4s + t + 1, 4s + 3t] and edge labels [1, t] ∪
[4s + t + 1, 4s + 3t]. Thus, this is a graceful labelling.

Case 2. t ≡ 2, 3 (mod 4).
This is similar to Case 1 using a hooked Skolem sequence and Lemma 2(2) instead of a Skolem

sequence and Lemma 2(1). □

As an example, consider the two-fold Skolem sequence (3, 1, 1, 3, 2, 2, 2, 2, 3, 1, 1, 3) . This se-
quence gives quadruples and triples that together gracefully label G = C4

3C3
4 (see Figure 1).

Theorem 15. If G = Ct
3C

s
4, where 4 ≤ t ≤ s ≤ (13t+37)

2 , then G is graceful when t ≡ 0, 1 (mod 4) and
is near graceful when t ≡ 2, 3 (mod 4).

Proof. Case 1. t ≡ 0, 1 (mod 4).
For 4 ≤ t < s ≤ 2t and s odd, use a two-fold Skolem sequence of order s as given in Table 5, with

Construction 9 and with c = t, to get
(
0, d j + c, j, f j + c

)
, 1 ≤ j ≤ s. Using a Skolem sequence of

order t in Construction 6 with c = 4s+ t and t < s, gives (0, ai + c, bi + c), 1 ≤ i ≤ t. These sequences
exist, as detailed in Table 8.

These two constructions give the vertex labels and the induced edge labels of G. By Table 9
(row 2) the quadruples use vertex labels in [0, s] ∪

[
(s+3)

2 + t, 4s + t
]

and edge labels [t + 1, 4s + t]
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and by Lemma 2(1) the triples use vertex labels in {0} ∪ [4s + t + 1, 4s + 3t] and produce edge labels
[1, t] ∪ [4s + t + 1, 4s + 3t]. Thus, this is a graceful labelling.

For 4 ≤ t < s ≤ 2t and s even, use a two-fold Skolem sequence of order s as given in Table 6, with
Construction 9 and c = t, to get

(
0, d j+c, j, f j+c

)
, 1 ≤ j ≤ s. Using a Skolem sequence of order t in

Construction 6 with c = 4s + t and t < s, gives (0, ai + c, bi + c), 1 ≤ i ≤ t. These sequences exist, as
detailed in Table 8.

These two constructions give the vertex labels and the induced edge labels of G. By Table 9
(row 2) the quadruples use vertex labels in [0, s] ∪

[
(s+2)

2 + t, 4s + t
]

and edge labels [t + 1, 4s + t]
and by Lemma 2(1) the triples use vertex labels in {0} ∪ [4s + t + 1, 4s + 3t] and edge labels [1, t] ∪
[4s + t + 1, 4s + 3t]. Thus, this is a graceful labelling.

For 4 ≤ t < s = 2t + 1 use Construction 10, and for 2t + 2 ≤ s ≤ 3t + 1 use Construction 11.
These constructions give the vertex labels and the induced edge labels of G. By Lemma 5(1) the
quadruples and triples use vertex labels in [0, 4s + 3t] and edge labels [1, 4s + 3t]. Thus, this is a
graceful labelling.

We now consider the case 3t + 2 ≤ s ≤ (13t+37)
2 . Define Ix = [2t + 9x − 3, 2t + 9x + 1], and

Jx = [2t + 9x + 1, 2t + 9x + 5] for x ≥ 1 and fixed t. Define Kx = [2t + 9x − 3, 2t + 9x + 5] = Ix ∪ Jx.
Note that Kx ∩ Kx+1 = ∅, but for any interval Kx the largest element is 2t + 9x + 5 and the smallest
element in Kx+1 is 2t + 9x + 6. Note

⋃
x≥1 Kx = [2t + 6,∞), and so for all integers s ∈ [2t + 6,∞),

there exists x such that s ∈ Kx, and hence s ∈ Ix or s ∈ Jx. That is, s can be written either in the form
s = 2t + 9x + y − 3 or the form s = 2t + 9x + y + 1, where 0 ≤ y ≤ 4, for some x.

For s = 2t+9x+y−3, and 3t+2 ≤ s ≤ (13t+37)
2 use Construction 12, and for s = 2t+9x+y+1, and

3t + 2 ≤ s ≤ (13t+37)
2 use Construction 13. These constructions give the vertex labels and the induced

edge labels of G. By Lemma 5(1) the quadruples and triples use vertex labels in [0, 4s + 3t] and edge
labels [1, 4s + 3t]. Thus, this is a graceful labelling.
Case 2. t ≡ 2, 3 (mod 4).

Similar to Case 1, but use a hooked Skolem sequence, Lemma 2(2), and Lemma 5(2) instead of a
Skolem sequence, Lemma 2(1) and Lemma 5(1). Then, this is a near graceful labelling. □

In Theorem 14 and Theorem 15 we proved (near) graceful labellings exist for Ct
3C

s
4 if 1 ≤ s ≤ t or

4 ≤ t ≤ s ≤ (13t+37)
2 , omitting the cases for t = 1, 2, 3. So, in the following lemma we consider those

cases.

Lemma 6. For k ≥ 1 and x ≥ 1, if

1. x ≡ 0(mod 4) when w ≥ 1 and (2k−12w+2)
4 ≤ s ≤ (6k−12w−5)

4 , or

2. x ≡ 1(mod 4) when w ≥ 0 and (2k−12w−1)
4 ≤ s ≤ (6k−12w−8)

4 , and

a graceful labelling of C4w+x
3 C s

4 exists, then a graceful labelling of C4w+x
3 C s+4k−1

4 exists. Alternatively,
if

3. x ≡ 2(mod 4) when w ≥ 0 and (2k−12w−2)
4 ≤ s ≤ (6k−12w−9)

4 , or

4. x ≡ 3(mod 4) when w ≥ 0 and (2k−12w−3)
4 ≤ s ≤ (6k−12w−10)

4 , and

a near graceful labelling of C4w+x
3 C s

4 exists which contains a triangle (0, 4s + 12w + 5, 4s + 12 + 7) if
x ≡ 2(mod 4) or contains triangles (0, 4s+12w+7, 4s+12w+8) and (0, 4s+12w+6, 4s+12w+10),
then a near graceful labelling of C4w+x

3 C s+4k−1
4 exists.

Proof. First, note that if C4w+x
3 C s

4 is graceful, it uses edge labels [1, 4s + 12w + 3x] and vertex labels
from [0, 4s + 12w + 3x]. If if C4w+x

3 C s
4 is near graceful, it uses edge labels [1, 4s + 12w + 3x − 1] ∪

{4s+ 12w+ 3x+ 1} and vertex labels from [0, 4s + 12w + 3x − 1]∪ {4s+ 12w+ 3x+ 1}. We consider
four cases corresponding to the four possibilities of the lemma.
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Case 1. By using a two-fold Langford sequence with defect d = 6k − 1 and order l =
4k − 1 from Table 7 with Construction 9, c = 4s + 12w, we can label a C4k−1

4 with
edge labels [4s + 12w + 1, 16k + 4s + 12w − 4] and vertex labels from {0} ∪ [6k − 1, 10k − 3] ∪
[8k + 4s + 12w − 1, 16k + 4s + 12w − 4].

Note that to make sure any vertex label is only used at most once, 6k − 1 must be greater than
4s + 12w and since (6k−12w−5)

4 ≥ s, we have no vertex labels used twice. Also, to avoid a conflict in
vertex labelling, 8k + 4s + 12w − 1 > 10k − 3 and since s ≥ (2k−12w+2)

4 , we have no vertex labels used
twice.

By identifying the vertices with label zero in C4w
3 C s

4 and C4k−1
4 , the labelling we obtain is a

graceful labelling of C4w
3 C s+4k−1

4 with edge labels [1, 16k + 4s + 12w − 4] and vertex labels from
[0, 16k + 4s + 12w − 4].
Case 2. Again, by using a two-fold Langford sequence with defect d = 6k − 1 and order l = 4k − 1
from Table 7 with Construction 9, c = 4s + 12w + 3, we can label a C4k−1

4 with edge labels
[4s + 12w + 4, 16k + 4s + 12w − 1] and vertex labels from {0}∪ [6k − 1, 10k − 3]∪ [8k+4s+12w+2,
16k + 4s + 12w − 1]. As in the previous case, by choice of s, we avoid re-using labels.

Then by identifying the vertices with label zero in C4w+1
3 C s

4 and C4k−1
4 , we obtain is a graceful

labelling of C4w+1
3 C s+4k−1

4 .
Case 3. By using a two-fold Langford sequence with defect d = 6k − 1 and order l =
4k − 1 from Table 7 with Construction 9, c = 4s + 12w + 4, we can label a C4k−1

4
with edge labels [4s + 12w + 5, 16k + 12w + 4s] and vertex labels from {0} ∪ [6k − 1, 10k − 3] ∪
[8k + 4s + 12w + 3, 16k + 4s + 12w]. As in case 1, choice of s allows us to avoid re-using vertex
and edge labels.

If we replace the triangle containing edge length 2, (0, 4s + 12w + 5, 4s + 12w + 7), by (0,
16k + 4s + 12w + 1, 16k + 4s + 12w + 3) and identify the vertices with label zero in the C4w+2

3 C s
4 and

the C4k−1
4 labelling, then we obtain a near graceful labelled C4w+2

3 C s+4k−1
4 .

Case 4. By using a two-fold Langford sequence with defect d = 6k − 1 and order l =
4k − 1 from Table 7 with Construction 9, c = 4s + 12w + 5, we can label a C4k−1

4 with
edge labels [4s + 12w + 6, 16k + 4s + 12w + 1] and vertex labels from {0} ∪ [6k − 1, 10k − 3] ∪
[8k + 4s + 12w + 4, 16k + 4s + 12w + 1]. As in case 1, by choice of s we eliminate the possibility
of re-using labels.

Replace the triangles containing edge lengths 1 and 4, (0, 4s + 12w + 7, 4s + 12w + 8) and (0,
4s+12w+6, 4s+12w+10), by (0, 16k+4s+12w+3, 16k+4s+12w+4) and (0, 16k+4s+12w+2,
16k + 4s + 12w + 6). If we then identify the vertices with label zero in the C4w+3

3 C s
4 and the C4k−1

4
labelling, we obtain a near graceful labelled C4w+3

3 C s+4k−1
4 . □

Note that in the near graceful cases, the resulting near graceful labellings contain triangles of the
appropriate form to satisfy the criteria of the lemma, allowing an iterative use.

One of the difficulties of Lemma 6 is that it gives what is essentially an existential result. Consider
the graph C4

3C100
4 . Then certainly, if we are going to apply Lemma 6, we must consider its first case.

But for what combination of s and k? We must find a pair (s, k) such that s + 4k − 1 = 100 and
such that (2k−10)

4 ≤ s ≤ (6k−117)
4 . One such pair is (21, 20). In that case, if C4

3C21
4 is graceful, we are

done. Happily, we can conclude that C4
3C21

4 is graceful, by Theorem 15. Of course, this isn’t the only
pair that satisfies these two constraints, and different pairs will produce different labellings. (The pair
(17, 21) is another such solution, since Theorem 15 tells us that C4

3C17
4 is graceful.)

Thus, to prove that an arbitrary graph Ct
3C

s
4 is (near) graceful, we will show that an appropriate

k can be found to satisfy the appropriate condition in Lemma 6, and that a smaller (near) graceful
labelling exists by one of Theorems 14 or 15.

Theorem 16. If s ∈ N, and t = 4w + z with z = 0, 1, 2, 3 then Ct
3C

s
4 can be gracefully labelled if

t = 4w, 4w + 1 and near gracefully labelled if t = 4w + 2, 4w + 3.

Ars Combinatoria Volume 159, 109–131



Ahmad H. Alkasasbeh, Danny Dyer and Jared Howell 122

Proof. We consider four cases based on the modularity of t. We will repeatedly use induction on s,
the number of 4-cycles in C4w+z

3 C s
4. For w = 0 and z = 1, 2, or 3, see Appendix B for (near) graceful

labellings when s is small. For w ≥ 1 and any z note that the base cases needed for the induction
(below the indicated value of s in each case) can be given by Theorems 14 and 15.
Case 1. t = 4w.

Define Ik to be the real interval
[

(18k−12w−2)
4 , (22k−12w−9)

4

]
for fixed k. If k ≥ 25

4 then (18(k+1)−12w−2)
4 ≤

(22k−12w−9)
4 . That is, Ik ∩ Ik+1 , ∅. This implies

⋃
k≥7 Ik =

[
124−12w

4 ,∞
)
, for fixed arbitrary w, and so for

all s ∈
[

121−12w
4 ,∞

)
, there exists k such that s ∈ Ik.

We proceed by induction on s. Let s ≥ 28 be an integer. There exists some k such that s ∈ Ik.
Therefore, letting s = 4k + s′ − 1, then (2k−12w+2)

4 ≤ s′ ≤ (6k−12w−5)
4 . By induction, a graceful labelling

of C4w
3 C s′

4 exists, and by Lemma 6 a graceful labelling of C4w
3 C s

4 exists.
Case 2. t = 4w + 1.

As in case 1, if Ik =
[

(18k−12w−5)
4 , (22k−12w−12)

4

]
, then for all s ∈

⋃
k≥7 Ik =

[
121−12w

4 ,∞
)
, there exists k

such that s ∈ Ik. Again, following by induction on s, a graceful labelling of C4w+1
3 C s′

4 exists, and by
Lemma 6 a graceful labelling of C4w+1

3 C s
4 exists.

Case 3. t = 4w + 2.
Again, define Ik =

[
(18k−12w−6)

4 , (22k−12w−13)
4

]
. Then for all s ∈

⋃
k≥7 Ik =

[
120−12w

4 ,∞
)
, there exists

k such that s ∈ Ik. With induction on s, a graceful labelling of C4w+2
3 C s′

4 exists, and by Lemma 6 a
graceful labelling of C4w+2

3 C s
4 exists.

Case 4. t = 4w + 3.
As previously, let Ik =

[
(18k−12w−7)

4 , (22k−12w−14)
4

]
, so that for all s ∈

⋃
k≥7 Ik =

[
119−12w

4 ,∞
)
, there

exists k such that s ∈ Ik. Again using induction on s, a graceful labelling of C4w+3
3 C s′

4 exists, and by
Lemma 6 a graceful labelling of C4w+3

3 C s
4 exists. □

5. Ct
3C

p
5

Using Theorem 8 with Langford sequences, we can obtain (near) graceful labellings of Ct
3C

p
5 .

In Constructions 17, we will give labellings of Ct
3C

p
5 , with the central vertex labelled 0.

Construction 17. Given a Cp
5 gracefully labelled by the 5-tuples (0, dbi + p, bi, ai, dai + p) for each

1 ≤ i ≤ p formed by

1. Construction 7(1), if p ≡ 0(mod 4), or

2. Construction 7(2), if p ≡ 1(mod 4), or

3. Construction 7(3), if p ≡ 2(mod 4), or

4. Construction 7(4), if p ≡ 3(mod 4), then

replace the 5-tuples with
(
0, dbi + p + 3t, bi, ai, dai + p + 3t

)
for each 1 ≤ i ≤ p and t ≥ 2p + 1. From

a Langford sequence with defect p + 1 and order t, form triples via Construction 6 with c = p + t.
These 5-tuples and triples give a labelling of a Ct

3C
p
5 , with the central vertex labelled 0.

Recall the result of Theorem 8: if G = Cp
5 , then G is near graceful when p ≡ 1, 2 (mod 4) and G is

graceful when p ≡ 0, 3 (mod 4). We consider both of these cases in the following theorem.

Lemma 7. The labellings of Ct
3C

p
5 given by Construction 17(1) and 17(4) use edge labels

[
1, 5p + 3t

]
exactly once and vertex labels from

[
0, 5p + 3t

]
, each nonzero label occurring exactly once, whereas

the labellings given by Construction 17(2) and 17(3) use edge labels
[
1, 5p + 3t − 1

]
∪ {5p + 3t + 1}

exactly once and vertex labels from
[
0, 5p + 3t − 1

]
∪ {5p + 3t + 1}, each nonzero label occurring

exactly once.
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Proof. We have four cases based on congruence modulo 4. We begin with p ≡ 0 (mod 4) and
p ≡ 3 (mod 4) where we are using gracefully labelled Cp

5 .
Case 1. If p ≡ 0 (mod 4), form the 5-tuples (0, dbi + p+ 3t, bi, ai, dai + p+ 3t) for each 1 ≤ i ≤ p. We
begin by considering vertex labels.

In a Skolem-type sequence, the ai, bi, ci and di are all unique. From the Skolem sequence S 1 of
order p indicated in Construction 7, we notice that the entries ai and bi in the third and fourth entries
of the 5-tuples give the distinct numbers

[
1, 2p
]
. Recall that the Skolem sequence S 2 of order 2p

used in Construction 7 contains no right endpoints in the first p positions, with the first right endpoint

occurring in position p + 1. Note
p⋃

i=1

{
dai , dbi

}
is the set of all right endpoints, and so a subset of[

p + 1, 4p
]
. From the 5-tuples, we use the right endpoints as indicated in the second and fifth entries.

We add p+3t to each element based on our construction so we obtain a subset of
[
2p + 3t + 1, 5p + 3t

]
.

Consider the triples of the form (0, ai + p + t, bi + p + t) with 1 ≤ i ≤ t given by using Construc-
tion 6 with c = p+ t. These triples give the vertex labels for t triangles Ct

3, where 0 is repeated t times
as a common vertex. Thus by Lemma 3 these triples use vertex labels from {0} ∪

[
p + t + 1, p + 3t

]
.

Thus, in this labelling, the common vertex 0 is repeated p+ t times. The remaining vertices are all
distinct and from the union of disjoint sets

[
1, 2p
]
∪
[
p + t + 1, p + 3t

]
∪
[
2p + 3t + 1, 5p + 3t

]
.

We now examine the edge labels from this construction, by considering the differences between
subsequent entries (taken cyclically) in (0, dbi + p + 3t, bi, ai, dai + p + 3t). The differences between
bi and ai produce the distinct numbers

[
1, p
]
.

The differences
(
dbi + p + 3t

)
− 0 and the differences

(
dai + p + 3t

)
− 0 produce distinct num-

bers. Call this set of distinct numbers A and observe that A ⊆
[
2p + 3t + 1, 5p + 3t

]
. Also, from(

dbi + p + 3t
)
− bi =

(
dbi − bi

)
+ p + 3t = cbi + p + 3t and

(
dai + p + 3t

)
− ai =

(
dai − ai

)
+ p + 3t =

cai + p + 3t, we get distinct numbers. Call this set of distinct numbers B and observe that
B ⊆

[
p + 3t + 1, 5p + 3t − 1

]
. We know in a Skolem sequence, the ci and di are all unique so A

and B are disjoint. Note that |A ∪ B| = 4p. Now, we can conclude that all the previous differences
give exactly the edge labels

[
p + 3t + 1, 5p + 3t

]
exactly once.

Consider the differences from the triples of the form (0, ai + p + t, bi + p + t) with 1 ≤ i ≤ t given
by using Construction 6 with c = p + t. By Lemma 3 these triples use edge labels

[
p + 1, p + 3t

]
. If

we take the union of the sets of edge labels, we obtain
[
1, 5p + 3t

]
.

Case 2. The case p ≡ 3 (mod 4), is proved similarly to Case 1. Instead of a Skolem sequence for
S 1, use a hooked Skolem sequence of order p to construct the entries ai and bi. Instead of a Skolem
sequence for S 2, use a near-Skolem sequence of order 2p + 1 to construct the entries dai and dbi . The
result follows in a similar fashion.

For the two remaining cases, we consider p ≡ 1 (mod 4) and p ≡ 2 (mod 4) where we are using
near gracefully labelled Cp

5 .
Case 3. If p ≡ 1 (mod 4), use a hooked Skolem sequence of order p for S 1 to obtain the entries ai and
bi and use a hooked Skolem sequence of order 2p for S 2 to obtain the entries dai and dbi .
Case 4. If p ≡ 2 (mod 4), use a hooked Skolem sequence of order p for S 1 to obtain the entries ai and
bi and use a hooked near-Skolem sequence of order 2p+ 1 for S 2 to obtain the entries dai and dbi . □

We give an example of a labelling of G = C9
3C4

5. Consider the graceful labelling of C4
5 ob-

tained using Construction 7 with t = 9 and Construction 17 to obtain (0, 43, 7, 8, 40), (0, 38, 4, 2, 37),
(0, 44, 3, 6, 39), (0, 46, 1, 5, 47) as the vertex labels of the C5 vanes. Apply Construction 6 with
the Langford sequence (13, 11, 9, 7, 5, 12, 10, 8, 6, 5, 7, 9, 11, 13, 6, 8, 10, 12) and c = 13 to construct
the triples (0, 18, 23), (0, 22, 28), (0, 17, 24), (0, 21, 29), (0, 16, 25), (0, 20, 30), (0, 15, 26), (0, 19, 31),
(0, 14, 27). Together, these give a graceful labelling the graph G.

Theorem 18. If G = Ct
3C

p
5 and t ≥ 2p + 1 then

1. G is graceful when p ≡ 0 (mod 4) and t ≡ 0, 1 (mod 4),
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2. G is graceful when p ≡ 3 (mod 4) and t ≡ 0, 3 (mod 4),

3. G is near graceful when p ≡ 1 (mod 4) and t ≡ 0, 3 (mod 4),

4. G is near graceful when p ≡ 2 (mod 4) and t ≡ 0, 1 (mod 4).

Proof. The (near) graceful Cp
5 exists by Theorem 8. Construction 17 gives the edge and vertex labels

of G. Then G is graceful when p ≡ 0, 3 (mod 4) and near graceful when p ≡ 1, 2 (mod 4) by
Lemma 7. □

Theorem 18 only contains results for half of the possible combinations of p and t and only for
large t. That is not to say the other cases are not (near) graceful. For example, the case p = t = 1
does not lend itself to our construction. However the labelling of C1

3C1
5 with the vertices of the vanes

labelled by (0, 5, 7) and (0, 8, 4, 3, 6) is graceful.

6. Ct
3C

h
6

In this section, we extend the technique of [2] to obtain labellings for Ct
3C

h
6.

Lemma 8. Suppose there exists a labelling of a windmill with two triangles labelled (0, i, bi + n) and(
0, j, b j + n

)
, where (ai, bi) and

(
a j, b j

)
are the positions of i and j in a Skolem sequence. If these

two triangles are removed and replaced by a C6 with vertex labels
(
0, bi + n, i, i + j, j, b j + n

)
, for

1 ≤ i, j ≤ n and i , j, then the edge labels are preserved.

Proof. The edge labels induced by the triples (0, i, bi + n) and
(
0, j, b j + n

)
are{

i, j, a j + n, b j + n, ai + n, bi + n
}
. The edge labels induced by (0, bi + n, i, i + j, j, b j + n) are

the same. □

Construction 19. From a (near) gracefully labelled Cn
3 labelled by (0, i, bi + n) with 1 ≤ i ≤ n

formed by one of the (hooked) Skolem sequences of order n in Table 12 - 15, in Appendix A as in
Construction 6(2), replace 2h triples

(
h ≤
⌊

(2n+1)
5

⌋)
with h 6-tuples by replacing the pair of triples

(0, i, bi + n) and
(
0, j, b j + n

)
with
(
0, bi + n, i, i + j, j, b j + n

)
, with pairs indicated as in Table 10.

Table 10 gives a family of possible pairs (i, j) corresponding to triples (0, i, bi + n) and
(
0, j, b j + n

)
with 1 ≤ i, j ≤ n that may be paired to form hexagons of the form

(
0, bi + n, i, i + j, j, b j + n

)
using

the vertex label i + j. If the value of i + j does not conflict with any other vertex labels, we obtain a
(near) graceful labelling of Ct

3C
h
6, where n = t + 2h and 1 ≤ t, h ≤ n.

We notice from Table 10, when n ∈ {5k, 5k + 1} with k ≥ 1, we can obtain up to 2k distinct
values of i + j. It is straightforward to check that this is the best possible result using this method of
generating hexagons.

The bound h ≤
⌊

(2n+1)
5

⌋
comes from the maximum number of possible pairs of triples formed by

using the method of Table 10. Combining this with the fact n = t + 2h, it is straightforward to show
these restrictions are equivalent to h ≤ 2t + 1.

Recall from the example following Lemma 3 the hooked Skolem sequence yielded the triples
(0, 1, 6) , (0, 2, 10), and (0, 3, 7). Pair the triples (0, 1, 6) and (0, 3, 7) to form the 6-tuple (0, 6, 1, 4, 3, 7)
using the label 4 which was not already used, so we obtain a near graceful labelling of C1

3C1
6. We

cannot pair (0, 1, 6) with (0, 2, 10) because 1 + 2 = 3 which duplicates another vertex label.
We now present how to use Construction 19 with Table 10 to get a family of possible pairs of

triples corresponding to i and j that may be paired to form hexagons with i+ j. Start with the Skolem
sequence (8, 6, 4, 2, 7, 2, 4, 6, 8, 3, 5, 7, 3, 1, 1, 5) constructed from Table 12 in Appendix A. Take
the triples of the form (0, i, bi + 8). From Table 10, we can get up to three pairs (2, 7) , (3, 8), and (4, 6)
which give three different gracefully labelled graphs. We have three possible replacements: replace
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n (i, j)
5k (k+z, 4k+z+1), (2k+z′+1, 3k+z′+1) 0 ≤ z, z′ ≤ k−1

5k+1 (k+z+1, 4k+z+1), (2k+z′+2, 3k+z′+1) 0 ≤ z ≤ k, 0 ≤ z′ ≤ k−2
5k+2 (k+z+1, 4k+z+2), (2k+z′+2, 3k+z′+2) 0 ≤ z ≤ k, 0 ≤ z′ ≤ k−1
5k+3 (k+z+1, 4k+z+3), (2k+z′+2, 3k+z′+3) 0 ≤ z ≤ k, 0 ≤ z′ ≤ k−1
5k+4 (k+z+1, 4k+z+4), (2k+z′+3, 3k+z′+3) 0 ≤ z ≤ k, 0 ≤ z′ ≤ k−1

Table 10. Possible Pairs of Triples Corresponding to i and j that may be Paired to form
Hexagons with i + j

(0, 2, 14) and (0, 7, 20) by (0, 14, 2, 9, 7, 20); replace (0, 3, 21) and (0, 8, 17) by (0, 21, 3, 11, 8, 17); and
replace (0, 4, 15) and (0, 6, 16) by (0, 15, 4, 10, 6, 16). We can gracefully label C6

3C1
6 by using any one

of these replacements, C4
3C2

6 by using any two, and C2
3C3

6 by simultaneously using all three.
Note that the first right endpoint in the Skolem sequences of order n described in Tables 12–15, in

Appendix A, is always at
⌈

(n+3)
2

⌉
. This fact will be useful later in the proof of Theorem 20.

In Theorem 20, we use Construction 19 with the appropriate Skolem sequence of order n which
will give (near) graceful labellings for Ct

3C
h
6 and h ≤ 2t + 1 as given in Table 11.

n = t + 2h Graceful Near graceful
5k k ≡ 0, 1 (mod 4) k ≡ 2, 3 (mod 4)

5k + 1 k ≡ 0, 3 (mod 4) k ≡ 1, 2 (mod 4)
5k + 2 k ≡ 2, 3 (mod 4) k ≡ 0, 1 (mod 4)
5k + 3 k ≡ 1, 2 (mod 4) k ≡ 0, 3 (mod 4)
5k + 4 k ≡ 0, 1 (mod 4) k ≡ 2, 3 (mod 4)

Table 11. Summary of Results of (near) Graceful Labelling Ct
3C

h
6 and h ≤ 2t + 1

Theorem 20. If G = Ct
3C

h
6 with h ≤ 2t + 1, then G is graceful or near graceful.

Proof. Let n = 2h+ t. We begin by considering n = 5k. Proofs for other n follow in the same fashion.
Start with a (near) gracefully labelled Cn

3 with n = 5k with k ≡ 0, 1(mod 4) labelled by (0, i, bi + n)
with 1 ≤ i ≤ n formed by a Skolem sequence as indicated in Construction 19, where 2h + t = n and
h ≤ 2t + 1. By Construction 19, we replace 2h triples with h 6-tuples by (0, bi + n, i, i + j, j, b j + n).
By Lemma 8 the edge labels will not be changed. Therefore, in this new labelling we use the edge
labels [1, 3n]. The new labelling uses the same vertex labels, as well as some new labels of the form
i + j.

We constructed (0, i, bi + n) with 1 ≤ i ≤ n by using Table 12 or Table 13, in Appendix A. These
triples use the elements i in the interval [1, n] and use the elements bi + n in the interval

[⌈
(3n+3)

2

⌉
, 3n
]
.

Thus any subset of these triples do not use any vertex labels in the interval
[
n + 1,

⌈
(3n+3)

2

⌉
− 1
]
.

By construction, the sums i + j are all distinct and in the interval[
n + 1,

⌈
(3n+3)

2

⌉
− 1
]
. The new vertex labels do not duplicate any previously used labels; this

new vertex labelling is injective and uses labels from the set [1, 3n].
Finally, we can conclude that since the vertex labels are a subset of [0, 3n] and the edge labels

are exactly [1, 3n], that G = Ct
3C

h
6 with 2h + t = n and h ≤ 2t + 1 can be gracefully labelled when

k ≡ 0, 1 (mod 4).
The case n = 5k with k ≡ 2, 3 (mod 4), works in the same way except the construction of

(0, i, bi + n) with 1 ≤ i ≤ n is by using Table 14 or Table 15, in Appendix A. This construction
then uses the edge labels [1, 3n − 1] ∪ {3n + 1} and vertex labels from [0, 3n − 1] ∪ {3n + 1}. We
conclude that G = Ct

3C
h
6 with 2h + t = 5k and h ≤ 2t + 1 can be near gracefully labelled when

k ≡ 2, 3 (mod 4). □
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Theorem 20 only contains results for h ≤ 2t + 1. We cannot (near) gracefully label G = Ct
3C

h
6 with

h > 2t + 1 by our construction, so these problems remain open.

7. Discussion

In this paper, we have completely characterized the situation where Ct
3C

s
4 is graceful or near grace-

ful, and given partial solutions for Ct
3C

p
5 and Ct

3C
h
6.

Many of the techniques of this paper can be combined, but are difficult to reduce to theo-
rems. From the example in Section 5 we gracefully labelled C9

3C4
5. If we replace the triples

(0, 16, 25) , (0, 20, 30) , (0, 19, 31) by (0, 9, 25) , (0, 10, 30) , (0, 12, 31), we notice that the edge labels
are the same and the new vertex labels do not appear elsewhere in the labelling of C9

3C4
5. Thus we have

obtained another graceful labelling of C9
3C4

5. Now by the same technique we used in Section 6, we can
obtain a graceful labelling for C7

3C4
5C1

6 by replacing (0, 9, 25) , (0, 10, 30) with (0, 25, 9, 19, 10, 30).
Since Skolem-type sequences have proven useful in (near) gracefully labelling C3 windmills, as

well as enabling us to label C3C4 windmills, it is natural to ask can we use Skolem-type sequences
to gracefully label all C4 windmills? While the result is known, this would be an extension of the
Skolem techniques used in this paper.

In the process of writing this paper, many Skolem-type sequences were considered. We pose two
open problems whose solutions would be of interest not only to these constructions, but in their own
right. First, can we find a family of m-fold Skolem-type sequences with first right endpoint as large as
possible? Second, what are necessary and sufficient conditions for the existence of m-fold Langford
sequences with m ≥ 2?
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Appendix A: Skolem Constructions

i ai bi

2r + 2 2m − r 2m + 2 + r 0 ≤ r ≤ 2m − 1
1 7m 7m + 1 −

4m − 1 2m + 1 6m −

2m + 2r + 1 5m + 1 − r 7m + r + 2 0 ≤ r ≤ m − 2
2m − 1 4m + 2 6m + 1 −

2m − 3 − 2r 5m + 2 + r 7m − 1 − r 0 ≤ r ≤ m − 3

Table 12. Skolem Sequence Construction of Order n = 4m and m ≥ 1 from [14]

i ai bi

2r 2m + 1 − r 2m + 1 + r 1 ≤ r ≤ 2m
4m + 1 2m + 1 6m + 2 −

2m − 1 + 2r 5m + 2 − r 7m + 1 + r 1 ≤ r ≤ m
2m − 1 6m + 3 8m + 2 −

1 5m + 2 5m + 3 −

2r + 1 6m + 2 − r 6m + 3 + r 1 ≤ r ≤ m − 2

Table 13. Skolem Sequence Construction of Order n = 4m + 1and m ≥ 2 from [20]
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i ai bi

2r 2m + 2 − r 2m + 2 + r 1 ≤ r ≤ 2m + 1
1 7m + 4 7m + 5 −

1 + 2r 6m + 2 − r 6m + 3 + r 1 ≤ r ≤ m
2m + 3 6m + 2 8m + 5 −

2m + 3 + 2r 5m + 2 − r 7m + 5 + r 1 ≤ r ≤ m − 2
4m + 1 2m + 2 6m + 3 −

Table 14. Hooked Skolem Sequence Construction of Order n = 4m+2and m ≥ 2 from [21]

i ai bi

2r 2m + 2 − r 2m + 2 + r 1 ≤ r ≤ 2m + 1
1 5m + 4 5m + 5 −

1 + 2r 6m + 5 − r 6m + 6 + r 1 ≤ r ≤ m − 1
2m + 1 6m + 6 8m + 7 −

2m + 1 + 2r 5m + 4 − r 7m + 5 + r 1 ≤ r ≤ m
4m + 3 2m + 2 6m + 5 −

Table 15. Hooked Skolem Sequence Construction of Order n = 4m+3 and m ≥ 1 from [21]

Appendix B

The following table includes graceful labellings of C1
3C s

4, where 1 ≤ s ≤ 20.
The vanes (0, 3, 2, 6) and (0, 5, 7) are included with each of the sets in the following table. Note

that these two vanes give a graceful labelling when s = 1.

s Additional vanes
2 (0, 9, 1, 11)
3 (0, 11, 1, 15), (0, 12, 4, 13)
4 (0, 13, 1, 19), (0, 14, 4, 15), (0, 16, 8, 17)
5 (0, 15, 1, 19), (0, 16, 4, 17), (0, 20, 11, 22), (0, 21, 13, 23)
6 (0, 17, 1, 21), (0, 18, 4, 19), (0, 22, 12, 25), (0, 23, 14, 26), (0, 24, 16, 27)
7 (0, 19, 1, 21), (0, 22, 10, 27), (0, 23, 12, 28), (0, 24, 14, 29), (0, 25, 16, 30), (0, 26, 18, 31)
8 (0, 23, 1, 39), (0, 24, 10, 31), (0, 25, 12, 32), (0, 26, 14, 33), (0, 27, 16, 34), (0, 28, 18, 35),

(0, 29, 20, 36), (0, 30, 22, 37)
9 (0, 23, 1, 39), (0, 24, 10, 31), (0, 25, 12, 32), (0, 26, 14, 33), (0, 27, 16, 34), (0, 28, 18, 35),

(0, 29, 20, 36), (0, 30, 22, 37)
10 (0, 23, 1, 41), (0, 42, 4, 43), (0, 24, 10, 31), (0, 25, 12, 32), (0, 26, 14, 33), (0, 27, 16, 34),

(0, 28, 18, 35), (0, 29, 20, 36), (0, 30, 22, 37), (0, 3, 2, 6). (0, 5, 7)
11 (0, 28, 13, 36), (0, 29, 15, 37), (0, 30, 17, 38), (0, 44, 18, 45), (0, 31, 19, 39), (0, 32, 21, 40),

(0, 46, 22, 47), (0, 33, 23, 41), (0, 34, 25, 42), (0, 35, 27, 43)
12 (0, 34, 26, 39), (0, 33, 24, 38), (0, 32, 22, 37), (0, 31, 20, 36), (0, 30, 18, 35), (0, 45, 27, 51),

(0, 44, 25, 50), (0, 43, 23, 49), (0, 42, 21, 48), (0, 41, 19, 47), (0, 40, 17, 46)
13 (0, 38, 26, 43), (0, 37, 24, 42), (0, 36, 22, 41), (0, 35, 20, 40), (0, 34, 18, 39), (0, 49, 27, 55),

(0, 48, 25, 54), (0, 47, 23, 53), (0, 46, 21, 52), (0, 45, 19, 51), (0, 44, 17, 50)
14 (0, 42, 26, 47), (0, 41, 24, 46), (0, 40, 22, 45), (0, 39, 20, 44), (0, 38, 18, 43), (0, 53, 27, 59),

(0, 52, 25, 58), (0, 51, 23, 57), (0, 50, 21, 56), (0, 49, 19, 55), (0, 48, 17, 54)
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15 (0, 55, 1, 59), (0, 56, 4, 57), (0, 60, 10, 61), (0, 28, 13, 36), (0, 62, 14, 63), (0, 29, 15, 37),
(0, 30, 17, 38), (0, 44, 18, 45), (0, 31, 19, 39), (0, 32, 21, 40), (0, 46, 22, 47), (0, 33, 23, 41),
(0, 34, 25, 42), (0, 35, 27, 43)

16 (0, 44, 36, 51), (0, 43, 34, 50), (0, 42, 32, 49), (0, 41, 30, 48), (0, 40, 28, 47), (0, 39, 26, 46),
(0, 38, 24, 45), (0, 59, 37, 67), (0, 58, 35, 66), (0, 57, 33, 65), (0, 56, 31, 64), (0, 55, 29, 63),
(0, 54, 27, 62), (0, 53, 25, 61), (0, 52, 23, 60)

17 (0, 48, 36, 55), (0, 47, 34, 54), (0, 46, 32, 53), (0, 45, 30, 52), (0, 44, 28, 51), (0, 43, 26, 50),
(0, 42, 24, 49), (0, 63, 37, 71), (0, 62, 35, 70), (0, 61, 33, 69), (0, 60, 31, 68), (0, 59, 29, 67),
(0, 58, 27, 66), (0, 57, 25, 65), (0, 56, 23, 64)

18 (0, 52, 36, 59), (0, 51, 34, 58), (0, 50, 32, 57), (0, 49, 30, 56), (0, 48, 28, 55), (0, 47, 26, 54),
(0, 46, 24, 53), (0, 67, 37, 75), (0, 66, 35, 74), (0, 65, 33, 73), (0, 64, 31, 72), (0, 63, 29, 71),
(0, 62, 27, 70), (0, 61, 25, 69), (0, 60, 23, 68)

19 (0, 56, 36, 63), (0, 55, 34, 62), (0, 54, 32, 61), (0, 53, 30, 60), (0, 52, 28, 59), (0, 51, 26, 58),
(0, 50, 24, 57), (0, 71, 37, 79), (0, 70, 35, 78), (0, 69, 33, 77), (0, 68, 31, 76), (0, 67, 29, 75),
(0, 66, 27, 74), (0, 65, 25, 73), (0, 64, 23, 72)

20 (0, 61, 1, 80), (0, 81, 4, 82), (0, 73, 9, 83), (0, 65, 10, 69), (0, 66, 12, 70), (0, 75, 13, 76),
(0, 67, 14, 71), (0, 68, 16, 72), (0, 40, 17, 46), (0, 30, 18, 35), (0, 41, 19, 47), (0, 31, 20, 36),
(0, 42, 21, 48), (0, 32, 22, 37), (0, 43, 23, 49), (0, 33, 24, 38), (0, 44, 25, 50), (0, 34, 26, 39),
(0, 45, 27, 51)

The following table includes near graceful labellings of C2
3C s

4, where 1 ≤ s ≤ 20.

s Vanes
1 (0, 5, 2, 6), (0, 7, 8), (0, 9, 11)
2 (0, 10, 1, 12), (0, 5, 2, 6), (0, 7, 8), (0, 15, 13)
3 (0, 12, 1, 16), (0, 13, 4, 14), (0, 5, 2, 6),(0, 7, 8), (0, 19, 17)
4 (0, 14, 1, 20), (0, 15, 4, 16), (0, 17, 8, 18), (0, 5, 2, 6), (0, 7, 8), (0, 23, 21)
5 (0, 16, 1, 20), (0, 17, 4, 18), (0, 21, 11, 23), (0, 22, 13, 24), (0, 5, 2, 6), (0, 7, 8), (0, 27, 25)
6 (0, 18, 1, 22), (0, 19, 4, 20), (0, 23, 12, 26), (0, 24, 14, 27),(0, 25, 16, 28), (0, 5, 2, 6), (0, 7, 8),

(0, 31, 29)
7 (0, 20, 1, 22), (0, 23, 10, 28), (0, 24, 12, 29), (0, 25, 14, 30), (0, 26, 16, 31), (0, 27, 18, 32),

(0, 5, 2, 6), (0, 7, 8), (0, 33, 35)
8 (0, 25, 16, 28), (0, 24, 14, 27), (0, 23, 12, 26), (0, 32, 17, 36), (0, 31, 15, 35), (0, 30, 13, 34),

(0, 29, 11, 33), (0, 5, 2, 6), (0, 7, 8), (0, 39, 37)
9 (0, 24, 1, 40), (0, 25, 10, 32), (0, 26, 12, 33), (0, 27, 14, 34), (0, 28, 16, 35), (0, 29, 18, 36),

(0, 30, 20, 37), (0, 31, 22, 38), (0, 5, 2, 6), (0, 7, 8), (0, 43, 41)
10 (0, 24, 1, 42), (0, 43, 4, 44), (0, 25, 10, 32), (0, 26, 12, 33), (0, 27, 14, 34), (0, 28, 16, 35),

(0, 29, 18, 36), (0, 30, 20, 37), (0, 31, 22, 38), (0, 5, 2, 6), (0, 7, 8),(0, 47, 45)
11 (0, 29, 13, 37), (0, 30, 15, 38), (0, 31, 17, 39), (0, 45, 18, 46), (0, 32, 19, 40), (0, 33, 21, 41),

(0, 47, 22, 48), (0, 34, 23, 42), (0, 35, 25, 43), (0, 36, 27, 44), (0, 5, 2, 6), (0, 7, 8), (0, 51, 49)
12 (0, 35, 26, 40), (0, 34, 24, 39), (0, 33, 22, 38), (0, 32, 20, 37), (0, 31, 18, 36), (0, 46, 27, 52),

(0, 45, 25, 51), (0, 44, 23, 50), (0, 43, 21, 49), (0, 42, 19, 48), (0, 41, 17, 47), (0, 5, 2, 6),
(0, 7, 8), (0, 55, 53)

13 (0, 39, 26, 44), (0, 38, 24, 43), (0, 37, 22, 42), (0, 36, 20, 41), (0, 35, 18, 40), (0, 50, 27, 56),
(0, 49, 25, 55), (0, 48, 23, 54), (0, 47, 21, 53), (0, 46, 19, 52), (0, 45, 17, 51), (0, 10, 1, 12),
(0, 5, 2, 6), (0, 7, 8), (0, 59, 57)
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14 (0, 43, 26, 48), (0, 42, 24, 47), (0, 41, 22, 46), (0, 40, 20, 45), (0, 39, 18, 44), (0, 54, 27, 60),
(0, 53, 25, 59), (0, 52, 23, 58), (0, 51, 21, 57), (0, 50, 19, 56), (0, 49, 17, 55), (0, 12, 1, 16),
(0, 13, 4, 14), (0, 5, 2, 6), (0, 7, 8), (0, 63, 61)

15 (0, 56, 1, 60), (0, 57, 4, 58), (0, 61, 10, 62), (0, 29, 13, 37), (0, 63, 14, 64), (0, 30, 15, 38),
(0, 31, 17, 39), (0, 45, 18, 46), (0, 32, 19, 40), (0, 33, 21, 41), (0, 47, 22, 48), (0, 34, 23, 42),
(0, 35, 25, 43), (0, 36, 27, 44), (0, 5, 2, 6), (0, 7, 8), (0, 67, 65)

16 (0, 45, 36, 52), (0, 44, 34, 51), (0, 43, 32, 50), (0, 42, 30, 49), (0, 41, 28, 48), (0, 40, 26, 47),
(0, 39, 24, 46), (0, 60, 37, 68), (0, 59, 35, 67), (0, 58, 33, 66), (0, 57, 31, 65), (0, 56, 29, 64),
(0, 55, 27, 63), (0, 54, 25, 62), (0, 53, 23, 61), (0, 5, 2, 6), (0, 7, 8), (0, 71, 69)

17 (0, 49, 36, 56), (0, 48, 34, 55), (0, 47, 32, 54), (0, 46, 30, 53), (0, 45, 28, 52), (0, 44, 26, 51),
(0, 43, 24, 50), (0, 64, 37, 72), (0, 63, 35, 71), (0, 62, 33, 70), (0, 61, 31, 69), (0, 60, 29, 68),
(0, 59, 27, 67), (0, 58, 25, 66), (0, 57, 23, 65), (0, 10, 1, 12), (0, 5, 2, 6), (0, 7, 8), (0, 75, 73)

18 (0, 53, 36, 60), (0, 52, 34, 59), (0, 51, 32, 58), (0, 50, 30, 57), (0, 49, 28, 56), (0, 48, 26, 55),
(0, 47, 24, 54), (0, 68, 37, 76), (0, 67, 35, 75), (0, 66, 33, 74), (0, 65, 31, 73), (0, 64, 29, 72),
(0, 63, 27, 71), (0, 62, 25, 70), (0, 61, 23, 69), (0, 12, 1, 16), (0, 13, 4, 14), (0, 5, 2, 6), (0, 7, 8),
(0, 79, 77)

19 (0, 57, 36, 64), (0, 56, 34, 63), (0, 55, 32, 62), (0, 54, 30, 61), (0, 53, 28, 60), (0, 52, 26, 59),
(0, 51, 24, 58), (0, 72, 37, 80), (0, 71, 35, 79), (0, 70, 33, 78), (0, 69, 31, 77), (0, 68, 29, 76),
(0, 67, 27, 75), (0, 66, 25, 74), (0, 65, 23, 73), (0, 14, 1, 20), (0, 15, 4, 16), (0, 17, 8, 18),
(0, 5, 2, 6), (0, 7, 8), (0, 83, 81)

20 (0, 62, 1, 81), (0, 82, 4, 83), (0, 74, 9, 84), (0, 66, 10, 70), (0, 67, 12, 71), (0, 76, 13, 77),
(0, 68, 14, 72), (0, 69, 16, 73), (0, 41, 17, 47), (0, 31, 18, 36), (0, 42, 19, 48), (0, 32, 20, 37),
(0, 43, 21, 49), (0, 33, 22, 38), (0, 44, 23, 50), (0, 34, 24, 39), (0, 45, 25, 51), (0, 35, 26, 40),
(0, 46, 27, 52), (0, 5, 2, 6), (0, 7, 8), (0, 87, 85)

In the following table we include near graceful labellings of C3
3C s

4, where 1 ≤ s ≤ 19.

s Vanes
1 (0, 8, 2, 9), (0, 3, 5), (0, 11, 12), (0, 10, 14)
2 (0, 11, 1, 13), (0, 8, 2, 9), (0, 3, 5), (0, 14, 18), (0, 15, 16)
3 (0, 13, 1, 17), (0, 14, 4, 15), (0, 8, 2, 9), (0, 3, 5), (0, 22, 18), (0, 20, 19)
4 (0, 15, 1, 19), (0, 16, 4, 17), (0, 20, 10, 21), (0, 8, 2, 9), (0, 3, 5), (0, 26, 22), (0, 24, 23)
5 (0, 17, 1, 21), (0, 18, 4, 19), (0, 22, 11, 24), (0, 23, 13, 25), (0, 8, 2, 9), (0, 3, 5), (0, 30, 26),

(0, 28, 27)
6 (0, 19, 1, 23), (0, 20, 4, 21), (0, 24, 12, 27), (0, 25, 14, 28), (0, 26, 16, 29), (0, 8, 2, 9), (0, 3, 5),

(0, 34, 30), (0, 32, 31)
7 (0, 21, 1, 23), (0, 24, 10, 29), (0, 25, 12, 30),(0, 26, 14, 31), (0, 27, 16, 32), (0, 28, 18, 33),

(0, 8, 2, 9), (0, 3, 5), (0, 38, 34), (0, 36, 35)
8 (0, 26, 16, 29), (0, 25, 14, 28), (0, 24, 12, 27), (0, 33, 17, 37), (0, 32, 15, 36), (0, 31, 13, 35),

(0, 30, 11, 34), (0, 8, 2, 9), (0, 3, 5), (0, 42, 38), (0, 40, 39)
9 (0, 25, 1, 41), (0, 26, 10, 33), (0, 27, 12, 34), (0, 28, 14, 35), (0, 29, 16, 36), (0, 30, 18, 37),

(0, 31, 20, 38), (0, 32, 22, 39), (0, 8, 2, 9), (0, 3, 5), (0, 46, 42), (0, 44, 43)
10 (0, 25, 1, 43), (0, 44, 4, 45), (0, 26, 10, 33), (0, 27, 12, 34), (0, 28, 14, 35), (0, 29, 16, 36),

(0, 30, 18, 37), (0, 31, 20, 38), (0, 32, 22, 39), (0, 8, 2, 9), (0, 3, 5), (0, 50, 46), (0, 48, 47)
11 (0, 30, 13, 38), (0, 31, 15, 39), (0, 32, 17, 40), (0, 46, 18, 47), (0, 33, 19, 41), (0, 34, 21, 42),

(0, 48, 22, 49), (0, 35, 23, 43), (0, 36, 25, 44), (0, 37, 27, 45), (0, 8, 2, 9), (0, 3, 5),(0, 54, 50),
(0, 52, 51)
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12 (0, 36, 26, 41), (0, 35, 24, 40), (0, 34, 22, 39), (0, 33, 20, 38), (0, 32, 18, 37), (0, 47, 27, 53),
(0, 46, 25, 52), (0, 45, 23, 51), (0, 44, 21, 50), (0, 43, 19, 49), (0, 42, 17, 48), (0, 8, 2, 9),
(0, 3, 5), (0, 58, 54),(0, 56, 55)

13 (0, 40, 26, 45), (0, 39, 24, 44), (0, 38, 22, 43), (0, 37, 20, 42), (0, 36, 18, 41), (0, 51, 27, 57),
(0, 50, 25, 56), (0, 49, 23, 55), (0, 48, 21, 54), (0, 47, 19, 53), (0, 46, 17, 52), (0, 11, 1, 13),
(0, 8, 2, 9), (0, 3, 5), (0, 59, 60), (0, 58, 62)

14 (0, 55, 1, 59), (0, 56, 4, 57), (0, 60, 10, 61), (0, 30, 13, 38), (0, 31, 15, 39), (0, 32, 17, 40),
(0, 46, 18, 47), (0, 33, 19, 41), (0, 34, 21, 42), (0, 48, 22, 49), (0, 35, 23, 43), (0, 36, 25, 44),
(0, 37, 27, 45), (0, 8, 2, 9), (0, 3, 5), (0, 66, 62), (0, 64, 63)

15 (0, 57, 1, 61), (0, 58, 4, 59), (0, 62, 10, 63), (0, 30, 13, 38), (0, 64, 14, 65), (0, 31, 15, 39),
(0, 32, 17, 40), (0, 46, 18, 47), (0, 33, 19, 41), (0, 34, 21, 42), (0, 48, 22, 49), (0, 35, 23, 43),
(0, 36, 25, 44), (0, 37, 27, 45), (0, 8, 2, 9), (0, 3, 5), (0, 70, 66), (0, 68, 67)

16 (0, 46, 36, 53), (0, 45, 34, 52), (0, 44, 32, 51), (0, 43, 30, 50), (0, 42, 28, 49), (0, 41, 26, 48),
(0, 40, 24, 47), (0, 61, 37, 69), (0, 60, 35, 68), (0, 59, 33, 67), (0, 58, 31, 66), (0, 57, 29, 65),
(0, 56, 27, 64), (0, 55, 25, 63), (0, 54, 23, 62), (0, 8, 2, 9), (0, 3, 5), (0, 71, 72), (0, 70, 74)

17 (0, 50, 36, 57), (0, 49, 34, 56), (0, 48, 32, 55), (0, 47, 30, 54), (0, 46, 28, 53), (0, 45, 26, 52),
(0, 44, 24, 51), (0, 65, 37, 73), (0, 64, 35, 72), (0, 63, 33, 71), (0, 62, 31, 70), (0, 61, 29, 69),
(0, 60, 27, 68), (0, 59, 25, 67), (0, 58, 23, 66), (0, 11, 1, 13), (0, 8, 2, 9), (0, 3, 5), (0, 78, 74),
(0, 76, 75)

18 (0, 54, 36, 61), (0, 53, 34, 60), (0, 52, 32, 59), (0, 51, 30, 58), (0, 50, 28, 57), (0, 49, 26, 56),
(0, 48, 24, 55), (0, 69, 37, 77), (0, 68, 35, 76), (0, 67, 33, 75), (0, 66, 31, 74), (0, 65, 29, 73),
(0, 64, 27, 72), (0, 63, 25, 71), (0, 62, 23, 70), (0, 13, 1, 17), (0, 14, 4, 15), (0, 8, 2, 9), (0, 3, 5),
(0, 78, 82), (0, 79, 80)

19 (0, 58, 36, 65), (0, 57, 34, 64), (0, 56, 32, 63), (0, 55, 30, 62), (0, 54, 28, 61), (0, 53, 26, 60),
(0, 52, 24, 59), (0, 73, 37, 81), (0, 72, 35, 80), (0, 71, 33, 79), (0, 70, 31, 78), (0, 69, 29, 77),
(0, 68, 27, 76), (0, 67, 25, 75), (0, 66, 23, 74), (0, 15, 1, 19), (0, 16, 4, 17), (0, 20, 10, 21),
(0, 8, 2, 9), (0, 3, 5), (0, 82, 86), (0, 84, 83).
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