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Abstract: In this article, we define g-generalized Fibonacci polynomials and g-generalized Lucas
polynomials using g-binomial coefficient and obtain their recursive properties. In addition, we in-
troduce generalized g-Fibonacci matrix and generalized g-Lucas matrix, then we derive their basic
identities. We define (k, g, t)-symmetric generalized Fibonacci matrix and (k, g, f)-symmetric gen-
eralized Lucas matrix, then we give the Cholesky factorization of these matrices. Finally, we give
determinantal and permanental representations of these new polynomial sequences.
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1. Introduction

MacHenry [1] defined generalized Fibonacci polynomials and generalized Lucas polynomials.
The generalized Fibonacci polynomials and the generalized Lucas polynomials already have compre-
hensive representation properties. These polynomials are a general form of generalized bivariate Fi-
bonacci and Lucas p-polynomials, ordinary Fibonacci, Lucas, Pell, Pell-Lucas and Perrin sequences,
Chebyshev polynomials of the second kind, and the Tribonacci numbers, etc.

The generalized Fibonacci polynomials, Fy,(?), and the generalized Lucas polynomials, Gy (1),
are defined inductively by as follows:

Fio(t) = 1, Fipa(t) = 1 F0(0) + - + 1 F g1 (D)(n > 1),

and
Gro®) = k, Gii(0) = 11, Gip(t) = Gror (01 < n < k),
Gin(®) = 1Gru 1)+ + 6Grpi(D(n > k),
where the vector ¢ = (t1, 1, ..., %) and t; (1 < i < k) are constant coeflicients of the core polynomial

P(x;t,thy .. f) = X — x5 — =g

In [2], authors gave explicit formula for the F; ,(¢) and Gy ,(¢) as follows:

NOEDY (a1|“|ak)r;‘l L (1)
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The notations a + n and |a| are used instead of )] ja; = nand }; a;, respectively.
=1 j=1
In addition, in [2—-6], the authors studied algebraic properties of these polynomials.
On the other hand, there exists several different g-analogues of the Fibonacci-type sequences,
see [7-17]. For example, Cigler [14] defined g-Fibonacci polynomials (F,,(x, s)) and g-Lucas poly-
nomials (L, 4(x, 5)) as follows:

L2
Ry = 3 | "R ey
=0
2 [n] n—i i
L,(x,s) = [ ] q(z)xﬂ—Zl 5
— [n—1i]

The g-binomial coefficient is defined as:

[n] (e, (!

kl,  (@DdG ) Tkl =kl
n—1 .

with (a; q), := HO(I -aq’),[nl;=1+qg+---+ g™ ! and [nl,! = [11402];- - - [n]4.
=

Many researchers have studied matrices whose elements are binomial coefficients, Fibonacci-type
sequences and g-binomial coefficients, see [18-25]. Lee et al. [21] defined n X n k-Fibonacci matrix

F (k) = [f(K)ijlij=12,..n aS:

| Srimjek—1, fi=j+12>0,
SRy = { 0, otherwise,

where f; , nth k-Fibonacci numbers defined by Miles in [26]. The F (k),' = [ /i j] was given as follows:

1, ifi=j
]‘ifj: -1, ifi-k<j<i-1
0, otherwise.

Lee et al. [21] also defined n X n k-symmetric Fibonacci matrix Q(k), = [g(k); ;] as follows:

k
2 qk)iict + fig—1, fi=j,
gy =qlk); =4 5
121 q(k)i,j—1 ifi+1<

and obtained the Cholesky factorization of Q(k), as follows:
QK = F (k)u(F (k)"

In addition, many researchers have studied determinantal and permanental representations of
Fibonacci-type sequences and polynomials. More examples can be found in [3,27-37].
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2. g-analogue of the Generalized Fibonacci Polynomials and Generalized Lucas Polynomials

In this section, we define two families of polynomials, the g-generalized Fibonacci polynomial and
the g-generalized Lucas polynomial using g-binomials and obtain properties of these polynomials.
In the following two definitions, the summation takes place over all integers cy, ¢y, ..., ¢; such that

k k
2. jej=n,and c = } c;.
=1 =1

Definition 1. For any integers n > 0, the g-generalized Fibonacci polynomial, Fy,(t; q), is defined by

[C]q ‘ Cq tCk

Fi(t;q) = Z ool e TN A

q:

In particular, if we take ¢ = 1, we obtain the Fy ,(t; 1) := Fy,,(¢).
The first few Fy ,(t; q) are

Lt, b+t s+(I+ut+6, b+ (1 +Qtits+65+11 + (1 +q+ )ity ... .
Definition 2. For any integers n > 0, the g-generalized Lucas polynomial, Ly ,(t; q), is defined by

[n1,([c1,) o
L, (t;q) := L s
RCOEDY [yl el derdg) T

In particular, if we take g = 1, we obtain the Ly ,(#; 1) := Gy, (¢).
The first few Ly ,(¢; g) are

[Klg. 11, (L+ @t + 15, (L+ g+ g+ (L + g+ g +1,, ... .
We need the following definitions and lemmas in our proofs.

Definition 3. S;, is the sequence defined by Sy = 1, Sy = t, and forn > 2

n—1

Sin = 6Skp-1 + Z(_l)n_ij,n—j+l(t; QS j-1.

=1
The first few terms of Sy, are
2 2.2
1,t;, — 1, Iy —hily +qhily, — 4+ 013 —qlits +qlit, —q Hl,....

Lemma 1. Let n > 1 be an integer. Then

k
Fin(t;q) = D (=1 Sy iFea(8; q).

=1
Proof. This is obvious from Eq. (2).
Definition 4. 77, is the sequence defined by Ty = 1,71 =t andn > 2

n—1

Tin = 1T kn1 + ) (=" Lip ju1 (50)Ti 1
j=1

The first few terms of Ty, are

2 2
1,t1,—t, — qh, 13 +qt3 —thlh —qhitp + gtz + g Hhlo, ... .

2)

3)

“4)
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Lemma 2. Let n > 1 be an integer. Then

k
Lia(t; @) = D (=1 T L (83 q).

=1
Proof. This is obvious from Eq. (4). O

Theorem 1. Let Fy,(t,t2,...,1) be the generalized Fibonacci polynomial and F,(t;q) be the g-
generalized Fibonacci polynomial, then

Fiatistas .. ti5q) = Frn(Sea, =Sik2s -+ - (=D Sp0).

Proof. We proceed by induction on 7. The result clearly holds for n = 1, since Fy1(t;q) = t; = Sk1 =
Fi1i(Se1, =Sk, ..., (=1)¥1S, ). Now suppose that the result is true for all positive integers less than
or equal to n. We prove it for (n + 1). In fact, by the definition of generalized Fibonacci polynomials
for the vector S = (S;1, —Si2, - . ., (=1)*1S;1), we have

Fini1(S) = St1Fea(S) + -+ + (="' StiF i1 (S).
From the hypothesis of induction, we obtain

Fini1(S) = St Fin(t; @) + -+ + (=D S Frpisi (£ 9).

Thus, we obtain
Fini1(S) = Frpi(t; q),

using Eq. (3). O

Theorem 2. Let Fy,(t,t2,...,1;) be the generalized Fibonacci polynomial and Ly ,(t; q) be the g-
generalized Lucas polynomial, then

Lin(tis tas o 063.9) = Fin(Tets =Tk - - (=D 7).

Proof. The proof runs like in Theorem 1. O
Corollary 1.
c! C1 C2 k QCr-1 k+1 Qck

Finlt;q) = ) eSS (DRSNS,
Proof. This is obvious from Eq. (1) and Theorem 1. O
Corollary 2.

Lin(t: q) := Z —’7'C1 T3 - (CD T DT
Proof. This is obvious from Eq. (1) and Theorem 2. O

Corollary 3. Let y;, = (—1)”*177<,n forq =1, Fi,(t1,ta, ..., 1) be the generalized Fibonacci polyno-
mial and Gy ,(t1, 1, ..., 1) be the generalized Lucas polynomial, then

Gt 1y - s 1) = FrnQts Yeas - -+ i)
Proof. If we rewrite Theorem 2. for ¢ = 1, we obtain

Liw(t;1) = Fru(Vits - -5 Yick)-

Further, this is obvious from the definitions of Ly ,(t; ¢) and Gy ,(¢) that Ly ,(t; 1) = Gy ,(¢). Therefore,
we obtain the desired result. O
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There have been several studies on the generalized Fibonacci polynomials and the generalized
Lucas polynomials and the relationship between them. Corollary 3. gives a new relation between
these polynomials. Using this corollary, different results can be obtained. From Propositions 1, 3,4
and Lemma 3 in [5], we can give the following corollaries.

Corollary 4. Let y,,, = (=1Y""'T3, for ¢ = 1 and Fy,(t1,ta,...,1) be the generalized Fibonacci
polynomial, then

FionOr1>Ye2s - s Yik) = —te1 Fronoie1 (1) = -+ = (k = Dty Fi 1 (1) + kFy 0 (2).

Corollary 5. Let yi,, = (=1)""'T3, for ¢ = 1 and Fy,(t1,t,,...,1;) be the generalized Fibonacci
polynomial, then

_ _1ya+l lal — 1
FinQi1sYios - - Vik) = Zn( 1) (a1

arn Vo

al ay
. )Fk’1 o Fe
k

Corollary 6. Let y,,, = (=17, for ¢ = 1 and Fia(ti,ta, ..., tx) be the generalized Fibonacci
polynomial, then
OF (V15 Yk2s - - -5 Yik)
ot;

=nFi,—i(ti,t, ..., ).

(o)

Example 1. We give a companion matrix Cq, and obtain C3)

using the method in [5] as follows:

0 1 0 . 0]
0 0 1 ... 0
C(k) = : : : . :
0 0 0 U |

| CDMISy DS DEIS, L Sy

In particular, if we take g = 1, we obtain the companion matrix A in [5]. We let the companion matrix
operate on its last row vector on the right and append the image vector to the companion matrix as
a new last row. We repeat this process, obtaining a matrix with infinitely many rows. Note that C,
is invertible if and only if Sy # 0. Assuming that Sy # 0, we can also extend the matrix from the top
row upward by operating on the top row with C(‘kl) obtaining a doubly infinite matrix, that is, one with
infinitely many rows in either direction and k-columns. We call this the infinite companion matrix
Ci)- If we take g = 1, we obtain the companion matrix A% in [5]. It is obvious that, the right hand

column of C3) in the positive direction is Fi.,(t; q).

3. g-analogue of the Generalized Fibonacci and Lucas Matrices

In this section, we introduce the generalized g-Fibonacci matrix and generalized g-Lucas matrix,
then we find their inverse matrices and give the Cholesky factorization of (k, g, f)-symmetric gener-
alized Fibonacci and Lucas matrices. These results generalize the k-Fibonacci matrix and its inverse
and k-symmetric Fibonacci matrix in [21](g = t; = 1).

Definition 5. The generalized q-Fibonacci matrix ?'k(j;q) := [fi,jlo<i,j<n is defined by

0, otherwise.

Fk,i—j(t; C]), lf‘l 2 ja
Jij =
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Example 2. The generalized q-Fibonacci matrix forn = k = 4 is

1 0 00
I8 1 0 00
Fro _ o+ f 1 00
44 n+(1+q@nn+r h+6 f 1 0]
(ta+ (1 +Qutz + 16, + 1}
+(1+g+@)Pn) t+1+@ub+8 h+8 1 1

In particular, if we take g = t; = 1, we obtain the equation Tk(j;l) = F (k),.

Definition 6. The n X n Hessenberg matrix Dy, := [d; j11<i j<n is defined by

Friojn(tq), ifi=],
d,',j: 1, l‘fl'+1:j,
0, otherwise.

Lemma 3. [28] Let A, be an n X n lower Hessenberg matrix for all n > 1 and define det(Ay) = 1.
Then, det(A) = ay, and forn > 2

n—1 n—1
det(A,) = ay, det(Ay 1) + D [(=1""a (| | @) detca, 1.
r=1

j=r
Lemma 4. Let n > 1 be an integer. Then det(Dy,,) = S

Proof. We proceed by induction on n. The result clearly holds for n = 1. Now, suppose that the result
is true for all positive integers less than or equal to n. We prove it for (n + 1). In fact, using Lemma 3
we have

det(Dipe1) =yt et det(Dip) + > | (=1 Ty [ | djjor det(Di)
i=1

j=i

1 det(Dy) + ) |1 Frpia(t; ) det(Dyi )]
i=1

11:Skn + Z [(_1)n+1_iFk,n—i+2(t; Q)Sk,i—l] = Skl

i=1

O

Theorem 3. Let ﬁiq) be the (n+ 1) X (n+ 1) lower triangular generalized q-Fibonacci matrix. Then,

we have N
GON-1 _ 13 1 — (_1)1_18@'_]’, lf I— ] >0,
T =101 = { 0, otherwise.

Proof. Note that it suffices to prove that ﬁ;q)(ﬁ’-‘,fiq))‘l =I,,,. Fori> j >0, we have

n i
Z fi,kbk, ji = Z fi,kbk, j
k=0 k=j

Frij(t; S0 — Fricj1 (6 Sk1 + -+ + Fro(t; )(=1)/ Sy

and we know

k
Fiij(t;) = ) (1" Si Frijo(t:q)

s=1

Ars Combinatoria Volume 158, 117-128



g-Analogue of the generalized Fibonacci and Lucas polynomials 123

from Eq. (2). Therefore, we obtain )] fiiby; = 0 fori > j > 0. Itis obvious that ), f;;b;; = O for
k=0 k=0

i—j<0and Y fisbi;= fiibij = SioFro(t;q) = 1 fori = j which implies that F“"(F“")~! = I,
k=0 s s

as desired. O
In particular, if we take g = #; = 1, we obtain the inverse matrix of the k-Fibonacci matrix [21].

Definition 7. The generalized q-Lucas matrix Ll(f;l’) := [l jlosi,j<n 1S defined by

Lk,i—j(t; Q), l‘fl > j’

li,j =<1 lfl = j’
0, otherwise.
For example,
1 0 0 0
L0 h 1 0 0
- (I+qQn+1 f 1 ol
A+q+@PB+0+q+¢Hun+r Q+Qn+ 1 1

Definition 8. The n X n Hessenberg matrix &y, = [e; jl1<i j<n IS defined by

Liiojni(tq), ifi= ],
€ij= 1, l:fi+1:j,

0, otherwise.

Lemma 5. Let n > 1 be an integer. Then

det(Exn) = Tin-
Proof. The proof runs like in Lemma 4. m|
Theorem 4. Let -Ll(::) be the (n+ 1) X (n + 1) lower triangular generalized q-Lucas matrix. Then, we
have

(—l)i_j'rk,i—j, ifi—j>0,

0, otherwise.

(L,({f;,,"))‘l = [cij] = {
Proof. The proof runs like in Theorem 3. O

Definition 9. Let n > 1 be an integer, (k,q,t)-symmetric generalized Fibonacci matrix
Q,(:nq) := [m; jlo<i j<n is defined by

2 Frt; ) Fr(t; ), ifi=}
m: . =4 =0
l’] ! . . .
122) Friozt; Fj-i(t;q), ifi+ 1<
Theorem 5. The Cholesky factorization of Q,(é’f) is given by
Qi = FL

Ars Combinatoria Volume 158, 117-128
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Proof. Note that it suffices to prove that (Tk(;q))‘lQ,(if) = (Tk(;q))T. We take 7:,((;”) )yl = lbi’ jJ, Q(kt”;f) =

, _ k
|mi;] and (FEYT = |£,,] and obtain 3 bismsfor i, j=0,1,2, .. k. Fori= j=n,

k
fii Z bism,;
s=1

= (=1)'SiaFrat: @) + (1" Stpct [Fi1 (6 @ Fin(t; @) + Fro(t; ) Fpno1 (5] + - -+
=Skt Fra1 G OFa(t; @) + -+ + Frot; QFra(t; q))
+SkolFin(t; QF in(t;9) + -+ - + Firo(t; ) Fio(t; )]
= FiQI=1"Sen+ (1" Spuct Fri(t: @) + -+ + SkoFra(t; )]
+F i1 (I St + -+ + SeoFino1 (@] + -+
+F 1t Ol=Sk1 + SeoF it @] + 1.

We know (=1)"Sy, + (=) 18 1 Fri(t; @) + -+ + SioFra(t; g) = 0 from the definition of Sy ,, so
fii=1fori=0,1,2,.. k. Fori> j,

k
Z bismg; = (=1)'SiiFij(t;q) + (=1)"'Spi1[Fri(t; Q) Fy j(t; @) + Fro(t; Q) F i j-1(t; )]
s=1

+(_1)i_28k,i—2[Fk,2(t; QFLj(t;q) + -+ Fro(t; @ Fr j-o(; q)]
+oo+ SeolFrit; QFj(tq) + -+ + Frimj(5, Q) Fro(t; )]
= Fi it QU=D'Ski+ (1) 'St Fra(t9) + -+ + SkoFri(t; @)1
+F G0 Skt + (1) 28k Fri(tq) + - + SioFria ()] + -+
+Fot OL=1) " Skicj + (1) St Fra(tq) + -+ + SeoFris (1))
We know (=1)"Si, + (=118, 1 Fri(t; @) + -+ + SE,OFk,n(t; q) = 0 from the definition of Sy, so
fii=0fori=0,1,2,.., k. Finally, for i < j, equation f;;, = F} ;_(t; q) is shown in a similar way. O

Definition 10. Let n > 1 be an integer. Then (k,q,t)-symmetric generalized Lucas matrix

Pg”f) := [n; jloi, j<n is defined by

2 Lii(t; @ L y(2; @), ifi=j

_) iz
nij=9 "
IZE) Lii-i(t; Ly ji(t;q), ifi+1<

Theorem 6. The Cholesky factorization of 7)1(;,}7) is given by
Pt = LLLE
Proof. The proof runs like in Theorem 5. O

4. The Determinantal and Permanental Representations

In this section, we obtain any term of g-generalized Fibonacci and Lucas polynomials using deter-
minants and permanents of Hessenberg matrices.

Theorem 7. Let n > 1 be an integer, Fy ,(t; q) be the nth q-generalized Fibonacci polynomial and
_Ul(:’r: = [u; jli j=12,..n be the n X n Hessenberg matrix defined as
(=D 8ijr1, fi=j20,
uj; =1-1, ifi+1=}

0, otherwise.
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Then, det(_U?) = Fya(t; q).

Proof. We proceed by induction on m. The result clearly holds for m = 1, since det(_ U,(fl) ) =81 =
t1 = Fy1(t; q). Now, suppose that the result is true for all positive integers less than or equal to m. We

prove it for (m + 1). In fact, using Lemma 3 we have

m

-
D" U 1_[ uj v det(- U,ifl,-)_l

j=i

m
detCUD ) = i detCUD) + Y

i=1

m—k+1

= ndet( UL+ >

i=1

m

(=1 U l_[ uj ;e det(- U,Ei],-)_l)

j=i

+ Z [(_l)mﬂ_iumﬂ,il—[l/‘j,jﬂdet(—U](:i)_l)

i=m—k+2 J=i
= ndet(UD)+ > (i detCUY))
i=m—k+2
= f1det(_UYL) - Spadet(CUD )+ -+ + (=DM Sedet (UL ).
From the hypothesis of induction and Eq. (3), we obtain
k
det(U? ) = > (=D St iFimer 1(19) = Fimer (£59).
=1
Therefore, det(_ U,(:’,i ) = Fy.,(t; g) holds for all positive integers n. O

Theorem 8. Let n > 1 be an integer, Fy ,(t; q) be the nth g-generalized Fibonacci polynomial and

+V1£f]r3 = [vyilij=12,..0 be the n X n Hessenberg matrix defined as

PONS i, ifs—120,
Vssr =91, ifs+1=t,
0, otherwise.
Then, det(, V") = Fia(t; ).

Proof. Since the proof is similar to the proof of Theorem 7 using Lemma 3, we omit the details. O

Theorem 9. Let n > 1 be an integer, Ly ,(t; q) be the nth q-generalized Lucas polynomial, _Wliiz =

(Wi jlij=12,.n and +Y,£Zz = [yi,jlij=12...n be the n X n Hessenberg matrices defined as

(=D Thimjrr, ifi—j=0, PO it ifs—120,
wij=1-1, ifi+1=j, and Yy, =1i, ifs+1=t,
0, otherwise, 0, otherwise.

Then, det(_W,?) = det(,Y,”)) = Li(t; ).

Proof. Since the proof is similar to the proof of Theorem 7 using Lemma 3, we omit the details. O

n
The permanent of an n-square matrix is defined by perA = 3 []air), where the summation
eSS, i=1

extends over all permutations o of the symmetric group S, (cf. [38]). There is a relation between
permanent and determinant of a Hessenberg matrix (cf. [33,39]). Then, it is clear that the following
corollaries hold.
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Corollary 7. Letn > 1 be an integer, Fy,(t; q) be the nth q-generalized Fibonacci polynomial, . U,(f; =

(4; j1i j=12,..n and _V,S’n) = [Vsilss=12...n be the n X n Hessenberg matrix defined as

(=) Skijn, ifi-j=0, PUDS i, ifs—120,
uij =11, ifi+1=j and Vs, =14—i, ifs+1=t,
0, otherwise 0, otherwise,

where i = V—1. Then, per(, U,(f,z) = per(_ V,(fn)) = F.(t;q).

Corollary 8. Let n > 1 be an integer, Ly, (t; q) be the nth q-generalized Lucas polynomial, +W,Ef’n) =

(Wi jlij=12,. .. and _Y,iqr? = [¥,,lij=12...n be the n X n Hessenberg matrices defined as

(=) Tkjmjrr, ifi—j=0, PO i jars if s =120,
wij =11, ifi+l=j and Yy ,=q-i, ifs+1=t,
0, otherwise 0, otherwise.

Then, per(,W,")) = per(_Y,")) = Lia(t; q).
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