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Abstract: A chemical structure specifies the molecular geometry of a given molecule or solid in the
form of atom arrangements. A way to analyze its properties is to stimulate its formation as, product
of two or more simpler graphs. In this article, we take this idea to find upper and lower bounds for
the generalized Randi¢ index R, of four types of graph products, by using combinatorial inequalities.
We finish this paper providing the bounds for R, of a line graph and rooted product of graphs.

Keywords: The general Randi¢ index, R-graphs, corona product, line graph, rooted product
2010 Mathematics Subject Classification: 05C78, 05C25

1. Introduction

In chemical graph theory, we identify chemical structures with graphs known as molecular graphs.
For v € Vg, the degree of v in G is deg;(v) = Ng(v), where Ng(v) denotes the set of neighbors of
v in G. The degree of the vertices play an essential role to describe certain chemical properties of a
corresponding structure. Every vertex v in a molecular graph G has degree smaller than or equal to
four. We denote by ps and ¢g, the number of vertices and number edges of G, respectively. There
are many degree-based indices that we associate with a molecular graph. These indices are numbers
having an immense amount of applications in Quantitative Structure and Activity Relationships.

There are two oldest topological indices, the Zagreb indices [1,2]. These indices have been used
and examined to study the molecular complexity, chirality, ZE-isomerism, and hetero-systems. The
first Zagreb index is defined as:

Mi(G) = ) (degg() = ) [degg(u) + degg(»]. (1)

veVg uveEg

One of the most studied topological index, the Randi¢ index, defined in 1975 by Milan Randi¢ [3].
See also the survey by Li and Shi [4] and the recent paper Dalfé [5]. This index is essential to measure
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the level of carbon-atom skeleton in saturated hydrocarbons. In chemistry and pharmacology, the
Randi¢ index has significant applications. In particular, it describes boiling points, chromatographic
retention times, and several other properties of alkanes.

For a graph G, the general Randi¢ index R,(G) is defined as:

R(G) = > (degg(u) degg(v)”, @)
uveE(G)
where « is an arbitrary real number. In [3], Randi¢ proposed both « = -1 and @ = -1/2. In

[6], Bollobas and Erd&s generalized it by replacing —1/2 with any real number a. In 2017, the
mathematical background of this index was improved. In [7], the hitherto unnoticed features of
the Randi¢ index were pointed out. Due to its innumerable applications, this index is enormously

studied [8].

An effective way of better understanding a given chemical graph is to stimulate its formation as
a product of two simpler graphs. Many graph operations such as, the Cartesian product, join of
graphs, corona product, the edge corona product, the subdivision-vertex join, the subdivision edge
join, the neighborhood corona, the subdivision vertex neighborhood corona, and the subdivision edge
neighborhood corona are studied in the literature. For more details, we recommend the reader to
see [9-17].

In [18], the corona product of two graphs was defined to address associated group isomorphisms.
The corona product of two graphs G and H is defined as the graph G o H obtained by having pg
copies Hy, H,, ..., H,, of H, and then joining by an edge th vertex of G to every vertex of H;. Thus,
Pcon = pc(1 + py) and ggon = g6 + pc(pu + qu)- The degree of a vertex v € Vg, 1S given by:

deg;(v)+ py ifveVg,

deg,(v)+1 ifve Vy. 3

deggop(v) = {

The main motivation of this paper is to find the minimum and maximum bounds for the general
Randi¢ index of different graph products. In [19], such bounds were computed in the case of the
general sum-connectivity index. This paper is divided into four sections. After the introductory
section, in Section 2, we calculate bounds on the general Randi¢ index of R-graphs, including the
R-vertex corona product, R-edge corona product, R-vertex neighborhood corona product, and R-edge
neighborhood corona product. In Section 3, we compute the bounds on general Randi€ index of a line
graph LY of the graph G. In Section 4, we find the lower and upper bounds for the rooted product of
graphs.
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Figure 1. The Graphs R™ © C3, R”* © C;, R"* @ C3 and R™ B8 C;

2. The General Randi¢ Index of R-graph Products

In this section, we provide results related to the general Randi¢ index of different R-graph products.
For a graph G, the maximum and minimum degrees of G are defined as Ag = max{deg;(v) | v € Vs}
and 6 = min{deg;(v) | v € Vi), respectively. Let RC be the R-graph constructed from G as follows:
to each edge e of G we add a new vertex v, such that it shares one edge each with the end vertices of
e. Thus, pre = pg + qc. We denote by I; the set of the newly added vertices to V.

2.1. R-vertex Corona Product of RS and H

Let G and H be two connected and vertex-disjoint graphs. The R-vertex corona product of two
graphs R® and H is defined as the graph R® © H obtained by having p¢ copies Hy, Ha, ..., H,, of H
and then joining by an edge ‘th vertex of G to every vertex of H;. Thus, préon = pc + qc + pcpr and
qrson = 39c¢ + Pcqu + pcpu- The degree of a vertex v € Vigoy 1s given by:

2deg;(v) + py  ifve Vg,
degrooy(v) =19 2 ifv e lg, 4)
deg,(v) +1 if veVy.

The general Randi¢ index of an R-vertex corona product of R® and H is given in the following
result.

Theorem 1. Let G and H be two connected and vertex-disjoint graphs. Then, for a < 0, the general
Randi¢ index of R® © H has the following minimum and maximum bounds

R(RCOH) > q6(2 26 +pu)*[(2 A6 +pu)* +2°1 + pegqu(tny + D[(Ag + D)™ + 2 A6 +pu)°],
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R(RCOH) < q6(256 + pu)* (266 + pr)” + 2°1 + pequ(Ou + 1)*[(0n + D* + (256 + pu)”].

The above equalities hold if and only if both G and H are regular graphs.
Proof. Using (4) in Eq. (2), we get

Ro(RCOH) = (degge(u) degro(v)” + pg ) (degy(u)deg, ()" + > " (deggo(u) deg, ()"

uveE(RG ueEy ueVypG veVy

= D [2degow) + pm)2degy () + pl" + ) [2(2deggw) + )]

uveE(RY), uveE(RY),
u,veVg ueVg,velg

+pe ) [(degy () + 1)(deg, () + DI+ > > [(2degs(u) + pu)(deg, (v) + 1"

uveEy uEVRG veVy
ueVs

> q6(2 Ag +p)™" +2°g6(2 A6 +pr)” + pequ(tn + 1" + popu(2 g +pr)*(by + 1)°
= q6(2 Ag +pu)* (2 Ag +pu)” + 291 + poqu(tg + D [(An + D" + (2 Ag +pu)”].

(&)

Similarly we have the following inequality.
Ro(R® © H) < (266 + pr)*[(26¢ + pr)” +2°1 + pequ(Su + D[(6n + D + (266 + pu)°].  (6)

The above equalities hold if and only if G and H are regular graphs. This completes the proof. O

2.2. R-edge Corona Product of RS and H

The R-edge corona product of R® and H is defined as the graph R® © H obtained by having ¢g
copies Hy, H,, ..., H,, of H, and then joining by an edge ‘th vertex of I; to every vertex of H;. Thus,
PrSer = PG + 96 + qopr and greeny = 396 + 9cqu + gopu- The degree of a vertex v € Vizegy 1S given
by:

2deg;(v) ifveVg,
deg,(v)+1 ifveVy.
The general Rand¢ index of R-edge corona product of an R® and H is given in the following result.

Theorem 2. Let G and H be two connected and vertex-disjoint graphs. Then, for a < 0, the general
Randié¢ index of RS © H has the following minimum and maximum bounds

Ro(RC © H) > 47qe A% +2°" g6 AL (P + 2" + qoqu(on + D™ + qopu(py + 2)“(ay + 1)7,
RL(RC © H) < 47608t + 2" q60%(pr + 2)* + q6qu(0u + 1> + gopu(pu + 2)" (0 + 1)™.

The above equalities hold if and only if both G and H are regular graphs.
Proof. Using (7) in Eq. (2), we get

Ro(RCOH) = ) (deggo(u) degra(v)” +gc ) (deg,(w)deg, ()" + > > (degpo(u) deg, ()"

uveERG uveEy MEVRG veVy

=4 ) (degg(wdeg, () + > (2deggw)(pn +2))"

uveERG s quER(;,
u,veVg ueVg,velg

+q6 ), [(degy() + D(deg, () + DI+ > > [(py +2)(deg, () + D"

uveEy ue VRG veVy
uclg

> 476 Ag +2" g AL (pu +2)” + qequ(tn + 1D* + qopu(pu + 2)“(ay + 1)°.

®)
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Similarly, we have the following inequality.

Ra(R® © H) < 4°q605" + 27 q605(pr + 2)" + 46qu(Sn + 1™ + qopu(pu +2)"Gu + 1. (9)
The above equalities hold if and only if G and H are regular graphs. This completes the proof. O

2.3. R-vertex Neighborhood Corona Product of R® and H

The R-vertex neighborhood corona product of R and H is defined as the graph R® @ H obtained
by having pg copies Hy, H,, ..., H,, of H and then joining by an edge the neighbors of a vertex of
G in RO that is on the i-th position in R to every vertex of H;. Thus prowy = pc + g¢ + pepn and
grown = 396 + Poqu + 4qcpy number of edges. The degree of vertices of R® @ H are given by:

2py+ 1), ifueVg
degropy(U) =1 s4-4

7 ifMEIG

degrogy(v) = degy(v) + 2deg,;(u) ifve Vy,u e V. (10)

Here v € V. corresponds to the ‘th vertex v € Vi in RC.

The general Randi¢ index of an R-vertex neighborhood corona product of R® and H is given in the
following result.

Theorem 3. Let G and H be two connected and vertex-disjoint graphs. Then, for a < 0, the general
Randié¢ index of RS @ H has the following minimum and maximum bounds

Ro(R° @ H) > q6(pu +2)* AF +2°" q6(pu + 2)(pu + (26 +2)°
+ pequ(Ly +286)*" + pu(pu +2)° Z Ag(bp +206)"

ueVg,
w,-EN(;(u),w,-EVG

2 pu(pu+ D" D (8n+280)"

ueVg,
W,'ENG(M),W,'EIG

Ro(RC @ H) < q(pr + 262 + 2" q6(py + 2)"(pr + 1) (66 + 2)* + poqu(Su + 266)™
Fpupu+2)" D 0u0n+200) + 2 pulpr + 1) D (On +206)".

ueVg, ueVg,
wieNG(u),wieVg w;i€NG(u),wi€lg

The equalities hold if and only if both G and H are regular graphs.
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Proof. Using (10) in Eq. (2), we get

Ro(RCmH) = " (deggo() degpo(v))” + pg ) (degy(u)deg, ()" + > " (deggo(u) deg, ()"

uveE G uveEy ueVypc veVy

= > [(degg()(py +2)(deg(N(py +2DI" + . [(degg)(pu + ) 2(pu + D)I"
wek G, uwvek g,
u,veVg ueVg,velg

+ e Z [(degy(u) + 2 degg(wi))(degy (v) + 2 degg(wi))]”

uveEy,wieVg

> D [(deggw)(pu + 2)(deg,(v) + 2 degs ()]

ueVg veVy
w;eNg(u),w;€eVg

> Y [@pr + D(deg,(v) +2 degq(u)]”

MGVG, hEVH
w;eNg(u),wi€lg

> qa(pu + 2 o8 +2 q6(pr +2)*(py + 1) (86 +2)"
+ poqu(Bu + 206)*"
Fpupr+2" D AHbr+2080) + 2 palpr+ 1) ). (b +206)"

ueVg ueVg
w;eNgu),w;€Vg wi€Ng(u),wi€lg

(11)
Similarly, we have the following inequality.
Xo(RC B H) < q6(pr + 2)*6% + 2" q6(pu + 2)"(pr + (0 + 2)” + poqu(Su + 206)™

Fpu(pn+2" Y 6u0n+200) + L pulpy + 1T Y. (Gu+266)".

ueVg, ueVg,
w,'GNg(M),W,'GVG W,‘ENG(M),W,*EIG

(12)
The above equalities hold if and only if G and H are regular graphs. This completes the proof. O

2.4. R-edge Neighborhood Corona Product of R® and H

The R-edge neighborhood corona product of R and H is defined as the graph R® 8 H obtained
by having g copies Hy, H», ..., H,, of H, and then joining by and edge the neighbors of a vertex of
I in R that is on the ‘th position in RY, to every vertex in H;. Thus, pgeany = pc + g¢ + gepu and
qroen = 396 + 96qu + 2qcpu- The degree of a vertex v € Viegy 1s given by:

deg,(V)(2 + py) ifv e Vg,
degrogy(v) =1 2 ifvelg, (13)
degy(v) +2 if v e Vy.

The general Randi¢ index of an R-edge neighborhood corona product of R and H is given in the
following result.

Theorem 4. Let G and H be two connected and vertex-disjoint graphs. Then for a < 0, the general
Randi¢ index of R® 8 H has the following minimum and maximum bounds

R.(RY 8 H) 2q6(py + 2)** AZ +2°q6(py + 2)* AL +q6qu(ty + 2)™
Fpupn+2)" Y alan+2)",

u€lg,
wi€Ng(u),wieVg

Ro(R° B H) <q6(pu +2)**08" +2°q6(pu + 2)"0% + qoqu(Ou + 2)*
+ pu(pr +2)° > %S5 +2)°.

uelg, wieNg(u),w;eVg
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The equalities hold if and only if both G and H are regular graphs.

Proof. Using (13) in Eq. (2), we get

Ry(ROBH) = ' (degpo(u) degee(v)” + g ) | (deg,(u)degy ()" + Y > (degeo(u) deg,,(v))"

quERG uveEy uEVRG veVy
= Y [(dego)(pn + 2)(dego)pr + 2D+ Y (2 degou)(pi +2))°
ety Vol
+qc ) [(deg,(u) +2)(deg, (v) + 2)]"
uveEy
) D [(deggwi)(pa + 2)(deg () + 2)1"

u€lg, veVy
w;€Ng(u),w;i€Vg

>q6(pr +2)* 85 +2°q6(pu + 2)" G +q6qu(bu +2)*
+pupn+2)" Y alan+2)",

u€lg,
wi;€Ng(u),w;€Vg

(14)
Similarly, we have following bound.
Ro(R° B H) <q6(pu + 2065 +2°q6(pu + 2)"0G + 46qn(0u + 2)*
Fpulpr+2" D O50n +2)". (15)

uelg,
wi€Ng(u),w;eVg

The above equalities hold if and only if G and H are regular graphs, which completes the proof. O
3. The general Randi¢ Index of a Line Graph

Let G be a simple graph with vertex set Vg = {vi,...,v,.} and edge set Eg = {ej,...,e,,}. We
construct a line graph L to G as follows. The set of vertices of LY is the same as the set of edges
of G. Thus, Vi = Eg. Also, Ejc = {{e;, e;} | e;, e; share a common vertex in G}. Thus p;¢ = g and
qre = 1 37 (deg(vi))* — gg. Thus using (1), g;6 = 2M1(G) — gg. The degree of a vertex v € LY is
given by:

deg;c(v) = deg;(vi) +deg;(v;)) =2 ifv=vv;, Yv,v;€ V. (16)

We compute the lower and upper bounds on the general Randi¢ index of LC in the following result.

Theorem 5. Let G be a connected graph. Then, for a < 0, the bounds for the general Randic¢ index
of LC are given by

1 1
2%(Ag = 1) (EMI(G) - qG) < R (L) < 2%(66 - 1)™ (EMI(G) - qG)-

The equality holds if and only if G is a regular graph.
Proof. Using (16) in Eq. (2), we get

Ro(LO) = > (degio(u)deg,c(m)” = | [(deggwy) degg(w)) — 2)(degg(w)) + degg(wy) = 2)]"

uveE 1G U=WiWj
v=w;wi€EG

1
> 2%(ag = 1™ (§M1(G) - CJG)-
7)
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Similarly, we have the following inequality.

1
R(LY) < 2%(66 — 1)** (EMI (G) - qG)- (18)
The above equalities hold if and only if G is a regular graph. O

4. The General Randi¢ Index of the Rooted Products of Graphs

A rooted graph is a labeled graph with one vertex labeled as the root. Let Y be a labeled graph
with py number of vertices. Let G be a sequence of py rooted graphs G,,G»,...,G,,. The rooted
product of Y and G is defined as the graph Y obtained by having py copies of G and identifying the
rooted vertex of G; (1 < i < py) with i-th vertex of Y. Thus, py¢c = p¢ = pg, + pg, + -+ + PG,, and
qys = qc + qy. Let w; be the rooted vertex of G;. The degree of a vertex v € Vyc is given by

degy(v) + degs.(w;) if v e Vy,

degyo(v) =  degy(v) +degs (w) ifve Vg, v=w, (19)
degs.(v) ifveVgv+w,.

Figure 2. The Graph Y¢

In the following result, the bounds on the general Randi¢ index of a rooted product of given graphs
are computed.

Theorem 6. Let Y be a labeled graph and G be a sequence of rooted graphs Gy, . ..,G,,. Then, for
a <0, we have

Py Py

Ra(YO) 2 > (ay + @) (by + )"+ ) RoG) + > ING Wil 88, [(ay + 26)" = 8%,

ijeEy i=1 i=1

Py Py
Ra(YO) < D" 0y + )" @Gy + @)™ + " Ro(G) + ) ING(w)IGG, |6 +66)" — 6%,
=1

ijeEy i i=1

The equalities hold if and only if Y and G; are regular graphs.

Proof. The number of neighbors of w; is denoted by |Ng,(w;)| and the degree of w; is denoted by w; in
G;. Using (19) in Eq. (2), we get

Py
Ra(Y9) = > [(deg, () + w)(deg, (j) + w)I” + > | > (degg, () degg (v)°

ijeEy i=1 |uveEg;
uV+Fw;

01 D) [degs (w)(deg, (i) + w))”

i=1 uveEg;
MEVGI. ZV=W;
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Py
= > [(deg, () + w)(degy () + wPI” + Y |RAG) = D" (degg,(wwy)"

ijeEy i=1 uveEG’,
ueVGi,v:wi

Py

+Z Z [degg, (u)(degy (i) + w)]”

i=1 uveEg;
MEVGI. V=W

Py Py
> 3 (A + W) (ay +w)" + Y Ru(G) + Y INGw)l 2%, [(ay + 86)" = 8%, ]
i=1

ijeEy i=1
Similarly, we can show that
Py Py
Ra(YO) < > Oy + @)@y + )" + D Ra(G) + > ING(wISE, |Gy +66)" - 6,
ijeEy i=1 i=1
The above equalities hold if and only if ¥ and G, are regular graphs. This completes the proof. O

Let the sequence of graphs G, G,, G3, ..., G, be isomorphic to a graph G. Then, we denote the
rooted product of H and G by H{G}. This rooted product is called a cluster of H and G. Thus, using
Theorem 6, we get at the following result.

Corollary 1. Let H be a labeled graph, and G be a sequence of isomorphic rooted graphs
G1,Gs,...,Gp,. Then, for a <0, we have

Ro(H{G}) 2qu(ay + 0 + pyRo(G) + pulNo(w)| AG, [(AH +46,)" - Agi] ,
Ra(HIGY) <qu(6y + @) + puRo(G) + pulNaWIF, | (61 + 66)" = 56 |,

where w = deg;(w).
5. Conclusions

We have obtained the lower, and upper bounds for the general Randi¢ index R, of four types of
graph operations involving an R-graph. Additionally, we have determined the bounds for the general
Randi¢ index of a line graph, and rooted product of graphs.
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